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For the problem &y + p(x) y’—d'(x) y=fx), ¥0) =09, H1)=0y, p(x) > 0 and d(x)
2 0 a difference scheme is derived. It is proved that the errors at the grid points

are bounded by Mh"‘/(fs2 +h2) where M is a constant independent of € and step size
h, for d(x) = 0. The numerical results show that the estimate is valid when d(x) #

0. The scheme is derived via exponential spline from Cl[O. 11. A modification of
the scheme giving better results for very small € is also presented.

1. INTRODUCTION

Let us consider the following singularly perturbed problem

Ly =gy” +p(x)y’ - d(x)y=fx), xe I=1[0,1},
.. (1D
YO =0y, y1)=ay

where € is a small positive parameter, 0, and o, are given numbers, p(x), d(x) and
fix) are sufficiently smooth functions and p(x) 2p>0, pe R, d(x)20. By using the
exponential spline e(x) from Hess and Schmidt?, e(x) € C' (I), as collocation function
a family of difference schemes has been derived in Surla and Uzelac®. When
h — 0, the family reduces to the one derived in Surla and Uzelac’ via cubic spline.
In section 2 we will briefly present the derivation of the schemes. The well known
Allen-Southwell-Ilin and El Mistikawy-Werle (EMW) schemes are members of that
family. In Surla and Uzelac® two schemes from the family having second order
accuracy (EMW scheme and new one called IEMW scheme) are analysed and
compared. For that purpose the following definitions are introduced. Let <; (¥) denote

the truncation error of a difference scheme.
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Definition 1 — The difference scheme has the accuracy of degree s if T(y) =
0 when ye P,, where P is the set of polynomials of degree less than or equal to
5.

Definition 2 — The difference scheme has the e-accuracy of degree s if
limg o T(y) = 0 when y € P, where P; is the set of polynomials of degree less than
or equal to s.

The EMW and IEMW schemes have the accuracy of the first degree, while the
scheme from Sakai and Usmani® has the accuracy of the second degree. Besides that,
the IEMW scheme has €-accuracy of the second order. In this paper we give a new
scheme which is a linear combination of the two mentioned schemes (EMW and
IEMW). The scheme has the form :

Riuj= O\f; - (1.2)

where
Rluj= r; uj—l + ri uj+ r‘; u/-+1
Ofi=aqifioi+aqinficin+adSi+dinfiviatai fivn j=1n-1,

u0=a0, up = 0.

The corresponding error estimate is O(h*/(€* + h?)). In Berger et al.' a question has
been raised : is there a scheme of the form

AW+ =gt S+ a i, j= Wn ~ 1,

Ug=0p, u; =0y,

which would exhibit an error behaviour combining the best aspects of the generalized
OCI schemes and the uniformly converging O(h?) scheme, perhaps like
O(h*/(€? + h?)) ? The scheme given in Lynch and Rice® has these properties but under
the assumption that the derivative and definite integral of the function p(x) are known.
The discrete approximations to these which yield the same uniform order of conver-
gence are given in Gartland®, but our scheme has simpler form. The collocation
functions which have been used for the construction of the schemes are not of the
same type. So, a comparative analysis of the two schemes would be of interest. Qur
scheme requires calculation of the coefficients at the middle of the intervals, since
it has a form (1.2). The scheme loses g-accuracy in the sense of Definition 2, which
has IEMW. In order to compensate for that loss, we introduce a parameter A which
allows us to go on IEMW scheme when £ is very small. In section 5 we shall
present numerical experiments which support the theoretical results presented in
section 4.

