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Lorentz (1955) and Voronowskaja (1932) proved their results for Bernstein
polynomials

n
BI(x) = Z f(k/n) ppu(x)
k=0
where
Paate) = () 21 = 2

and we have proved the corresponding results of Lorentz and Voronowskaja for
Lebesgue integrable function in L,-norm by our newly defined polynomial.

. no (et Df(n+1)
A, (ix)=@n+1) 2 J@) dty pp(x; @)
k=0 kf(n+1)
where
oy (Y x(x + k)1 (1 = x + (n— k) e}k
pﬂvk(x; “) = (k ) (1 + ﬂﬂ)” -

1. INTRODUCTION AND RESULTS

If f(x) is a function defined on [0, 1], the Bernstein polynomial B'f (x)of fis
defined by

B,f (x)k£0 Sk/n) pax(x) ..(L.1)
where
poat) = ( ) 2401 — 2

and let w; be the modulus of continuity of f defined by
wih) = max { | f(x) = f) | %,y €0, 1}, | x—y | < A} -(1.2)

Lorentz (1955) proved that if wy(8) is the modulus of continuity of f'(x), then

[ Bl (x) — f(x) | € 3171 2wy(n2 7). (13)
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Later one question arises about the rapidity of convergence of B: (x) to f(x). An
answer to this question has been given in different directions. One direction is that
in which f(x) is supposed to be at least twice differentiable in a point x of [0, 1].

Voronowskaja (1932) proved that

Lim n | f(x) — Bl () | = =} x(1 — x) f"(x). (1.4)

n->oo

A small modification of Bernstein polynomial due to Kantorovitch (1930) makes
it possible to approximate Lebesgue integrable function in L,-norm by the modified

polynomials

p n (k+D/(n+1)
P,(x)=(m+1) Z { ) f(t) dt { pas(x) ...(1.5)
k=0 kl(n+1)

where pa,i(x) is defined by (1.2).

By Jensen’s formula

n

Gy rmp= > () x kI + @ — Darh (16)
k=0

If we put y = 1 — x, we obtain

n
(1 + nay = z (Z)x(x F ket (1 — x + (1 — k) a)nt
k=0
or
n
. n\ x(x + k) (1 — x 4 (n — k) a)r¥
1= (k) T : LT
k=0
Thus defining .
=101 — x —_ n—k
Pop(x; a) = (Z ) X(x + ka) ((11 T ";“_; (n k) 2) ...(1.8)
we have
n
Z pap(x;a) =1, [by(1.7)] ...(1.9)
k=0’
Now we define the polynomial
2a=a+n 210 at} pustr; 1.10
s X) = (n K1 - . t) at ,.,x; eesll.
. Eol widey SO 9] i ) (1.10)
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where pni(x; «) is defined in (1.8) and moreover when a = 0, (1.8) and (1.10) reduces
to (1.2) and (1.5) respectively.

In this paper, we shall prove the corresponding results of approximation due to
Lorentz and Voronowskaja for Lebesgue integrable function in L,-norm by our
polynomial (1.10). In fact we state our results as follows:

Theorem 1.1 — Let f be a continuous Lebesgue integrable function on [0, 1]
such that its first derivative is bounded. If w;(3) is the modulus of continuity of f(x),
then for « = as = o(1/n), we have

| A2 (f, %) — £ | < T 2w n1R)4,

Theorem 1.2 — Let f(x) be bounded Lebesgue integrable function with its first
derivative in [0, 1] and suppose that the second derivative f"(x) exists at a certain
point x of [0, 1], then fora = an = 0(1/n)

lim n[40 (f, %) — f(0)] = § [(1 = 2%) f'(x) — x(1 — x) /" ()]

n-»

2. PROOF OF THEOREMS

We, first, prove some lemmas which would be useful for the proof of our
theorems.

Lemma 2.1 — For all values of x
‘ n
kz kpa(x; o) < nx/(1 + «).
=0

Lemma 2.2 — For all values of x

z k(k — 1) pap(x, 0) S n(n — 1) x {(ix : 22:)2 + 8 jr 2;’2}
k=0

Lemma 2.3 — For all values of x € | 0, 1 | and for « = an = 0(1/n), we have

n { (k+1)/(n+1)

(n+1) Z
k kin+1)

o (t — x)? dt} Pua(x; ) < x(1 — x)/n.

Before - giving the proofs of the lemmas we would like to illustrate some func-
tions (Cheney and Sharma 1964), which are helpful for the proof of our lemmas.
The functions
n

Soum ) = > (7) e+ kot 4+ 0 — Ry
k=0
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satisfy the reduction formula
S, n, x,p) = xS — Ln, x,y) + naS(v, n — 1, x + «, ).

