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Asakr.t-karma (also known as aviśes.a-karma) refers to the
mathematical technique employed by Indian astronomers in order to deal with the problem of anyonyāśraya (interdependence)
among the variables involved in planetary computations. This
technique is essentially an iterative process that may also be conceived as the method of successive approximation that converges
to a limiting value. The aim of the present paper is three-fold:
One, to provide a clear exposition of this procedure as described
by Bhāskara I (c. 629 ad) in his commentary to Āryabhat.ı̄ya in the
context of computing the manda-sphut.a-graha—the longitude of
the planet corrected for the eccentricity of its orbit; two, to study
the convergence of the iterative process prescribed by Bhāskara;
and three, to understand the physical significance of doing asakr.tkarma in terms of the geometry of the planetary orbit.
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Introduction
Ancient astronomers devised the eccentric and epicyclic models
to explain the non-uniform motion of the Sun, Moon and the planets
in the background of the stars. The details of epicycle models in India
differed from those in Greko-European and Islamic traditions, and also
from each other within the Indian tradition. An interesting feature of the
epicycle model used for finding the ‘equation of centre’ (mandaphala)1
in the school of Āryabhat.a—as explained in the works of Bhāskara I,
and later in the works of many other Indian astronomers—was that the
radius of the epicycle was not a constant, but was proportional to the
‘true’ distance of the planet from the centre of mean motion, which is
known as ‘mandakarn.a’. But the expression for the mandakarn.a involves
the radius of the epicycle. So the mandakarn.a and the ‘epicycle radius’
are dependent on each other (itaretarāśraya). How to find them, then?
In his Mahābhāskarı̄ya, Bhāskara I has explained the asakr.tkarma or the ‘iterative process’, through which the problem is solved.2
The same procedure is used in Tantrasaṅgraha of Nı̄lakan.t.ha Somayājı̄ (c. 1500 AD),3 and explained in detail in his Āryabhat.ı̄ya-bhās.ya
and Siddhānta-darpan.a-vyākhyā as well as in the Gan.ita-yukti-bhās.ā of
Jyes.t.hadeva (c. 1530 AD).4 These works also describe a method to find
the mandakarn.a directly, without the iterative process. This direct or
one-step method for obtaining mandakarn.a is ascribed by Nı̄lakan.t.ha to
Mādhava of Saṅgamagrāma.5 In this paper, besides discussing the iterative process and its convergence in detail, we will also compare the
planetary orbit obtained by the iterative process with that obtained using
Kepler’s model (ellipse).

Calculation of the manda-sphut.a from the
mean longitude
The scheme adopted by Indian astronomers for the computation
of the geocentric longitude sphut.a-graha of a planet essentially consists of
two steps: the computation of the madhyama-graha (mean planet) and
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the computation of the sphut.a-graha (true planet) from the former.6
The term mean planet is used to refer to the mean longitude of the
planet. It is calculated from the Ahargan.a (number of civil days elapsed
since th epoch) by multiplying it with the mean daily motion of the
planet. Having obtained this, a correction known as manda-sam
. skāra
is applied to it. This correction takes care of the eccentricity of the
planetary orbit. In modern astronomy, the equivalent of this correction
is termed the equation of centre. The longitude obtained by applying this
sam
. skāra is known as the manda-sphut.a-graha or simply manda-sphut.a.
For the Sun, the manda-sphut.a is the true geocentric longitude.
For the Moon, it is essentially so, if one ignores the ’evection’ term and
other small corrections. In the case of the other five planets (Mercury,
Venus, Mars, Jupiter and Saturn), the manda-sphut.a can be identified
with the true heliocentric longitude. In this connection, it may be mentioned that it was Nı̄lakan.t.ha who gave the correct procedure for the ap7
plication of the manda-sam
. skāra in the case of the interior planets. For
tāra-grahas (the other five planets) one more correction, termed śı̄ghrasam
. skāra, needs to be applied in order to get the true geocentric longitude
(śı̄ghra-sphut.a) from the true heliocentric longitude (manda-sphut.a).
The formula presented by the Indian astronomical texts for the
calculation of the manda-sphut.a using the epicycle approach can be understood with the help of Figure 1. Here, O is the centre of the kaks.yāman.d.ala
on which the mean planet P0 moves with a uniform velocity. OΓ is the
reference line usually chosen to be the direction of Mes.ādi, from which
the longitudes are measured. The kaks.yāman.d.ala is taken to be of radius
R, known as trijyā. The longitude of the mean planet P0 moving on this
circle is given by
ΓÔP0 = madhyama-graha = θ0 .

(1)

OU represents the direction of the mandocca whose longitude is given by
ΓÔU = mandocca = θm .

(2)

The modern equivalent of the mandocca is apoapsis-apogee in the case of
the Sun and the Moon, and the aphelion in the case of the five planets.
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Fig. 1: Geometrical construction underlying the rule for obtaining the
manda-sphut.a from the madhyama using the epicycle approach.
Around the mean planet P0 , a circle of radius r is to be drawn.
The value of r is as yet unspecified. This circle is known as the mandanı̄cocca-vr.tta or simply the manda-vr.tta (epicyle). At any given instant
of time, the mandasphut.a-graha P is to be located on the manda-vr.tta by
drawing a line from P0 along the direction of the mandocca (parallel to
OU ). The point of intersection of this line with the manda-vr.tta gives the
location of the manda-sphut.a P . In the figure, θms = ΓÔP represents the
manda-sphut.a which is to be determined from the position of the mean
planet (madhyama-graha) P0 . Clearly,
θms = ΓÔP
= ΓÔP0 − P ÔP0
= θ0 − ∆θ.

