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A general nonlinear continuous-time discrete-age-scale model in which birth
and death rates are respectively monotonic decreasing and monotonic increas-
ing functions of the total populations size, is considered. It isshown that
whenever the corresponding linear model predicts exponential growth, the
pnonlinear model gives a stable equilibrium age-distribution. A method for
discussing the stability of this equilibrium position is also given. A nonlinear
delay model is also formulated and generalised to the case when both density
dependence and delay effects are present.

1. INTRODUCTION

Let a population be divided into n age-groups and let x,(2), x,(¢), ..., xa(t) be
the population sizes of these # groups at time ¢. Let tbe first p groups be pre-repro-
ductive, the next g groups be reproductive and let the last r groups be post-repro-
ductive so that p + g -+ r = n. Let the death-rates in the n groups be d,, d,, ..., du
and let the birth-rates in the productive groups be by,y, bpia, ..., byie. Let m; be the
rate at which members of the ith group migrate to (i -+ 1)th group, on maturity
and survival | = 1, 2, ..., n — 1; m, = 0). Kapur (1979a) has studied the following
linear model

d.
5{1 = bpyXpiq + oo bpraXppq — (dy + my) X, il
e \ ()
d_tl = M;ia1Xij-1 — (d; 4 omy) xi, =2, 3, ..,n J!

Kapur (1979, 1980) has also studied the nonlinear model
dx, . ]
‘d—t = bp+1.Xp+1 + ves + bp+qxﬂ+q"—(dl + ml)xl—klxl(xl +x2 + esa + xn) !
dx‘ . (
T = Mg Xieg — (di +m) xi — kixi(x, + X+ ... +x0), i=2,3,..,n J

..(2)
In the present paper we consider the more general model in which the birth-rates are

monotonic decreasing functions of P(f) and death-rates are monotonic increasing
functions of P(t), where P(¢) is the total size of the population so that
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P(t) = x,(t) + x,(1) + ... + x(2), ..(3)

so that our nonlinear model is

d
22 = bpa(P) Xpuy + wor F byrd P) Fvo — [d(P) + my] x, W|
dx; @
2 = MieXig = [d(P) + mi]xi, =23, ..,n J‘
If
b
by (P) = bpis — cpaP  when P < cH: 11
LU U=12 ) )
=0 when P> 2t |
Cots
and
QP) = de+ e k= 1,2, .0m, ®
then eqns. (4) become
d
_d)% = bp+1x1’+1 + e+ bv+qx?+q - (Cp+1)«‘p+1 + oo + CpreXpig 1‘
b = ot m L o
|
% = MiaXiq — (di + m) xi — ex;P, i=2,3, .. n Jl
If
Cpp1 == Cpyp == ... = Cpyq = 0, ...(8)

the model represented by (7) is the same as the model represented by (2). Thus the
model considered by Kapur (1979b) is a particular case of model (4) above when
birth-rates are constants and death-rates increase linearly with population size P.
The linear model (1) arises when both birth and death rates are constants.

2. EQUILIBRIUM AGE-DISTRIBUTION FOR THE GENERAL MODEL

If %, %;, ..., % is the equilibrium age-distribution for the model (4) we have

b?+1(13) T R bﬂ+a(1—3) Fppe — [dx(i;) ~+ ml] #n=0 ]
mi1%i-1 = [d.(l_’) 4+ mlx, =2, 3, e 11 J
where

P=3% + % + ..%n ...(10)
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Eliminating %,, %,, ..., s from (9), we get