When it is clear from the context, the j subscripts will be omitted. M denotes
different constants independent of » and €. '
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2. DERIVATION OF THE SCHEMES

We seek an approximate solution of the problem (1.1) in the form of the
exponential spline given in Hess and Schmidt*. The spline e(x) has the form :

e(x) = ej(x) = U; + hmlt + a; (Ch ”‘} - 1)/pj + lj (Sh HJ t - ”’j)/pj’
x € [x5,x41],

where t = (x — x)/h, x;=jh, h=1/n, w;=hp,j = O(1)n, p; are tension parameters
and mj=e' (x). The values a; and [, are determined from the requirement e(x)
e C'(I). From the collocation conditions

ge"X)+p-eX)+dy=f-, x=x, x=1x_,,
ge"(x)+ptEx)+dy=f*, x=x, x=xj,,

where p-,d- and f- are constant approximations to p(x), d(x) and fx) for
x € [x;_1, x] and similarly p*, d* and f* are constant approximations to p(x), d(x) and
fix) on the interval [x; x;,,] for fixed j, we obtain the following family of the
difference schemes (see Surla and Uzelac?) :

eh Ruy= Qly), j= Wn - 1, . 2.

Up=0p, U3=0ay,
where
Ruj=ru_;+ru+riu,,,
Ofi=qf+q [
r-=exp (n)/gln - ki), r*=exp (- k2)/g(ny - ky),
yrE==n+ky~ 1/g(n = k)~ 1/8(n, — ky),
q =vi(g(n;) —exp (n)) g(- k), q*=v2 (@(= k) - exp (- ky) g(m>)),
gx)=(exp(x) - 1)/x; g(0)=1, v;=(1-exp(m-k))"'. i=1,2.

Further, n, = hny, k, = hk, n,=hn;, k,=hk; and n] and k] are the roots of ew* +p~y’
—d-y = 0 and n;, k; are roots of ew?+p*y —d*'y = 0, (m;<k, i = 1, 2).

By determining
Pt = x1) + pO))/2, & =(dx;+ 1) +d(x))/2, f*=(x:) +Ax))/2

we obtain the EMW scheme. When we take
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PE=p(th/2), dE=d(x; £ h/2), f£=fx; 2 h/2)

we obtain the IEMW scheme that was analysed in Surla and Uzelac®. In this paper
we shall analyse a scheme that is obtained as a linear combination :

(4 - [EMW - EMW)/3. . (2.2)

3. TRUNCATION ERROR

Let us consider the problem (1.1) with d(x) = 0. In that case the scheme (2.2)
has the form (1.2) with :

g1=—-a)/2, qin=4aly), 4=~ aui)/2 - b)) 2,

Q12 =4b(13), q) =-b())/2,

P = (4c(uz) — c(uD) e/R2 , ry = (ds(u3) — s(uD)) /A2, - G
' i+ TP T h/2)/h
ri=-r-r, uliz(-p%g&)w, ugz&_g_l.,.
where
sty = (1 — exp(= D),

[0}

c(t) =t exp (- H/(1 - exp(- 1)),
a(t) = (1 - c)t,
b(t) = (s(t) — D).

In this section we shall analyse the truncation error of the scheme (1.2), (3.1).
Let h<e. The truncation error (t{y)) of the family (2.1) :

1(y) = Ry; — Q(Ly)),

can be written in the form

T =Toyi+ Ty +Tpy; + Ty +Ru(y),
where T,=T, = 0 for both IEMW and EMW schemes. Further, for [EMW,

h2 h
Tp=7 (r+r)-eg +q)+5 (¢ -p* ¢,

mo, N N
T,-3=g(r —r)+58(q —q)—-g(p g +p q),

R]4(y) = T,:’ + qu .
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e
7= U Ry G0+ T R,

Ty =—q &Ry (xj x; 1,2, 3") ~ ¢ €R) (0 x4 12, )7),

-4 p Ry(x, x5 1/%\’) gt pt Ry (X, Xj 412, )

where
( b
R.(a, b, g)= ol J (b—-sy g+ D (s)ds

(b—ay*!
(n+1)

=g+ (€) as&<h.

The corresponding expressions for the EMW scheme can be found in Berger
et al.l.