(3)

Since the mean longitude of the planet, θ0 is known (obtained from
the ahargan.a and the mean motion of the planet), the manda-sphut.a,
θms is obtained by simply subtracting ∆θ from the madhyama. The
expression for ∆θ can be obtained by making the following geometrical
construction. We extend the line OP0 , which is the line joining the centre
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of the kaks.yāman.d.ala and the mean planet, to meet the epicycle at X.
From P drop the perpendicular P Q onto OX. Then
U ÔP0 = ΓÔP0 − ΓÔU
= θ0 − θm ,

(4)

is the manda-kendra (madhyama − mandocca), whose magnitude determines the magnitude of ∆θ (see (7) ). Also, since P0 P is parallel to OU
(by construction), P P̂0 Q = (θ0 − θm ). Hence, P Q = r sin(θ0 − θm ) and
P0 Q = r cos(θ0 − θm ). Since the triangle OP Q is right-angled at Q, the
hypotenuse OP = K (known as the manda-karn.a) is given by
K = OP =

q

=

q

=

q

OQ2 + OP 2
(OP0 + P0 Q)2 + OP 2
{R + r cos(θ0 − θm )}2 + r2 sin2 (θ0 − θm ).

(5)

Again from the triangle P OQ, we have
K sin ∆θ = P Q
= r sin(θ0 − θm ).

(6)

Multiplying the above by R and dividing by K we have
R sin ∆θ =

r
R sin(θ0 − θm ).
K

(7)

It is a significant feature of the Āryabhat.an school, that the radius of the
manda epicycle is not constant. As mentioned earlier, this is explained
for instance by Bhāskara in his Mahābhāskarı̄ya. This is also stated in
Tantrasaṅgraha of Nı̄lakan.t.ha, and explained in detail in his Āryabhat.ı̄yabhās.ya as also in the Gan.ita-yukti-bhās.ā of Jyes.t.hadeva.
According to these texts r varies continuously in consonance with
the hypotenuse, the manda-karn.a (K), in such a way that their ratio is
always maintained constant and is equal to the ratio of the mean epicycle radius (r0 )—whose value is specified in the texts—and the radius
of the deferent circle (R).8 In fact, it has been shown by K. S. Shukla
that apart from the astronomers belonging to the Āryabhat.an school like
Bhāskara I, Govindasvāmin, Parameśvara, Nı̄lakan.t.ha Somayājı̄, etc.,

566

INDIAN JOURNAL OF HISTORY OF SCIENCE

others like Brahmagupta, Śrı̄pati, Bhāskara-II and the (anonymous) author of Sūryasiddhānta have all adopted a variable epicycle, whose radius r is proportional to the manda-karn.a K such that their ratio is a
constant—Caturveda Pr.thūdakasvāmin being the only exception.9
Thus, according to Bhāskara I and several other astronomers, as
far as the manda process is concerned, the motion of the planet on the
epicycle is such that the following equation is always satisfied:
r0
r
= .
(8)
K
R
Then the relation (7) reduces to
r0
R sin ∆θ =
R sin(θ0 − θm ),
(9)
R
where r0 is the mean or tabulated value of the radius of the manda
epicycle.
Further, according to Āryabhat.ı̄ya, r0 itself is not a constant but
varies with anomaly. We will not discuss this aspect in this paper.

The problem of interdependency or
anyonyāśraya
It may be noted in (8) that while RHS is known, both the quantities r and K in the LHS are unknown. Hence, to know the value of the
mandakarn.a K, we need to know the value of the radius of the mandanı̄cocca-vr.tta r, and vice versa. This problem of mutual or interdependency among the variables (here r and K) is referred to as itaretarāśraya
or anyonyāśraya in Sanskrit.
In his Āryabhat.ı̄ya-bhās.ya Nı̄lakan.t.ha describes the problem of
mutual dependency as follows:10
ta:a

;a;k+:ya;Ma;a;(
ãÉa;a;d
õ ;Zea;SaH

ma;nd;k+:mRa;a;Na

‘k+:[ya;a;ya;Ma

’

g{a;h;vea;ga

.~ya;a;t,a

I+.tya;a;a;d;na;a;ya;Ra;DeRa;na

,

,
ma;nd;k+:NRaya;taH
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vxa;a:;d
Äâ ;h
ò ;a;sa;a;nua:+.pa;mua;a;na;a;.ca;va:a;~ya;a;a;pa

,

va;[ya;tea
O;;va

ta;ta;ea

ma;h;tva;ma;pa;tvMa

ma;nd;k+:NRa;~ya;a;a;va;Zea;SaH

o+.a;na;a;.ca;vxa:a;v.ya;a;sa;a;Da

,

:]ea;yMa

ta;a;smM
/ / / / /a;(
ãÉa

k+:a;yRaH Á
:]a;a;tea

O;;va

k+:NeRa
k+:Na;eRa

..ca
:]a;a;tea
:]ea;ya

-

I+.ta;a;ta:=e+ta:=+a;(ra;ya :pa;a:=+h;a:=+a;ya;a;a;va;Zea;Sa;NMa ;a;k
Ò +:ya;tea Á

In the process of manda correction, there is some speciality, because, by the half of the āryā (verse) ‘kaks.yāyām
. grahavega’ etc., the decrease and increase in the [dimension of]
manda circle, will be explained, on account of the increase
and decrease of the karn.a. Hence, iteration has to be done
for the karn.a. To circumvent the [problem of] mutual dependency [that is], if only the karn.a is known, the radius of
the uccanı̄cavr.tta (manda epicycle) is known, and only if that
(the radius of the uccanı̄cavr.tta) is known, then the karn.a is
known, the process of iteration (aviśes.an.am
. ) is done.
What is of particular interest to us in the above passage is the
quotation ‘kaks.yāyām
. grahavega’ given by Nı̄lakan.t.ha from Āryabhat.ı̄ya
itself in support of the variable epicycle model. By making the statement ityādinā āryādhena ... vaks.yate’, Nı̄lakan.t.ha in no uncertain terms
points to the fact that the variation in radius of the manda epicycle in
accordance with karn.a, was not a concept that was newly introduced
by the later astronomers into the planetary theory, but was something
that was present in the Āryabhat.a’s conception of planetary model itself.
This indeed is in corroboration with the prescription of iterative process
by Bhāskara I—whose works came nearly 150 years after Āryabhat.ı̄ya—
which we will be describing at great length in the following sections.

