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In this note, we prove some theorems about the existence, uniqueness and con-
tinuous dependence on the given functions of solutions of the following
equations:

y’(x) =fn(xr y(gl(x))' seey y(gm(x»)9 n= 0’ 1’ 2, see s

1, INTRODUCTION

Nadler (1968) discussed the existence, uniqueness and continuous dependence
on the given functions of solutions of the following equations

Y(x) = falx, y(x)),n € N

where N denotes the set of nonnegative integers.

In this note, we shall extend his results to the following functional differential
equations

y’(x) = f"(x’ y(gl(x))s ssey y(gm(x)))) n E N.

2. MaIN RESULTS

Let R be the set of real numbers. For a given point (a, ..., Gmi,) € R™H1
and two given positive constants a and b, let

I=1la, —a,a + a]
S = {(xl, cney xm+1) E Rm+1 l Xy E I, | Xy ~— Qi l < b, i= 2, PR /(] + l}.
Before going into discussion, we state some conditions on f, and g; as follows:

(C) fa € C(S, R) for eachn & N. There exist positive number M and bounded
sequences of positive numbers {A; Ynen for eachi = 1, ..., m, such that for
eachn e N

| fo(Xyy ovs Xmyq) | < M forall (x,, ..., Xmyy) € S
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m
and If"(xI’ yl, crey ym) - f"(xls 21y eeny ZM) ! < 2 A: !}’x — 23

for all (X3, ¥y, s Ymu)y (%45 23y «ovs Zm) € S
(C) s € C(,R)and gi(x) € xforallx € Tand i = 1, ..., m;

(Cy) {fu}-, converges pointwise to f, on S;

C) ss€ C(,R)and g(x) 2 xforallx € Tandi =1, ..., m;
(Cy) gi: IR, |g(x)—a | |x—aqg |forxE€ Tandi= 1,2, .. m

In order to discuss our main results, we need the following lemma which is due
to Nadler (1968). '

Lemma — Let (Y, d) be a locally compact metric space and letTn: Y — Y bea

o

contraction mapping with fixed point p, for each n € N. If {Tn};, converges

pointwise to Ty, then {p,}>° converges to p,.

oy
Now we can state and prove the following results.
Theorem 1 — Let (C)), (C,) and (C;) hold. Then there exists an h € (0, al
such that for each n € N the Cauchy problem
(CP) [ Y'(x) = falx, (&%), ... Y(gm(x)), x € T =[a, — h, a, + A]
¥x)=kyx),x EK=|c,a, — hj(x =a, —hifc > a, —h) .
has a unique solution yp, given as the limit of successive approximation, where
¢ = min g(t)and ky, € C(K, L = [a, — b, a, + b)) is a given function. Moreover,
H{=¥)
I<i<m
{»n};-., converges uniformly to y, on J.

PROOF : It follows from (C,) that there is an & € (0, a] such that

m
0<qg= ZhZA;< 1 foreachn € N
i=1 '
and Mh < b. Let X be a space of these functions k : J — L which satisfy a Lipschitz
condition with Lipschitz constant less than or equal to M and k(a; — h) = k(a, — h).
Let

Y={p(x) € X | p(x) =k(x) € X if x € J and p{x) = ky(x) if x € K}.

Then X and Y with the supremum metric d are compact metric spaces.
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The Cauchy problem (CP) is equivalent to the equation

X

(30 =k = B+ [ A @D, o Men() s, % € 7,
a—h

x) = ko(x), x E K.
Foreachn € N and p € Y, let Ty(p) be given by

b4 .
[ ko(ay — By + [ oS, D@5, -.os P(E(S)) dS, X € T,
Ta(p)(x) = < . a,—h

ko(x), x € K
It follows from (C,) and (C,) that T is a selfmapping of ¥ foreachn € N.  For P
P, € Yand # € N, ‘ ’

d(Ta(ps), Ta(p2))

X

[ [fa5, P1(81(S))s vy Po(ER(S))

xEJ
e Ful5, DG,y PoEm(N)] d
< 2L+ e+ A7) SO | () — Pi) | = 94 (P 22

Hence T,, n € N, is a contraction mapping of Y into itself. From the well-known
theorem of Banach fixed point principle there is a unique fixed point of Ty, for each
n € N, i.e. a unique solution y» € Y of eqn. (CP) given as the limit of successive
approximations. \

Next we prove that y, — y,, uniformly on J asn — oo . It follows from (C,)
and (C,) that fu — f, pointwise and | fu | < M forn = 1,2, .... By the Lebesgue
bounded convergence theorem

X

] Ful5, D(&1(5)), s Dgn(s))) ds
a,~h '
[ 145, P(&(S), vy P(En(S))) ds
a,—h

asn — oo. Thus {Tu(p)}

=y CODYVETZES pointwise to Ty onJ U K. Since

| Ta(p)(x) — Ta(P)W) | S M |x—y|,x,y EJ UK
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(-]

the sequence {Ta(p)} is equicontinuity on the compact set J U K. Thus

ne==1
{Tu(p) }:1 converges uniformly to T, onJ U K and hence {T,,}::_l converges point-

wise to T, on Y. From Lemma, the sequence of unique fixed points of T, forn = 1,
2, ..., tends to the unique point of T,. Since Tuyn = yn for n € N, we have yn — y,
uniformly on J U K. Thus our proof is complete.

Theorem 2 — Let (C,), (C;) and (C,) hold. Then thereis an h € (0, a] such
that for each n € N the Cauchy problem

([ Y'(x) = fa(x, Y(€2(X))s «o0r V(Egm(X))), x € T
L y(‘x) = kl(x)s X E [al + h, d]

has a unique solution ya, where d =1 max gix)and k,:[a, + h,d]—> [a, — b, ag + b]
<igm
xeJ

is a given continuous function. Moreover, {yn} -, converges uniformly to y, on J.

PrOOF: Let X, be a space of these functions k : J — [ay — b, a; 4 b] which
satisfy a Lipschitz condition with Lipschitz constant less than or equal to M and
k(a, + h) = ky(a, + h). Let Y, be a space of all functions p such that

k(x),xe J
p(x) = {
ky(x), x € [a, + h, d]

where £k € X,. We see easily that foreachn € N,p € Y;
x
|| A5, P& o pent I s, x € 7
Tu(p)(x) =4 @th
L), x € [4, + b, d]

is a contraction selfmapping of ¥;. As in the proof of Theorem 1, we can show that
{Ta} converges pointwise to T, on Y, and from Lemma we complete our proof.

Theorem 3 — Let (C,), (C;) and (Cy) hold. Then there is an & € (0, a] such
that for each n € N the Cauchy problem

Y'(%) = fa(x, Y(8:(X))s .., Y(gm(X))), x € J
Lya) =a,

has a unique solution y. and {ys} ., converges uniformly to y, on J.
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PrOOF : Let Y, be the space of these functions k : J — [a, — b, a, -+ b] which
satisfy a Lipschitz condition with Lipschitz constant less than or equal to M. For
k € Y, by (Cy)

k(gi(x)) € [az — b,a; + b, forx € J,i=1,2, ..., m.
We can prove that foreachn € Nand k € Y,,

To(k)(x) = a; + j Jo(s, k(8y(5)), ..., k(gm(s))) ds, x € J

oo

is a contraction selfmapping of Y, and {T,}

ey CODVErges pointwise to Tgon Y,. From

Lemma, we complete our proof.

REFERENCE
Nadler, S. B. (Jr) (1968). Sequences of contractions and- fixed points. Pacific J. Math., 27, 579-85.