By repeated use of the reduction formula, we can show that

n

stomx = > (§)klae + 3+ mars [by (16)]
k=0

as xS0, n, x, y) = (x + y <+ na)n.

[ o]
Since k! = [ t*¢—*dt (Euler’s equation of Gamma function) and therefore,
0

we get

S(1, n, x,y) = z (Z ) ettidta¥(x + y + no)nk

S Sy 8

e~tdt [fco(x + y + no)r + ney(te) (x + y + no)t

+ .o+ Bea(to)n].

Using binomial theorem, we get

[r o]
= ({ etdt[{(x + y + ne) + ta}?]
o
= (f) e¥x 4y + na + ta)* dt. ..(1.11)
Similarly
o0
52 n, x,y) = Z (x + km)(Z)k!a*S(l,n—- k, x + ko, )
k=0
becomes

[+ [+
S2,n, x,y) = ({ et dtbf esds {x(x + y + ne + ta + su)7

+ na?s(x + y + na + ta + sa)1}, (1.12)
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Proof of Lemma 2.1

n

z Kkpng(x; o) = z ( ) X(x + kayet (1 — x + (n — k) a)vt

& (1 + na)»
n
— nx (n — l)x(x + k)1 (1 — x + (n — k) a)#
- &~ k—1 (1 4 na)»
ms(l n—1, X+ a l-——x)
@0
nx
= (T—-ﬁa)—"I el + na + ta)™1dt (by eqn. 1.11)
0
€ 1
nx _ o - _
| () e
0

nx

—_— e—{(1tnx)/o)u (1 + u)n—l du
3

I
Cvm g

nx

<§ -

e—{(1/a)in)u o(n—1)u du

nx

—_— e—{(1/a)+1)u du
[

=

X
o

o

l_‘_mdu

e’

Il

= Xe“"du
1+a

and therefore
n
k)"..o kpaap(x; @) < nxf(1 + @)

which completes the proof.
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Proof of Lemma 2.2

n

z k(k — 1) pai(x; o)
k=0

n
=TS (D 5) G ke (= x (= Ry

(1 4 na)n
k=2
='-’(%'fjr“-%f—5(2,n—2,x+2a,1—x)
o0 oo
= :'—Yi_"__n—l‘)):[g et dt .[ e3ds (x + 2a) (1 + na + f& -+ s}
0 0

4+ (n — 2) a®s(1 + ne 4 to + sa)""’] (by eqn. 1.12)

nn — 1) x

0 0
= Ut ey & H 2 j et di s (1 + nx + ta + say2 ds
0 0

[ve] [eo]
+ n(n _(ll)—}(-nn:)"Z) xx S et dt .‘. se=3(l 4 no + too + sa)"-3 ds
0

= I, 4 I, (say). ..(2.1)

Now we evaluate 7, :

o0 oo
_ n(n . ta + sa\"? —
I, (;——l+n)1.x(x+2a)0j e—tdtoje—(l-i—l_{_m) ds (1 4+ na)»2
n(n . s
<(l+n)2r(x~;-24)(§ e 'dt(!e exp{(n—2)

tx Sa
><(l -+ na T +na)}ds

= (nl("_i_m.n_)-zx(x+ 2a)fexp( (i iia))dt
0

‘1 4 2
exp (—s T+ m)) ds

(equation continued on p. 183)

X
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nin — 1) x(x + 2a)
(1 + na)?

et

0]
'l+mdt’je-8'l+mds’

14 2 1 4+ 2
0

n(n — 1) x(x + 2a)
{ + 207

Ctem g ©%—ng

[+ s}
et dt’ j e-s ds'
0

nn — 1) x(x + 2u) .

1, T 2 (2.2)

A

We evaluate 7, :

0 2]
[ =" _(:)_‘(_"n;')nz) wix I et dt ] se3(1 + ne + tu + su)™-3 ds
0 0
(=D —2atx [ o .
_nn—1(n—2)ax ~ " too + sa\n3
= T+ Ie‘dtjse (1+1+na) ds
0 0
)(n — D arx [
nin — 1) (n — 2) a®x -
< T+ e § et dt
]
[+ o]
oo 9t 20
]

_ nin —(ll)_*(_nn-;—)32)a2x { exp (— t(1 + 3w)/(1 + nw)) dt
0

X | sexp (—s(1 4 3a)/(1 + na)) ds

Oty 8

0

- nin — 1) (n — 2) a?x I et dt’ ]’o
0

T + 3¢ s'e-®" ds

nin — 1) (n — 2) a?x
I a+ 32 «.(2.3)

and hence from (2.1), (2.2) and (2.3), we have

Z k(k — 1) pus(x; @) < n(n — 1) x
k=0

which completes the proof,

X + 20 (n — 2)a?
T+2p T (a7 3«)*]
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Proof of Lemma 2.3 :
n k+1)/(n+1)
ctn > (] =) s o
k=0  ki(n+1)

n
2kx+x k2+k 1
= 2 —
I(Z() [x (n -+ l) + (n + l))_ + 3(n F 1)2]pu,k(x d.)