Solving the problem of itaretarāśraya
by asakr.t-karma
To solve this problem of itaretarāśraya (interdependency) Bhāskara
has proposed an iterative procedure by which both r and K are simultaneously obtained. This iterative procedure has been referred to as asakr.tkarma11 or aviśes.a-karma (operation by which the difference is reduced
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to zero), and the hypotenuse obtained thereby is called asakr.t-karn.a or
aviśes.a-karn.a.12
The term asakr.t-karma–literally meaning ‘doing more than once’–
refers to a certain interesting mathematical technique that has been employed by Indian astronomers in their planetary computations in order
to obtain the value of a certain physical quantity by means of an iterative
process. It is also called aviśes.a-karma in the sense that this iterative
process is to be carried out till we get consecutive values that are very
close to each other. That is, the successive values do not differ from each
other (aviśes.a), upto a specified degree of accuracy.
Among the astronomical works that are extant today, the earliest
one that provides a systematic exposition of the method of asakr.t-karma,
is Mahā-bhāskarı̄ya of Bhāskara.13 Here Bhāskara has explained the procedure in just four verses [chapter 4, 9–12]. In what follows, we provide
these verses along with their English translation. A detailed mathematical explanation with necessary geometric constructions will be presented
in the ensuing sections.
A;a;dù;aÅe :pa;de . ca;tua;TeRa . ca v.ya;a;sa;a;DeRa k+:ea;a;f;sa;a;Da;na;m,a Á
;a;[a;pya;tea Za;ea;Dya;tea . cEa;va Zea;Sa;ya;eaH

k+:ea;a;f;k+:a Ba;vea;t,a

Á Á9 Á Á

In the first and the fourth quadrants, kot.iphala is added to the
radius and in the remaining quadrants (second and fourth),
it is subtracted from the radius. The resultant (sum or difference) will be the kot.i.
ta;d
â õâ ;a;hu;va;gRa;ya;ea;ga;~ya mUa;lM k+:NRaH

:pra;k+:a;a;tRa;taH Á

ba;a;hu;k+:ea;a;f;P+.l+.a;Bya;~tea k+:NeRa v.ya;a;sa;a;DRa;Ba;a;a:ja;tea Á Á10 Á Á
Bua:ja;a;k+:ea;a;f;P+.le .~ya;a;ta;Ma ta;a;Bya;Ma k+:NRa;(
ãÉa :pUa;vRa;va;t,a Á
BUa;yaH

:pUa;vRa;P+.l+.a;Bya;~tea k+:NeRa ;a:a:$ya;a;a;va;Ba;a;a:ja;tea Á Á11 Á Á

O;;vMa :pua;naH

:pua;naH

k
u +:ya;Ra;t,a k+:NRaH

ya;a;va:ua;ya;ea Ba;vea;tk+:NRaH

:pUa;va;eRa;+:k+:mRa;Na;a Á

:pUa;va;eRa;+:a;va;a;Da;na;aY;mua;na;a Á Á12 Á Á

The square root of the sum of the squares of that kot.i and
the bāhu is known as karn.a (hypotenuse) [of the triangle
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formed by the three sides namely, bāhu, kot.i and karn.a]. If
the karn.a is multiplied by bāhuphala and kot.iphala and divided by vyāsārdha (radius), the results will still be [called]
the bāhuphala and the kot.iphala [but new ones from the previous iterated value]. Again from them the new hypotenuse has
to be obtained. Further, when this hypotenuse is multiplied
bythe previous phalas (the initial bāhuphala and kot.iphala}
and divided by the radius [we obtain the next iterated value
of the bāhuphala and kot.iphala]. Following the above procedure, the [new] hypotenuse should be obtained again and
again till they [two successive values] become equal (yāvat
tulyo bhavet karn.ah.).
Bhāskara first defines the hypotenuse (karn.a) of the triangle formed
by the three sides, namely kot.i, bāhu and karn.a.14 He then proposes an
iterative procedure to obtain the hypotenuse which represents the true
distances of planets from the centre of the kaks.yāman.d.ala. The procedure prescribed here may be outlined as follows: First we need to obtain
an approximate value of the hypotenuse (denoted by K0 ) using the initial
values of kot.iphala and bhujāphala, which are obtained in terms of the
mean epicycle radius (r0 ). Now the bāhuphala (b0 ) and kot.iphala (k0 )
are to be multiplied by this hypotenuse (K0 ) and divided by the radius
R to obtain subsequent values of the bāhuphala (b1 ) and the kot.iphala
(k1 ). Using these values b1 and k1 , the first iterated hypotenuse (K1 )
is obtained. Multiplying b0 and k0 by K1 and dividing by R, b2 and
k2 are obtained. From b2 and k2 , the second iterated hypotenuse K2 is
obtained. This process is to be continued till the difference between two
successive hypotenuses, say Ki and Ki−1 become negligible so that the
two values may be treated to be almost equal. This is what is indicated
by the phrase yāvattulyo-bhavet-karn.ah. in the third quarter of verse 12.
To summarize, we start with an initial approximate value of the
hypotenuse K0 , continue to obtain successive iterates, K1 , K2 , . . . , Kn , . . .
until Kn −Kn−1 ≈ 0. The same procedure is given by Nı̄lakan.t.ha in verses
41, 42 of his Tantra-saṅgraha:

d;eaH

È
îå Á
ù;aÅe k+:Na;Ra;t,a ;a:a:$ya;a;&+.tea :P+.le
k+:ea;a;f;P+.l+.a;na.*+;a;d

Á Á41 Á Á
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ta;a;Bya;Ma k+:NRaH