= by, (P)
P = — 41 _
#F) (dy(P) + my) ... (dpyy(P) + myyy)
" _ bo1o(P) Moty
(@(P) + my) ... (dpyo(P) + myy,)
+ o Nbp+u(ﬁ) Mpiq -.. mf+q—-1 _ 1 —
(@(P) + 1) .. (dora(P) + Myye)  Maly . 1y
..(11)
so that
& b P |
AP~ ([@d(P) + my) ... dpsa(P) + mpiy)
b;,+1(13) Mpiy oo Mpig—y
4o+ — -
(d,(P) + m;) ... (Apgo(P) + Mpyg)
— p+l
L be® “®
@i(P) + my) ... (dp(P) + mypyy) & d(P) 4 mx
_ p+q " (P
_ Rba-m(P) Mpyy ... m1+a—-1 i* P) . (12)
(@d(P) + my) ... (dpsol(P) + Mpyy) = dy(P) + m
Since
bys(P) 2 0, by, (P) KO for j=1,2,..,q )
—- - ? .(13)
d(P)>0,d (P)>0 for k=12, ..n J
we find that
dé
i ...(14
B (14)

so that $#(P) is a monotonic decreasing function of P. Infact ¢(P) is a strictly

decreasing function of P except when the population has become so large that all
birth rates are zero. Let

bys(0) = bpys, j=12,...,9 }

.(15)
a0 =d, k=12 ..n
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and let
bpyq + + boyaMory ... Mpyen
(d, + my) o (@ppg + Mpyy) 77 (dy + M) o (dora + Mipyd)
1
—— ...(16
mym, ... My >0 (16)
then

#0) > 0 ..(17)

As P goes on increasing, $(P) goes on decreasing till as P tends to infinity 95(17) tends

1

to negative valug —~ ———
mlmz e m’;

Thus if (16) is satisfied, then the equation

#P)=0 ...(18)

has a unique positive solution P, and an equilibrium age-distribution exists. On using
(4), this is given by

*1 _ %
(d(Py) + my) .. (du(Py) + my) — my(da(Pg) + M) ... (dn(Py) + Mn)

... ...(19)

mym, ... Mp_y

along with

L FE 4+ .4 Fe= P, ...(20)
We now proceed to interpret (16).
For the linear model (1), let a solution be given by

Xi = Bied (i=12,..,n). -(21)

Substituting in (1) we get

B = by Byyy + ..o + bproBpig — (dy + my) By 22)
Bid = mi_aBiy — (ds -+ m‘) B, i=2,3,..n
Eliminating B,, B,, ..., Bn, we get
b
A = r+1
v (dy + my + A) .. (o1 + Mpyy + A)
boraMpyy ... Mpiay 1 —
ot @y +my + A) i (pge + Mpyg + ) mymy ... m’—-O.
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$(A) is a monotonic decreasing function of A which decreases from

boys + + bpraMpia ... Mpya—y
(dy + my) ... (dpsy + Pipy,y) d, + my) ... (dopsa + Mypyo)
-t
mnty ... My
to — 5—17 as A varies from 0tooo. If(16) is satisfied (A) = O has a unique
1 wee p

positive root A,. In this case, using (21) and the linearity of (1), we find that the
populations of all age-groups grow exponentially.

Thus in the case when for the corresponding linear. model, all populations grow
exponentially, the nonlinear model has an equilibrium age distribution given by (19)
and (20).

In the special case when birth rates are constant and death rates increase
linearly with P, (11) gives
by n
(dy + my + e Py) ... (ogy + Moy + €3 P) 7
: + bpyaipyy .. Mipgay
(dy, + my + e Py) ... (dy + my + ep o Py)
1

= mm, ... my -(24)

Comparing (24) with

bpiy +
(d + my + Ag) e (o + Moy + 2g) 77

by iaMpiy <. Mpre—y
(dy + my 4+ A) .. (dprq + Mpig + 2Ag)

+
1
= g Ty -.(25)
we easily find that P, lies between the greatest and least values of (A,/e;) for i varying
from1to p + q.