2

< ¥ - (n-ll— ) 12,i:a+ ] BECENT + 1) ["(” Dx (Tiga)z
(n — 2)a? 2nx
(I + 3a)® - 1 4 a
SHTZad +12«)2 (1 F 32 X

+ a?x(1 — x) (17n + 23) + 9x

+ a¥x(l — x) (57Tn — 13) + Tnx? + x(5n% 4 35)

+ atx(l — x) (96n — 144) 4 86nx* + (65 — 12n)

4+ adx(l — x) (54n — 216) 4+ x(4n2 — 12n + 46) + 162nx?

+ a® — 108x(1 — x) -+ 108ax2] 4+ 1/3n?

4 ] + 3 + ) (by Lemmas 2.1 and 2.2)

= X) + ax(l ~ x) 2n + 9) + x

< i(_l_n:_x) for @ = ag = o(%—) and for large n

which completes the proof of Lemma 2.3.

Proof of Theorem 1.1
For arbitrary x’, x” in [0, 1] and 8 > O we denote X = A(x’, x"; 3) the integer
[]x" — x| &7], the difference f(x') — f(x") is then a sum of (A + 1) difference of
JS'(x) on intervals of length less than 8, therefore
[ f1(x) — £ | < A+ 1) wy(3)
We have
FGa) — f(x5) = (xy — x) f'(W) + (2 — x3) [f'(u) — f'(x,)]

where x;, < u < x,. The absolute value of the last term does not exceed

2, — x| (A + 1) wy(3). (by hypothesis)

From the above condition, we have
n (k+1)/(n+1)

mvnfmkpwnz{ [ re-r@dt} puziw
k=0 kj(nt+1)

(equation continued on p. 185)
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n  (k+D/(n+1)

e+ > | @=0r@a}
k=0 kf(n+1)

n (k+D/(n+1)

o+ ZO{ k/(’L) (x = 00 C) = £} prati o

<|e+n z [ — 2t | /60 st
k=0

n k+1D(n+1)

+ (n + 1) w,(3) z { I ]t—-x[(l+/\)dt}p,.,k(x;a)
k=0 = k/(n2:1)

- , zn [x - 22(12_—1})] S(X) poi(x; @)
k=0

n (k+Dj(n+1)
+ w;(®) (n + 1)[2 { j |t — x| dl}p,.,k(x; o)
k=0 ki(n+1)
(k+1D/(n+1)

+ 2 { } [t — x| A(t, x;3) dt}p,.,k(x; a)]
Azl ki(n+1)

<|-argmsy ~ )|
n K+ Di(n+1)

+ w8 (n + 1)[2{ [ lt-x]dt}p..,g(x;a)]
k=0 ki(n+1)

n k+1Di(n+ 1)

+ w,(3) (n + 1)[8—1 kgo { kl(':‘“) (t — x)? dt}p..,x(x; oc)]

=TI, + I, + I, (say) ...(2.9)

where

_xd+wy(mr+ 1) —nx 1 ,
L= e T/

(equation continued on p. 186)
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_@x =11 + a) + 2nxq ,,
ST 20 Fe @D af(x)]

M
< - ...(2.5)
where 1 f'(x) | <M and o = ap = o(%)-

We evaluate I, :
n (k+Di(n+1)
I, = wy(3) (n + 1)[2{ j |r-x|d:}p,,,,(x;a)]
k=0 kln+1)
Now applying Cauchy’s inequality in the above equation, we have
n (k+1)/(n+1)
L =w@®@®+1 [{ z (lt—x]| p}ii (x; a))? dt }1/2
k=0  kl/(n+1)
n (k+1)/(n+1)
{> | eearal”]
k=0 kf(n+1)
n  (k+Di(n+1) s
= w,(3) [{(n +1) z j @ — X)? pu(x; o:)}
k=0  k/(n+1)
n k+1)/(n+1) 1
X {(n + 1) z ( I dt)pn,k(X§ u)} ]
k=0 ki(n+1)
n (k+1)/(n+1)
—w@[e+n> (| -0 mmume]
k=0 kl(n+1)