:pua;na;ssa;a;DyaH

BUa;yaH

:pUa;vRa;P+.l+.a;h;ta;a;t,a Á

ta:a;tk+:Na;Ra;t,a ;a:a;Ba:$ya;a;a;P+.l+.a;Bya;a;ma;a;va;Sea;Za;yea;t,a Á Á42 Á Á

The doh.phala and the kot.iphala [initially obtained] are multiplied by the karn.a and divided by trijyā. From these resulting phalas, the karn.a has to be obtained again. Further,
the previous phalas must be multiplied by the corresponding
karn.as and divided by the trijyā, and the process has to be
repeated to get the avis.eśa-karn.a (the hypotenuse which does
not change on iteration).
We now move on to explain in great detail the aviśes.a-karma, prescribed by Bhāskara in his Mahābhāskarı̄ya, with the help of geometrical
figures and mathematical equations. Let R and r be radii of the deferent
circle and the epicycle respectively. It was shown earlier that
h

i

K = (R + r cos(θ0 − θm ))2 + (r sin(θ0 − θm ))2 .

(10)

Here the radius of the epicycle r itself is proportional to karn.a K
and therefore needs to be determined along with K iteratively. In the
first approximation, r is set equal to r0 . In Figure 2, U is in the direction
of mandocca and the mean planet is at P0 . U ÔP0 is the manda-kendra,
θ0 − θm . Draw a circle of radius r0 around P0 . This is the epicycle in the
first approximation. P1 is a point on this circle, such that P0 P1 is parallel
to OU , P1 is the true planet in this approximation. OP0 is extended to
N . Draw P1 N1 perpendicular to ON . Then,
and

b0 = P1 N1 = r0 sin(θ0 − θm )
k0 = P0 N1 = r0 cos(θ0 − θm ),

(11)

are the bāhuphala and kot.iphala in this approximation. In the same
approximation, OP1 is the karn.a, which represents the distance of the
planet from the centre of kaks.yāvr.tta and is given by
OP1 = K0 =

h

=

h

ON12 + P1 N12
2

(R + k0 ) +

i1

b20

2
i1
2

.

(12)
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In the next approximation, the radius of the epicycle is
P0 P2 = r1 = r0

K0
.
R

(13)

and the planet is at P2 . Then the bāhuphala (b1 ) and kot.iphala (k1 ) are
obtained using (13) and (11) as follows:
K0
R
K0
= P0 N2 = P0 P2 cos(θ0 − θm ) = k0 .
R

b1 = P2 N2 = P0 P2 sin(θ0 − θm ) = b0
and

k1

(14)

In this approximation the manda-karn.a is given by
h

K1 = OP2 = (R + k1 )2 + b21

i1
2

(15)

.

In the next approximation, the planet is at P3 such that the radius of
the epicycle is
K1
(16)
P0 P3 = r2 = r0 .
R
Now, the bāhuphala b2 = P3 N3 , the kot.iphala k2 = P0 N3 and the mandakarn.a, K2 = OP3 are given by
K1
R
K1
= k0
R

b2 = b0
k2
and

K2 =

h

(R + k2 )2 + b22

i1
2

.

(17)

Proceeding in this manner, the ith iterated value (i = 1, 2, 3, . . .)
of the epicycle radius, ri , bāhuphala bi , kot.iphala ki and the manda-karn.a
are given by
Ki−1
R
Ki−1
= b0
R
Ki−1
= k0
q R
=
(R + ki )2 + b2i .

ri = r0
bi
ki
and

Ki

(18)

572

INDIAN JOURNAL OF HISTORY OF SCIENCE

Fig. 2: Schematic sketch of the geometric picture implied by the asakr.tkarma prescribed by Bhāskara I.
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The above process is carried out until Ki ≈ Ki−1 , to the desired accuracy.
When this happens, Ki is referred to as the aviśes.a-karn.a. When Ki ≈
Ki−1 , we see from (18) that
r0 Ki−1
r0
ri
=
≈ .
Ki
R Ki
R

(19)

In the following section we will use geometrical arguments to show
that Ki converges to a definite value K, Pi converges to a point P , and
ri to a value r such that
r
r0
P0 P
=
= .
OP
K
R

(20)

Geometric picture implied by asakr.t-karma
The discussion on the geometrical picture implied by the iterative
process and the convergence of r and K presented here, is based upon
K. S. Shukla’s explanatory notes on Mahābhāskarı̄ya.15 . In Figure 2,
a part of the kaks.yāman.d.ala (deferent circle) with radius R, centered
at O is shown. U represents the mandocca and P0 is the mean planet.
Draw a circle of radius r0 , which is the mean value of the radius of
epicycle as given in the text, around P0 , explained earlier. r0 is the first
approximation to the actual value of the epicycle radius, r. Choose P1
on this circle such that P0 P1 is parallel to OU . Then P1 is the first
approximation to the position of the true planet and OP1 = K0 is the
manda-karn.a, in the first approximation. We then choose a point C
along the line OU such that OC = r0 . Draw a line from C parallel to
OP0 . This line would intersect the circumference of the epicycle at P1
as shown in Figure 2. The line CP1 intersects the deferent at point H0 .
Join OH0 and extend it such that it meets the extended P0 P1 at P . We
will show shortly that this point P is the true position of the planet and
OP is the true value of manda-karn.a K.
For this, we first draw H0 M0 such that it is parallel to OU . Then,
drop a perpendicular P1 N1 from P1 on the extended OP0 at N1 . Now,
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P1 N1 and P0 N1 are the bāhuphala and the kot.iphala in the first approximation. With O as centre and OP1 as the radius draw an arc such that it
intersects OP at H1 . From H1 draw H1 M1 to meet OP0 at M1 such that
H1 M1 parallel to OU . Then, draw H1 P2 parallel to OP0 meeting P0 P at
P2 . From P2 draw P2 N2 perpendicular to extended OP0 intersecting it
at N2 . Again with O as centre and OP2 as the radius draw an arc such
that it intersects OP at H2 . From H2 draw a line parallel to OU such
that it meets OP0 at M2 . Then, draw H2 P3 parallel to OP0 meeting P0 P
at P3 as shown in the figure.
Now P0 P1 = r0 and OP1 = K0 . By construction, H0 M0 = P0 P1 =
r0 , P0 P2 = H1 M1 and OH1 = OP1 = K0 . As the triangles H1 M1 O and
H0 M0 O are similar, we have
P0 P2 = H1 M1 = H0 M0

