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SYMMETRY PROPERTIES OF CERTAIN GRAVITATIONAL SPACE-TIMES

K. P. SINGH AND GULAB SINGH
Department of Mathematics, Banaras Hindu University, Varanasi 221005

(Received 3 September 1979; after revision 22 October 1979)

In this paper symmetry properties of the space-time formed from pure
magnetic geons have been studied. It is found that the metric admits motion
in general. It has also been established that the curvature collineation (CC)
vector admitted by the space-time formed from zero-rest-mass scalar fields
does not admit motion in general. The (CC) vector has been determined.

1. INTRODUCTION

The curvature collineation (CC) symmetry of a ¥, which admits a vector &/, is
defined by the condition
LeR: =0
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which can be expressed in terms of partial derivatives as

LeR), = R, & — RO EL + R EL
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Here _{: stands for the Lie derivative with respect to the field vector £¢ for the point
transformation ¥ = x* + £'(x) 8¢, 8¢ being a positive infinitesimal, and R:"k the cur-
vature tensor for the Riemannian space-time. Throughout this paper the comma
and semicolon followed by any suffix, or suffixes, denote partial and covariant
differentiation respectively with respect to the corresponding variables.

The search for curvature collineation and motion admitted by a space-time is
essentially motivated by the study of conservation laws in relativistic framework.
Katzin et al. (1969) have investigated various properties of geometrical and physical
interest associated with (CC) vectors, and have established a number of theorems
connecting various symmetry properties with curvature collineation. An important
feature of the (CC) is that it indicates a type of elastic deformation of the space-time
for which the gravitational properties are preserved along the curvature collineation
vector. We call a (CC) vector Killing if it defines motion in the chain of higher
symmetries such as motion, homothetic motion, conformal motion, affine collinea-
tion, projective collineation, etc. A (CC) is called proper if it does not admit any
of the higher symmetries like those mentioned above. Recenty, Singh et al. (1978)
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considered the cylindrically symmetric field of total radiation obtained by Rao (1964)
for (CC) and found that it admits proper curvature collineation.

In section 2 of this paper we have considered Melvin’s magnetic universe for
symmetry properties. Here it is found that the collineation vector is Killing.
Section 3 is devoted to the study of space-time corresponding to zero-rest-mass scalar
fields. It has been shown that the metric admits proper curvature collineation in
‘general.

2. SPACE-TIME CORRESPONDING TO PURE MAGNETIC GEONS

Melvin (1964) has given an exact axisymmetric solution of the combined
sourceless Einstein-Maxwell field equations in static case. The solution represents
a parallel bundle of magnetic flux held together by its own gravitational field with
the persistent local energy-stress concentration which may be taken as the defining
characteristic of geon. Melvin’s magnetic universe is described by the metric

ds? = e(dt® — dr? — dz?) — r2e 2t d¢® ..(2.H

where ¢ is the function of r alone and the cylindrical polar co-ordinates r, ¢, z, ¢
correspond to x1, x%, x3, x4 respectively.

For the metric (2.1), the non-vanishing components of the Riemann curvature
tensor R?jk are
R}ssx = Riu. = R§1;13 = Rtu& = 4‘”,
R3sz = Rise=r%e ¥R}, ; = rie *¢R,, = rie 49(y"2—4{’[r),
Riie = rPe R}, = rie™d9({" -- 20’2 4 3¢'[r),
234 = R§3¢ = \P'z

where (') denotes ordinary differentiation with respect to r.
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From the algebraic symmetries on the indices we find that eqn. (1.1) formally
represents 96 equations. Considering these equations for the line element (2.1), we
obtain the following set of equations for the non-vanishing and vanishing components
of the Riemann curvature tensor:

LeRL, = 0 = {r2ete(y” — 20 + 3Y//r)},, B

212

+ 2rreie(y” — 2472 + 3¢'/r) &, =0 -(23)

IER:zs =0= {rzg—h)(q,'z - q,r/r)},l Bl 4 2rze~4,(¢rz _ ¢;/r) E,sz =0
(2.9)
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LeRyy = 0= (1N, 8 + E, =0 .2.5)
LeRgy, = 0= ("), & + 24, = 0 . (2.6)
LeR%, = 0= (2 — §/[r), B 4 202 — ¢'/r) E5 = 0 27
LeR}y, = 0= (), & + 207, = .(2.8)
LeR3, = 0= (§2), £ 4 2¢/%E), =0 (2.9)
LeR%,, =0 (4 — ¢'/r), B 4+ 202 — ¢/ E, =0 ..(2.10)
LeR:, = 0= (), 8L+ 20, = 0 2.11)

