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In this paper fixed point theorems are established first for mappings Tof a
convex subset K of a normed linear space X satisfying

I Tx—Tyjllx —pli<lix—yh{alxNix—yl
+ a(x, D(Nx — Txll + Iy = Tyi)
+axN(x—Tyi+1y—Txi}
+ax)lx—Tylilly - Txl

for all x,y € K, x = y, and then an analogous result is obtained for a; as
constant, i = 1,2, 3, 4.

1. INTRODUCTION

Let T be a selfmapping of a normed linear space X. According to Browder
and Petryshyn (1966) we say 7 is asymptotically regular at a point x € X if
| Tox — Totix | - 0 as n — oo, whenever Tx is defined for all n € N, where N
denotes the set of positive integers. By the orbit of 7" at a point x € X we mean that

the set o(x, T) = {x, Tx, T?x, ...}, its closure is denoted by o(x, T). Let T | P

denote the restriction of T to o(x, T). According to Jaggi (1977), we say T is called
x-orbitally continuous if T | om0 ) > X is continuous. From Ciric (1971,

1973), we see that T is orbitally continuous if T is x-orbitally continuous for each
X e X

Let T be a selfmapping of a normed linear space X satisfying

ITx-TyI<3Ux—Tx[+y—Ty])
for all x,y€ X. Let T= A + (1 —=2A)TforX € (0, 1). Recently, Jaggi (1977)
discussed the convergence of {T"x} in a normed linear space, which need not
necessarily be strictly convex or uniform convex, e.g. Goebel ez al. (1973), Kannan
(1971, 1973) and Petryshyn and Williamson (1973).

In this paper we shall extend and improve the results of Jaggi (1977). For
other related results, we refer to Diaz and Metcalf (1969), Edelstein (1966) and
Murakami and Yeh (1979).

*This research was supported by the National Science Council.
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2. MAIN RESULTS

Theorem 1 — Let K be a nonempty convex subset of a normed linear space X.
Let T be a selfmapping of X satisfying

(<) ITx—Tyllx—yI<[x—y[{axn]lx—y]
+axy(*x—Tx|+ |y —-Ty])
+au ) (I x~ Ty} + |y — Tx[)
+axN|x—Ty| |y — Tx]

forallx,y € K, x 5 y, where a; : K X K— [0, 1) with

[ sup {a(x,y) + 2a,(x, y) + 2a5(x,y) + a(x, )} < 1,

| x,y€K
(o
() 3 it ay(x, y) > 0.
x,yEK

. m m
Let T, = 20 b;T%, for some m € N, where b; € (0,1), T bi = 1 and T° = I (the
i= i=0
identity mapping). Suppose that there is a point x, in K such that
(i) {T} xo}nen clusters to a point u € K,
(ii) T is x,-orbitally continuous and asymptotically regular at x,.
Then {T, x,} converges to u and u is the uniqﬁe fixed point of T'in K.
PrOOF: From (i), there is a subsequence {T,* xo} which converges to u. Since
T is xg-orbitally continuous, we have

(I —=T) Ty xg—> (I — To)u.

It follows from the asymptotic regularity of T, at x, that
0= T) Ty x| = [ Ty % — T x| > 0

as i —» oo, This means that | (I — T;)u || = 0 and hence T,u = u and Tu = u.
Let v € K be another point of K such that Tv = v and u 5= v. Then
fu =y Tu—Tv]<u—v]{a@y)|u—7]|
+ @y, v) (Ju— Tu] + v —Tv|)
+a@ v)(Ju—~Tv] + | v— Tul)}
+ au, ) | u— Ty | | v — Tu|
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which implies, by (C,),
fu—v|<auwju—v]+2av)|u—v|+av)|u—r]
= (a,(u, v) + 2a,(u, v) + a,(u, V) Ju—v] < fju—v]|

a contradiction, This contradiction proves that u = v.

For all x € K, x 5% u, we have

| Tox —u| = ” ﬁ: bTi(x — u) ” < S b | Tix — T f. ..(l)
i=0

i=0
From (C,), we have
ITx —Tulljx —ul ) x—uf{axu)fx—ul
+ ayx,u) | x — Tx || + as(x, w) (| x — u |
+lu—Tx |} +ayxw | x—ulu—Tx]
which gives
1T — u] S ayx,w)lx — u | + a0, w) (1 x — u + Ju— Tx|)
+aeu)(|x —uf +ju—Tx[)+axu)fu— Tx|.
Thus

a(x, ¥) + ay(x, u) + ag(x, v)

1Tx~Tu| < = a)(x, u) — as(x, u) — ay(x, u)

Ix—u]<|x—ul

Similarly, fori= 1, 2, ..., m,

ITix —Tu|<|x—ul. «(2)
It follows from (1) and (2) that
ITox —ul < D> bilx—ul=fx—ul.
i=0

Since x € K — {u} is arbitrary, we have, for x = x,,
1 T3% X — | < | Ty xp — ul.
This implies Ty xo, = # as n — oo, since T,* x, > uasi—» oo, If x = u, then we

also have T, x — u. Thus our proof is complete.

Remark : Taking @, = a; = a, = 0, a, = 2-2and m = 1 in our Theorem 1,
we obtain Theorem of Jaggi (1977).
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Theorem 2 — Let K be a nonempty closed convex bounded subset of a reflexive
Banach space X and let T be a selfmapping of X satisfying

(&Y ITx—Ty|<afx—yl+ax—Tx[+ |y~ Ty[)
+a(lx—Ty| +1y—TIx[)
for all x, y € K, where @, > 0, a, > 0, a, > 0 are constants and @, + 24, + 24, < 1;

m
(C) T»= Z biTis asymptotically regular at some x, € X, for some m € N, where

I==
b, € (0, 1) with by -+ b, + ... + bm = 1;
(Cs) sup |y — Tyl < 8(H), for every nonempty bounded closed convex subset
YEH

H of K containing more than one element and mapped into itself by T, where
3(H) is the diameter of H.

Then {T} x,} converges to a unique fixed point of T in K.

The above theorem improves and extends a recent result of Jaggi (1977,
Theorem 2), who proved it by means of a result of Kannan (1971, Theorem 1).
However, Goebel et al. (1973, p. 68) pointed out that the argument by Kannan
(1971, Theorem 1) was unsuccessful. Hung and Shih (1976) extended and proved
successfully Kannan’s result by using a result of Smulian (1939).

ProOOF OF THEOREM 2 : It follows from Theorem of Hung and Shih (1976) that
T has a unique fixed point # in K, We shall prove that u € 4, where 4 = o(x,, T5).
As in the proof of Theorem 1, we have

[T+ xg —u | < || Tpx, — u). )

Hence 4 and 4 are bounded. Since

m m
[—Th=1— Zb.-T"= zb.-(l— i)
i=0 i=0
it follows from (C;) that I — T, maps bounded closed sets into closed sets; hence
(I — Ty) A is closed. Since
Tix,— TP %= —T) T x, €I -T)AC(—T) 4

it follows from (C,) that 0 € (I — T}) 4. Thus there is a v € 4 such that
(I — Ty)v = 0, thatis, T,v = v and hence Ty = v. From the uniqueness of », we have

u = v. Thus u € 4. Since u € 4, there is a subsequence {T};* x,} converges to . This

and (3) give T} x, — u asn — oo,
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