K0
OH1
= r0 .
OH0
R

(21)

As the radius of the epicycle in the second approximation, r1 = r0 KR0 , it
is clear that P2 represents the true planet in the second approximation
which is situated on an epicycle of radius P0 P2 = r1 . In this approximation, the manda-karn.a is
1

1

OP2 = K1 = (ON22 + P2 N22 ) 2 = [(OP0 + P0 N2 )2 + P2 N22 ] 2 ,

(22)

where P2 N2 and P0 N2 are the bāhuphala and the kot.iphala in this approximation. In the same manner, it can be seen that P3 represents the
true planet in the third approximation, and P0 P3 = H2 M2 = r2 = r0 KR1
and OP3 = K2 represent the epicycle radius and the mandakarn.a in this
approximation. Continuing in this manner, it is clear that P1 , P2 , P3 , . . .
represent the true planet in the first, second, third steps in the iterative
process.
We first consider the case when the manda-karn.a is in the first or
the fourth quadrant (0 ≤ θ0 − θm ≤ 90◦ or 270◦ ≤ θ0 − θm ≤ 360◦ ). It
may be noted that, by construction,
ri < ri+1

and

Ki < Ki+1 .

Moreover, r0 , r1 , r2 , . . . are each less than P0 P which is the upper bound
of the sequence {ri }, and K0 , K1 , K2 , . . . are each less than OP which is
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the upper bound of the sequence {Ki }. That is,
r0 < r1 < r2 < r3 . . . < rn < . . . < P0 P
and K0 < K1 < K2 < K3 < . . . < Kn < . . . < OP.
Since the sequences {ri } and {Ki } are each monotonic and bounded,
they are convergent. If OP is the convergent value of the karn.a K and
P0 P is the convergent value of the epicycle radius, r, they ought to satisfy
r
= rR0 . This is indeed so, as the traingles OP0 P and OM0 H0 are similar,
K
and
r
P0 P
H0 M0
P0 P 1
r0
=
=
=
= .
K
OP
OH0
OH0
R
This confirms that the point P indeed represents the true planet.
Strictly speaking, the above argument is valid only in the first and
the fourth quadrants. When the kendra, θ − θm is in the second or the
third quadrants (90◦ ≤ θ0 − θm ≤ 270◦ ), the sequences {ri } and {Ki } are
oscillatory. That is,
r1 < r0 , r2 > r1 , r3 < r2 , . . .
and K1 < K0 , K2 > K1 , K3 < K2 , . . . .
However, even in this case it can be shown that |Ki − Ki−1 | → 0,
and |ri −ri−1 | → 0, as i → ∞, (as will be clear in the next section). Then
Pi converges to P , where P is found in the above manner geometrically,
and the sequences {ri } and {Ki } converge to P0 P = r and EP = K
respectively, such that
r
r0
= .
(23)
K
R

Analytic expression for the mandakarn.a in the
iterative process
We now obtain the explicit expression for the manda-karn.a at the
various steps of iteration. For convenience, we use the symbols β = rR0 ,
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which is the ratio of the ‘stated value’ of the radius of the epicycle and
trijyā, and φ = θ0 − θm for the anomaly. Then, using the binomial
expansion,
K0 =

h

(R + r0 cos(θ0 − θm ))2 + r02 sin2 (θ0 − θm )
h

= R 1 + 2β cos φ + β 2

i1
2

i1

2

1 1
( − 1)
1
(2β cos φ + β 2 )2
= R[1 + (2β cos φ + β 2 ) + 2 2
2
1.2
1 1
1
(
−
1)(
−
2)
2
+2 2
(2β cos φ + β 2 )3 + . . .]
1.2.3
β2 1 2
− β (2 cos φ + β)2
= R[1 + β cos φ +
2
8
1 3
5 4
+ β (2 cos φ + β)3 −
β (2 cos φ + β)4 + . . .] (24)
16
16.8

Collecting all the terms proportional to β, β 2 , β 3 and β 4 together, we
have,
K0 = R[1 + β cos φ +
−

β2
β3
sin2 φ −
cos φ sin2 φ
2
2

β4
sin2 φ(1 − 5 sin2 φ) + O(β 5 )].
8

(25)

Now, from (18) we have
Ki =

"

Ki−1
R + r0
cos(θ0 − θm )
R

= R

"

Ki−1
cos φ
1+β
R

2

2

+

Ki−1 2
r02 (
)
R

Ki−1
+ β
sin φ
R


#1
2

2

sin (θ0 − θm )

2 # 21

Therefore, Ki can be obtained from the expression for K0 by replacing
β by β. KRi−1 . Hence,
Ki−1
1 Ki−1 2 2
cos φ + (β
) sin φ
R
2
R
1 Ki−1 3
− (β
) cos φ sin2 φ − . . . + O(β 5 )].
2
R

Ki = R[1 + β

(26)
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Here, in the RHS, KRi−1 is also a series in powers of β. Noting this, and
again collecting terms proporional to β, β 2 , β 3 , β 4 together, we have,
K1 = R[1 + β cos φ + β 2 (cos2 φ +

sin2 φ
) + β 3 cos φ sin2 φ
2

(27)

β4
sin2 φ(3 sin2 φ − 8 cos2 φ) + O(β 5 )]
8
sin2 φ
= R[1 + β cos φ + β 2 (cos2 φ +
) + β 3 cos φ
2
β4
+ sin2 φ(13 cos2 φ − 1) + O(β 5 )]
8
sin2 φ
) + β 3 cos φ
= R[1 + β cos φ + β 2 (cos2 φ +
2


3 2
1 2
4
2
2
+β cos φ + sin φ + sin φ cos φ + O(β 5 )],
8
8
+

K2

K3

and so on. From these expressions, it is clear that
Ki+1 − Ki = O(β i+2 ).