LeRY, =05 (" — 2% 43U/, B 4 24" — 2% + 3¢/ g, = 0

(2.12)
LeRy, = 0= ree®¥g? + £, =0 ..(2.13)
LeR%, = 0= reet9g? 1§, =0, i=3,4 ..(2.14)
LR, =0=8, —EL, =0 ..(2.15)
LR, =0=EL £ & =0, i=3,4 .(2.16)
LR, =0=>E,=0 . (2.17)
LR, =0=>E, =0, i=34 ..(2.18)
LeR},, =0=>E, =0. .(2.19)

Here the trivial equations have been omitted.

On imposing the condition ! = 0 for the (CC) vector &, the set of eqns. (2.3) -
(2.19) gives the following solution for £f:

g=0¢=a

..(2:20)
B=pt+y, g=p+3 J

where «, B, v and 8 are arbitrary constants.
Now the eqns. (2.3)-(2.19) are satisfied for the values of & given above.

Hence the space-time (2.1) corresponding to Melvin’s magnetic universe admits the
(CC) vector £ given by (2.20).
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In order to decide whether the (CC) vector £f is a Killing vector, we proceed as
follows. We know that the space-time admits motion iff

his = Lzgis = Liyy + Egu = 0. .{2.21)

It follows from (2.20) that eqn. (2.21) is identically satisfied. Hence the (cc) vector
£ admitted by Melvin’s geon space-time defines a Killing vector.

3. SpACE-TIME CORRESPONDING TO ZERO-REST-MASS SCALAR FIELDS

Recently, Singh ef al. (1979) have found an exact solution of Einstein’s field
equations for zero-rest-mass scalar fields corresponding to a stationary cylindrically
symmetric space-time. The solution is given by the axisymmetric static metric

ds? = dt® — r¥(dr? + dz?) — r? dg? ..(3.1)
where b is a non-zero constant characterising the scalar field.

For the line element (3.1), the non-zero components of the Riemann curvature

» .
tensor R, are given by

b
1 = — 2 = -2 R1 = =
st - Raza r Rzu 2r?

...(3.2)

Now the eqn. (1.1), for the metric (3.1), gives the following set of equations
for the surviving and non-surviving components of the Riemann curvature tensor:

LR, = 0= 5”; g =g, (33
LeRE, = 0= 8 = rid ..(34)
LER,, =02 £, + rbg =0 ..(3.5)
LR, =0=8,=0, i=2,3 ..(3.6)
LR, =0=E,=0 i=23 (3.7
LR, =0=>E =0, i=34 ...(3.8)
LeRy,, =0=E,=0, i=14 ...(3.9)
LR, =0=E, =0 .(3.10)

LR, =08 =0 ‘...(3.11)
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The redundant and trivial equations have been omitted. By inspection we find that
the eqns. (3.3) - (3.11) lead to the following solution for & :

S )
e (312
e=Yrrcu=de+n+p |

where A, B, C and D are arbitrary constants. Now the eqns. (3.3) - (3.11) are
satisfied for the values of ¢ as given here in (3.12). Hence the space-time (3.1)
formed from zero-rest-mass scalar fields admits the collineation vector E* given
by (3.12).

Now we shall see that the (CC) vector & admitted by the metric (3.1) is proper.
By the use of (3.12) and the definition A = _Legy = Eis + &1, we see that hy =0
unless 4 = 0; which shows that the (CC) vector £¢ does not define motion in general.

For affine collineation £ must satisfy _L’gI‘fj = 0. It is found that
Ab
_EEI‘:S = - 7 # 0.

Therefore Ef is not an affine collineation vector. It can easily be seen that Ef{,k #0in

general, Thus & neither defines a conformal motion (including homothetic motion)
nor projective and conformal collineations. Hence the (CC) vector & admitted by
the space-time (3.1) is proper. In general this is a four-parameter group of trans-
formations defining a proper (CC). In particular when 4 = 0 it reduces to a three-
parameter group of motions.
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