1/2

since x(1 — x) < 2 onx € [0, 1], then by Lemma 2.3, we have
< wy(3) (1/4n)12
and therefore
I, < w3 1/24/n ...(2.6)
and
n (k+D/(n+1)
I = w®) @+ [ z { [ (t — %) dt} Pl a)]
k=0 ki(n+1)
< wy(3) 81(1/4n). 2.7
{by Lemma 2.3 and also since x(1 — x) < 2 on x € [0, 1]}
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Hence from (2.4), (2.5), (2.6) and (2.7), we have
|42 (40 — @ | <L 1 n@2v/n) + w,®) 52(1/4m)
=Y @ 12 Va4 3/

For 8 = n1/2, we obtain

= i gmm + 2L

= wy(n172) (3n-112) + n1/2 wy(n1i2)

= Tn12 w (n~112)/4
which completes the proof,

Proof of Theorem 1.2
We write (in view of Taylor’s theorem)

fFO = X+ @—x)f(x)+ =PRSS +nt—x)] ...28
where »(h) is bounded | n(h) | < H for all # and converges to zero with A.
Multiplying eqn, (2.8) by (# + 1) pax(x; «) and integrating it from k/(n 4 1)
to (k + 1)/(n + 1), then on summing, we get
n k+1)/(n+1)

a+n>{ [ roalsaea
k=0 k/(n+1)
n (k+1D/(r+1)
—a+n>{ [ s dt } puatc; o)
k=0 ki(a+1)
n (k+Dj(n+1)
rern>{ | e-are dt} Pa(3 @)
k=0 kf(n+1)
n k+1)/(n+1)
e > | | e-mreal e
k=0 ki(n+1)
n (k+1{(n+1) }
+@n+1) (¢ — Xt — x)dt} pap(x; o)
kgo { k=('r‘:+1)
= I, + I, + Iy + I, (say). ..(2.9)
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Now first we evaluate J;:
n *k+1D/(n+1)
I,=(@m+1) z { ; J(x) dt} Pnx(x; @)
» k=0 kf(n+1)
= f(x) ...(2.10)
and then
n k+D/(n+1)
Li=@n+4+1) { j t—x)f(x dl} Dk (X;0)
k

=0 ki(n+1)
< 2k 1
- z (Z(*né_l“) - x) LX) prji(x; )
k=0
< (_l_—z'____’fx)f'(x), for @ = on = 0(711«). e

Now we evaluate /,:

. n 4+ Din+1)
Iy =3+ 1) z S (t — x)2f(x) dt} DX o)
k=0 kl(n+1)
< x(1 — x) f(x)/2n (by Lemma 2.3) «.(2.12)
and then at last we evaluate [,:
n o (k+D(m+D)
I=(n+1) 2 { I (t — X2 (t — x) dt}pn,k(x; %)
k=0 k/(n+1)
I, can be estimated easily. Let ¢ > 0 be arbitrary and 3 > 0 such that

In(h) | < efor | h| < 3. Thus breaking up the sum J, into two parts correspond-
ing to those values of ¢ for which | # — x | < & and those for which |t — x | > 3,

and since in the given range of ¢, ’ % - xl ~ |t — x|, we have

(k+1)/(n+1)
11, < e z "+ l)p,.,x(x;og)l ] (1—-x)2dt]
{ k/m—x| <3 kf(n+1)
k+D/(n+1)
+H z O + 1) pustx; ac)’ dz[
| (kin)—x | >8 kl(n+1)

= Iy + I); (say)
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llmlgil{x(l—x)}], for o = ag = (,1_)
n
k+D/r+1)
111 = (n + 1) H 2 dt Pu,k(x; 0(,)
| ki —x | 28 = ki(n+1)
1
= 1 "
-+ 1) z Pra(x, @) 7=

| (k/my—x | >3
But if 8 =n8,0<p <3} (see also Kantorovitch 1930), then for a = ay =
(=)
n
DX ) < Crv
| (kjmy—x | >n-B
for v > 0, the constant C = C(8, v).

Whence I;; < e/(n + 1) < ¢/n for all n sufficiently large and therefore it follows
readily that

Iy < ¢/n, for all sufficiently large . «.(2.13)

Hence from (2.9), (2.10), (2.11), (2.12) and (2.13), we have

n (k+Din+1)
a+ D> { [ ) dt} Pop(x; )
k=0 ki(n+1D)

= f(x) + [{(} — 2x) £'(x) + x(1 — x) f*(x)}/2n] + (enfn)
and therefore, finally we get

Lim 747 (f, x) —f(0] = 3 [(1 — 2%) f'(x) + x(1 — %) f(x)]

n-»o0

where ¢n — 0 as n—> oo

which completes the proof.
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