(28)

In the expressions for Ki , the coefficients of the powers of β in the
various terms are of O(1).β = rR0  1. Hence it is clear that the series
K0 , K1 , . . . Kn converges to some definite value. Towards the end of the
next section we will see that as a series expansion in powers of β, Ki is
correct to O(β i+1 ), and also find the limiting value to which it converges.

Mādhava’s formula for the avis.eśa-karn.a
through sakr.t-karma
Having analysed the geometry of the problem, Mādhava of
Saṅgamagrāma, the renowned astronomer-mathematician of the 14th
century, came up with a brilliant formula that gives the value of the
asakr.t-karn.a (the iterated value of the hypotenuse), through sakr.t-karma
(a single operation), that circumvents the iterative process prescribed by
Bhāskara.
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Mādhava’s procedure for determining the aviśis..ta-mandakarn.a involves finding a new quantity called the viparyayakarn.a or viparı̄takarn.a.
The term viparı̄takarn.a literally means ‘inverse hypotenuse’, and is nothing but the radius of the kaks.yāvr.tta when the mandakarn.a is taken
to be the trijyā, R. The following verses from Tantrasaṅgraha (II, 43–
44) present the way of obtaining the aviśis..ta-mandakarn.a proposed by
Mādhava that circumvents the iterative process.

x +:a;ta;a;va;yua;a;ta;pa;dM k+:ea;a;f;P+.l+.a;va;h;a;na;yua;ta;m,a
;a;va;~txa;a;ta;d;l+.d;eaH P+.l+.k
Á

x +:ta;ea Ba;vea;t,a k+:NRaH Á Á
:k
e +:ndÒe mxa;ga;k+:a;k
R +:ga;tea .sa Ka;lu ;a;va;pa;yRa;ya;k
x +:a;taH
.tea;na &+.ta;a ;a:a:$ya;a;k
I+.a;ta va;a k+:NRaH

.sa;a;DyaH

A;ya;a;a;va;a;h;ta;ea Y;a;va;Zea;Sa;k+:NRaH

.~ya;a;t,a

Á

x +:de;va ma;a;Da;va;pra;ea; H Á Á
ma;a;nde .sa;k

The square of the doh.phala is subtracted from the square of
the trijyā and its square root is taken. The kot.iphala is added
to or subtracted from this depending upon whether the kendra
(anomaly) is within 6 signs beginning from Karki (Cancer)
or Mr.ga (Capricorn). This gives the viparyayakarn.a. The
square of the trijyā divided by this viparyayakarn.a is the
aviśes.akarn.a (iterated hypotenuse) obtained without any effort [of iteration]. This is another way by which the [aviśes.a]karn.a in the manda process can be obtained as enunciated by
Mādhava.

Here, the viparyaya-karn.a is given as
Rv =

q

R2 − r02 sin2 (θ0 − θm )2 − r0 cos(θ0 − θm )

(29)

and the manda-karn.a is stated to be:
R2
R2

.
K=
= q
Rv
2
2
2
2
R − r0 sin (θ0 − θm ) − r0 cos(θ0 − θm )

(30)

The rationale behind the above formula is outlined in Gan.itayukti-bhās.ā and can be understood from Figure 2. Here, the triangle
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OP P0 and OH0 M0 are similar. Hence,
OH0
OP
=
.
OP0
OM0

(31)

Now OP = K and OP0 = OH0 = R. As we shall explain below, OM0 =
Rv . Hence
K
R
R2
=
or
K=
.
(32)
R
Rv
Rv
From the above relation, OM0 = Rv can be understood as the
value of trijyā, when the manda-karn.a, K is taken to be trijyā R. That
is why it is termed the viparyaya-karn.a or viparı̄ta-karn.a or the ’inverse
hypotenuse’. From H0 , drop the perpendicular H0 T on the OP0 . It is
clear that
H0 T = P1 N1 = r0 sin(θ0 − θm )
H0 T = P0 N1 = r0 cos(θ0 − θm ).

and

(33)

Then, in the right angled triangle OH0 T , we have
OT =

q

OH02 − H0 T 2 =

q

R2 − r02 sin2 (θ0 − θm )

(34)

Hence,
Rv = OM0 = OT − M0 T
q

R2 − r02 sin2 (θ0 − θm ) − r0 cos(θ0 − θm )
R2
K =
Rv
R2
= q
,
R2 − r02 sin2 (θ0 − θm )2 − r0 cos(θ0 − θm )
=

and

as required. Using our notation, β =
h

r0
R

(35)

and φ = (θ0 − θm ), we have
1

K = R (1 − β 2 sin2 φ) 2 − β cos φ

i−1

(36)

Using binomial expansion, and including terms only to O(β 4 ), we can
write
1 1
( − 1) 4 4
1
β sin φ − β cos φ
K = R 1 − β 2 sin2 φ + 2 2
2
1.2

"

#−1

+ O(β 5 )

580

INDIAN JOURNAL OF HISTORY OF SCIENCE

−1
1
1
+ O(β 5 )
= R 1 − β cos φ − β 2 sin2 φ − β 4 sin4 φ
2
8


1
1 3 4
2
= R[1 + β cos φ + β sin φ + β sin φ
2
8


1
1 3 4 2
2
2
+β cos φ + β sin φ + β sin φ
2
8

3
1
1
+β 3 cos φ + β sin2 φ + β 3 sin4 φ
2
8
1
1 3 4 3
4
2
+β (cos φ + β sin φ + β sin φ) ] + O(β 5 ).
2
8
After some simplifications, we obtain