We may also note here that if (16) is not satisfied and A, < 0, then the only equili-
brium age distribution is

=%, =,.=% =0 ...(26)

3. STABILITY OF THE EQUILIBRIUM AGE-DISTRIBUTION

Let

Xi=%+u, P=P+p, i=12..,n ...(27
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Substituting in (4), neglecting squares, products and higher powers of «’s and simplify-
ing we get

% = b4y (P) Upsy + oo + bpo(P) iy — (d(P) + m) uy ]l
(U F Uy e+ tn) [B) (P) Fpay .
+ b, (P) Fpyy — d (P) 7] l} ...(28)
%? = MUy — (d.(F) + m) u; |
— (U + Uy + ... + un) d; (7’) %; (1=12,3,..,n). |
We try the solution
= ce™, i=12 .,n ...(29)

(@(P) + my + ) &1 = (bpa(P) €oy + oo + Brsa(P) €51 )
—~ (et e+ oo + ) M, i} ...(30)
(d,(F) + my + p) 6 = Mmicicia — Micy + ¢g + ... + ) JI
where M,, M,, ..., M, are positive quantities.
Eliminating ¢;, ¢,, ..., ¢a from (30), we get
[A+B|=0 .(31)
where A is matrix with diagonal elements — (d(P) + mi + p), main subdiagonal

elements as m; and (p + th to (p + ¢g)th elements of the first row as

bﬁ+1(F)r seey bp+a(17)
and the rest of its elements as zero whereas B is the matrix with all the elements of
ith row as —M;,
If the real parts of all the roots of (31) are negative, the equilibrium age-distribu-

tion is stable.

4. A NONLINEAR DELAY MODEL
Here (Cushing 1977) the birth and death rates are monotonic functions not of
P(t), but of

o) = It K(t — s) P(s) ds =;FK(U) P(t — u) dy, ..(32)
with

:j:K(u) du = 1 -+(33)
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i.e. we assume that the birth and death rates do not depend just on the population
P(t) at time ¢, but on the cumulative effects of populations at all earlier times., Our
model then becomes

% = by (Q) Xp41 + oo+ bpye(Q) Xpio — (d(Q) + my) X, 11
dr. r(3%
EJ = miaXig — (@(Q) + m)xs; (i=2,3,..,n) Ji

so that for equilibrium age distribution

bpii(Qo) Foga + oo + by Qo) Fpro — (@1(Qg) + M) % =0 ) ..(35)

M Fioy — (@(Q0) + M) 7 =0 (i=23,..,n). j
If

A E A o F= P ...(36)
then

)

O = ({ K(u) Pydu = P,
and we get the same equation as before for determining the equilibrium age distribu-
tion, so that equilibrium age distribution exists for this case also and is the same as

for the earlier model.

For discussing the stability of this position, let

Xi = % 4 wi, P(s) = Py + p(s), O(t) = @, + q(?) -(37)
so that
t t
qt) = | K(t — s)p(s)ds = [ K(t — s) [uy(s) + ... + ua(s)]ds ...(38)
% = bp1a(Qo) tps1 + ..o + bord Qo) Uinsa + g0, (Q0) Foiy + ... ]
+ b, (Qo) Fpidl
— [d(Q0) + my] uy — qd; (Q) %, >...(39)
%;—i = m_alia — (d(Q) + mi) wi — qd, (Q,) %,
i= 2, 3, eaey e J
Let

uy = Die (i=1,2 ...,n) ...(40)
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then

t
qt) = [ K(t — s)[D; + Dy + ... + Do} evr ds

= TKO @, + .+ Dy e

= (D, + ... + Dy) etK*(v) ...(41)

Dy = bp (o) Dpiy + oo + bpio( Qo) Dyyo — [d1(Qo) + my]D; )
+ (D) + ... + Da) K*(v) [55+1(Q0) Fpiy + ...

+ bp1o( Qo) Fora — d'l (Qo) 7] - ...(42)

Dy = myaDioa — [d(Q,) + m) D; — [Dy, + D, + ...
+ Da] K*(v) d; (Qy) %i; (i=2,3,..,n) ]

Eliminating D;, D,, ..., Da, we get the characteristic equation as
4+ B |=0 ..(43)

where all the elements of the ith row of B’ are — M;K*(v). If the real parts of all
the roots of this equation are negative, the equilibrium age-distributions would be
stable.