(37)

1
K = R[1 + β cos φ + β 2 ( sin2 φ + cos φ) + β 3 cos φ
2
3
1
+β 4 (cos2 φ + sin2 φ + sin2 φ cos2 φ)] + O(β 5 ). (38)
8
8
This is the expression for the manda-karn.a obtained without using an
iterative process correct to the fourth power of β, where φ is the anomaly
(φ = θ0 − θm ).
Comparing this expression with those for K0 , K1 , K2 , . . . obtained
through the iterative process of Bhāskara I, we find that K0 , K1 , K2 , . . .
are correct to O(β), O(β 2 ), O(β 3 ) and O(β 4 ) respectively. In fact, the
(i+1)th iterated value Ki would be correct to O(β i+1 ), again emphasizing
the validity of the iterative process of Bhāskara I.

Āryabhat.a’s orbit and the Keplerian orbit
In this section we compare the planetary orbit in the Āryabhat.an
model with the standard Keplerian orbit.16 The manda-karn.a K represents the distance of the planet from the centre of the mean planet’s orbit
(Earth in the case of the Sun and the Moon, and the mean sun in the
case of the five planets, Mercury, Venus, Mars, Jupiter and Saturn). For
discussing the orbit, we should express K in terms of the true longitude
θ, rather than the mean longitude θ0 as in equation (35). In fact, K is
given as a function of θ also in Tantra-saṅgraha and Gan.ita-yukti-bhās.ā.

SIGNIFICANCE OF ASAKR
. T-KARMA

581

In Figure 2, H0 ÔU = θ − θm is the ’true anomaly’. In the triangle
M0 H0 S where M0 S is drawn perpendicular to OH0 , M0 Ĥ0 S = H0 ÔU =
θ − θm , and M0 H0 = r0 . Hence,
M0 S = r0 sin(θ − θm )
H0 S = r0 cos(θ − θm )

and

(39)

Then, the viparı̄ta-karn.a Rv is given by
Rv = M0 O =

q

=

q

=

q

=

q

(OS)2 + (M0 S)2
(OH0 − H0 S)2 + (M0 S)2
(R − r0 cos(θ − θm ))2 + r02 sin2 (θ − θm )
R2 − 2r0 R cos(θ − θm ) + r02 .

(40)

Hence,
K =

R2
Rv

= h
1−

R
2r0 cos(θ−θm )
R

+

r02
R2

i 12

Introducing the symbol ψ = θ − θm , for the ’true’ anomaly and remembering that β = rR0 , and using the binomial expansion,
1

K = R[1 − 2β cos ψ + β 2 ]− 2
1
= R[1 + β cos ψ − β 2 (1 − 3 cos2 ψ) + O(β 3 )].
(41)
2
In a model with a constant value for the radius of the epicycle r0 , the true
planet17 would be at P1 and the true anomaly would be ψ = P1 ÔU =
OPˆ1 P0 , the karn.a would be OP1 = K0 . Then in the triangle OP1 P0 ,
R2 = OP02 = OP12 + P0 P12 − 2OP1 .P0 P1 . cos(OPˆ1 P0 )
= K02 + r02 − 2K0 r0 cos ψ.
(42)
This is a quadratic equation in K0 , whose solution is given by
K0 =
or

2r0 cos ψ +

q

4r02 cos2 ψ − 4(r02 − R2 )
2

q

1 − β 2 sin2 ψ
1
= R[1 + β cos ψ − β 2 sin2 ψ + O(β 3 )].
2

K0 = R[β cos ψ +

(43)
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In this case, we know that the true planet moves in a circle of radius R
with C as the centre, where C is situated at a distance of CO = r0 , from
O. Comparing the expression for K with K0 , it is clear that the orbit in
the Āryabhat.an model with a variable epicycle radius would be close to
an eccentric circle whose centre is at a distance r0 from O with departure
= 0.0375 for the
from circularity of O(β 2 ) = O(r02 /R2 ). Now rR0 = 13.5
360
Sun and rR0 = 31.5
=
0.0875
for
the
Moon
in
Āryabhat
. ı̄ya. Then this
360
departure from the circularity would be ≈0.14% for the Sun and ≈0.77%
for the Moon. The orbit of motion in Kepler’s model is an ellipse whose
equation is given by
l
= [1 − e cos(θ − θm )],
r

(44)

where r is the distance from one of the foci; θ is the angle with respect
to any reference line, l = a(1 − e2 ) with a as the semi-major axis, e
is the eccentricity and θm is the longitude of the apogee/aphelion. Now
normalizing the distance in the model to the value of R when θ−θm = 90◦ ,
by setting l = R, and denoting the distance by Kkepler , we have
R
(1 − e cos ψ)
= R[1 + e cos ψ + e2 cos2 ψ + O(e3 )].

K(Kepler) =

(45)

For small values of e, this is an ellipse which is very close to a circle of
radius R, whose centre is at a distance of eR from O.
Now, it can be shown that the longitude θ is given by the following
expression in the Āryabhat.an and Keplerian models:
r0
r0
θ(Āryabhata) = θ0 − sin(θ0 − θm ) + O(( )2 )
(46)
.
R
R
= θ0 − β sin(θ0 − θm ) + O(β 2 )
and
θ(Kepler) = θ0 − 2e sin(θ0 − θm ) + O(e2 ).
The expression in the higher orders are quite different in the two
models, but it is clear that β = rR0 should be close to 2e, if the true
longitude in the Āryabhat.an model is to be close to the one in the Kepler
model. The modern values of 2e are 0.034 and 0.11 for the Sun and the
Moon respectively, compared to the values of 0.0375 and 0.0875 for β = rR0
in the Āryabhat.an model.
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Hence, we see that the ’centre’ of the orbit in the Āryabhat.an
model is at a distance from O (centre of the mean planet’s orbit) which
is nearly twice the corresponding distance in the Kepler model. Note that
this has very little to do with the variation of the epicycle radius, as the
functional dependence of the true planet’s distance from O in this case
is same as the one in a model with a constant epicycle radius to O(β) or
O(e). Rather, it is the fact that the variation of the planet’s distance in
the epicycle model cannot be matched with the corresponding distance
in the Kepler model, if the true longitudes are matched.