5. A MoRE GENERAL DELAY MODEL

In this case birth and death rates are functions of both P(t) and Q(¢) so that
(34) becomes

d
B = bora(Py Ot + oo + byl Py O Xsa — (P, ©) + i), |
dx r..-(44)
= miexia — (P, Q)+ m)x (i=2,3, ., 7). J
The equilibrium age-distribution is given by
byy1(Po, Po) Fpyz + -ov + boyoPo, Po) Fpig
— [dy(Py, Po) + m ] % =0 5)

M1 Ficg — [di(Pos Py) +mi] % =0 (i=2,3,...,n)

k_-.._.y_._._,_l

F o+ Fp o+ e o+ o= P,

It is easily seen that if A, > 0, (45) always gives a positive equilibriom value for
P, and if birth and death rates are monotonic functions, then this value is unique.

The stability of this position can be discussed as before.
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As a special case, let birth rates be constant and let
d(P, Q) = di + kaP + kiQ ...(46)
then (44) gives

dx 1

d—t] = bp+lJCp+1 + P + bp+qxp+q - (d1 + ml)xl llxl(xl

+ Xn) — kqo%, j K@t — $)[x,(s) + ... + xa(8)] ds

"
|
|
|
|>
g = Mi.1Xi1 — (dz -+ mz) Xi — k;lx;(xl + ... + x..) l
{
|
|
|
J

d,x, ..(47)
dt
— kioxy ft K(t — 5) [x1(8) + ... + xa(8)] d5
(i=273..,n).

The equilibrinm age distribution is given by
bpiyFpiy + wor F bpra¥pse — (dy + m) % — (ky + k) %P =0 1 48)
mia%ia — (di + m) % — (ka + k) %P =0, i=2,3,...,n) h
Eliminating %,, %,, ..., *n, We get

bp1q

dy + my + (kg + kyg) P [dpia + Moy + (ko1 + Kpigy2) Pl

bpiaMpsy ooe Mpyo—y
[d “+ my + (kyy + ki) Pl ldoio + Mpso + (Kpsayy + Koya,s) Pl
1

_—— . ...(49
mymy ... my (49)

If A, > 0, this has a unique solution lying between the least and greatest value of
E’ﬁ for i varying from 1 to p + 4.

6. CoONCLUDING REMARKS
(i) Let

f(l—)) — _ pp+1(P )
(dy(P) + my) ... (dpi(P) + mp+1)

‘bpw(}_)) Mpiy eoe Mprg—y ...(50)
(d(P) + my) ... (dyo(P) + Myid)
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= bpyy
P) = — — + ...
s Adu(P) + my) ... (dpa(P) + mypyy)

+ _ bpyafipyy ... mv+i—1 : ..(51)
(di(P) + my) ... (dorP)+ Mypid)

bm-l(ﬁ) bv+a(77) My iy - Mpyg—y

WE) = @y + my) ... (dpsy + Mpsq) +oeck d, + my) ... (dorg + Mpre)
...(52)
All these three f (l_’), g(P), k(P) are monotonic decreasing functions of* P and
J(P) < g(P); f(P) < h(P) .. (53)
f(0) = g(0) = h(0). . (54)

FiGc. 2.

Figure 1 shows that the equilibrium population size P, when the birth rates are

constant is greater than the equilibrium population size P, when birth rates are
monotonic decreasing function of P.

Similarly Fig. 2 shows that the equilibrium population size P, when the death

rates are constant is greater than the equilibrium population size P, when death rates
are monotonic increasing functions.

(ii) We have assumed the birth and death rates to be continuous monotonic
function. Even if they are just continuous function but the birth rates are always
bounded and the death rates tend to infinity as P tends to infinity, we find that if

Ao > 0, $(0) > 0 and ¢(oo) << 0 and therefore a positive equilibrium value for P,
always exists.

(iii) Gurtin and Maccamy (1974) have discussed the corresponding problem for
continuous-time continuous-age-scale model.
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