Discussion
Bhāskara I in his Mahā-Bhāskarı̄ya while discussing the epicycle
model for the equation of centre, apart from providing a description as to
how the radius of the epicycle varies in accordance with the manda-karn.a,
has also outlined the procedure for obtaining the aviśis..ta-manda-karna
through the aviśes.a-karma. Commenting on why the aviśes.a-karma is
done, Bhāskara in his Āryabhat.ı̄ya-bhās.ya observes:18

,

ta;tsUa;[ma;a;a;TRa;a;Ba:=+a;va;a;Za;Sya;tea

:pra;a;ta;ma;Nq+.l+.k+:NRa;~ya vxa;a:;d
Äâ ;h;a;sa;va;Za;a;t,a

dx;a;;a;BRa;dù;a;ta
Å
I+.a;ta Á

Since the observation does not tally [with the computed value]
due to the increase and decrease in the dimension of the
pratiman.d.alakarn.a,19 by those who seek for more accurate
results, the aviśes.a process is adopted.
In short, according to Bhāskara, the aviśes.a-karma is for improving the accuracy of the computed values, so that there is a better agreement between the computed and the observed values. This is a little
difficult to understand because—as seen from our discussion in the paper (see section 6) the difference between the expressions for the equation
of centre in the epicycle models with the fixed and the variable radii is
of order ( rR0 )2 , and it would have required far more accurate observations
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than what would have been possible at that time, to chose one model
over the other.
However, it must be noted that this prescription, namely the radius of the epicycle being proportional to the manda-karn.a—as indicated
in equation (9), and which seems to be a feature adopted in most Indian
works on astronomy—leads to a simple formula for the equation of centre,
which does not involve the manda-karn.a. This tempts us to think that
this could probably the reason behind the choice of the curious relation
between r and K. In any case, as the expression for the manda-karn.a
involves the radius of the epicycle, and the latter is stated to be proportional to the former, they are mutually dependent. Both of them are
found using an iterative procedure outlined by Bhāskara I himself. The
same procedure is stated and explained in Tantrasaṅgraha of Nı̄lakan.t.ha
Somayājı̄, and other Kerala works.
In this paper, we have elaborated on the iterative process, and
showed that the manda-karn.a obtained through this process converges to
the direct expression for the manda-karn.a given in Tantra-saṅgraha and
Yukti-bhās.ā, which is ascribed to Mādhava of Saṅgamagrāma. In fact,
there are very many occasions where iterative processes are prescribed
in the Indian astronomical texts. For instance, calculations pertaining
to eclipses are based on iterative processes. Another instance is to find
the arc from the Rsine for small values of the arc, which is discussed in
another article in this volume.
We have also explored the nature of the planet’s orbit in the
Āryabhat.an model. This model with a variable radius of the epicycle
leads to a non-circular orbit, though the departure from circularity is
understandably small. In the Greeko-European tradition, before Kepler,
this would have been unthinkable, as all motions are conceived as combinations of uniform circular motions.20 In the Indian texts, there are
no such preconceived notions21 and a variable epicycle model would have
been perfectly legitimate, as long as it served a useful purpose.
Acknowledgements: The authors are grateful to Prof. M. D. Srinivas, Centre for Policy Studies, Chennai for making several valuable suggestions to improve the manuscript.
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Notes

1 This

refers to the correction employed to the mean longitude of a planet
(madhyama-graha) to take the eccentricity of its orbit into account.
2 The

geometrical picture implied by the iterative process is discussed in
Shukla K S, 1960.
3 See

for instance, Sarma K V, 1977; and Ramasubramanian K and Sriram M S, 2011.
4 Sarma
5 Having
:pra;ea; H

K V et.al., 2008.
described the procedure, Nı̄lakan.t.ha states:

ma;a;nde

x +:de;va
.sa;k

-

ma;a;Da;va

Á

6 See

for instance, Appendix F in Ramasubramanian K and Sriram M S,

2011.
7 Ramasubramanian

K et.al., 1994.

8 For

instance, in Tantrasaṅgraha the ratio of
the case of the Sun and the Moon respectively.
9 Shukla

r0
R

is given to be

3
80

and

7
80

in

K S, 1973.

10 See

Sambasiva Sastri, 1931, p. 35.

11 For

a discussion on asakr.t-karma, see also Plofker, 2010.

12 For

example, in his Mahā .abhāskarı̄ya, Bhāskara uses the word aviśes.a
for iteration – ‘.~va;a;a;va;Zea;Sea;Na k+:NeRa;na .~å.Pu+.f;Bua;a;+.=+va;a;pya;tea’ Á See Shukla K S 1960,
p. 23.
13 Shukla

K S, 1960.

14 In

the case of the triangle OPi Ni in Figure 2 that is being discussed here,
since one of its sides, namely Pi Ni is commonly shared with the other triangle
P0 Pi Ni this side is interchangeably referred to as bāhu or bāhuphala in these
set of verses by the author.
15 Shukla
16 See

K S, 1960

also Duke, Dennis.
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17 Note

that the true planet is located at a different position here, so that
the expression for ψ in terms of the mean planet θ0 would be different from
the one in the variable epicycle model.
18 See

Shukla K S, 1976, p. 223.

19 In

certain instances, as here, Bhāskara seems to be using the term pratiman.d.alakarn.a to refer to what is generally referred as mandakarn.a.
20 See

for instance, Evans James, 1998.

21 See

Srinivas M D, 2002; and Srinivas M D, 2010
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