In the case of h <g, after some Taylor’s expansions, we obtain
-h? , W
Tp== B+p (ﬁ:))+0(? J
for the EMW scheme and-
_h2 ’ ’ h3
sz=§ @ B)+p B+ 0 "
for the IEMW scheme, where
X1 <Pr<x<By<xsy, Xi_12<PBs<xi<Ba< x4 102

When p(x) = p = const. we have

~h? h3
Ta="6 P*O\ ¢

for the EMW scheme and

—h? h3
Ty=—gP+0| .. (32)

for the ITEMW scheme. These facts indicate that the IEMW scheme is four times
better than the EMW scheme when h<g, which is in accordance with numerical
results in Surla and Uzelac®. Besides, this fact indicates the mentioned linear com-
bination. Also, it was proved in Surla and Uzelac® that in the case £ < h the
following estimates are valid :

I T | < Mhe, .. 33)
for the IEMW scheme and
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| Ty | < MR?

for the EMW scheme. The estimate (3.2) gives an g-accuracy of the second degree
for the ITEMW scheme. The behaviour of the values T, for both schemes is very

interesting. Namely, when p(x) = p = const. we obtain

lim T3 =—h?p/12

£—0

for the EMW scheme and

lim T=h?p/24 .. (3.4)

€0
for the IEMW scheme. From (3.1) and (3.3) one can see that T, for the IEMW
scheme changes the sign when € goes to zero, for fixed h. As T; is a continuous
function of €, at a certain point it becomes zero which may contribute to error
decreasing for small €. The good behaviour for small € of the IEMW scheme is lost
in the combination with EMW scheme. If we want to improve that, we may use the
scheme :

{3+X) - IEMW - A - EMWY/3. .. (3.9)

When A = 1 the scheme obtains the form (1.2), (3.1). When € is very small we can
take A = € or A = Me for some fixed M.

4, CONVERGENCE OF THE SCHEME

Theorem 1 — Let in (1.1) d(x) = 0 and y(x) e C5(I). Let ; be approximation
to y(x;) obtained using scheme (1.2), (3.1). Then

L y(x) - u; | < Mh%/(€2 + 2)

where M is a constant independent of € and A.

PROOF : Let € < h. The proof follows from the proof for the EMW scheme given
in Berger er all and the facts that (p(x)+p(x:1))/2 = p(xjth/2)+R; and
(fx) +fix;+1))/2=fixj £ h/2) + R, where IR, IR, I < MR .

Let A<e. The proof requires the Taylor expansions up to sixth degree in the
truncation error. The proof follows the logic of the proof for the EMW scheme from
Berger et al.l. We can obtain the expression for truncation error by using linear
combination of truncation errors for the EMW and IEMW schemes. Then, in the
first part which corresponds to Theorem 1.1 from Berger et al.!, we obtain :

| y(x;) - u; 1 S M(h* + h*/€% exp (- Ox;/€)).
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In the second part, which corresponds to the final part of the proof of Theorem 1.1
of Berger et al.!, we use the same technique but more Taylor expansion terms
must be carried along. Then we have ! 1, (E(x)/p(x)) | < Mh*/€3 exp (- Bh/€) where

E(x)=exp (- €' J px)dx) and B is a constant independent of € and h. By applying
0

the comparison functions we get that contribution to the error from this term is
bounded by Mh*/e? and by Lemma 3.2 of Berger er al.'! we prove the statement.

g

The numerical results presented in Table V indicate that the error estimate given
in Theorem 1 holds for d(x)# 0.

5. NUMERICAL RESULTS

In this section we present the results of some numerical experiments using the
EMW, IEMW schemes and the new scheme (2.2). We denote by E, the maximum
of ty(x)—ujl , j = O(1)n, by I, the maximum of Iu}'—u%}'l , j = O(l)n, where
uj'»' and ujz" denote approximate solutions at the mesh points for two successive values
on n. The order of convergence Ord, we define in the usual way :
logl,-logl
Ord = g Iy g L2a

log 2

Different values of £ =2* and n are considered.

As numerical exmaple we shall consider two boundary value problems :

Example 1 (Van Veldhuizen'9)

ey”(x) + 2e(1 + x)/(1 + x)2" =flx, €)
with
y(x)=cos (x/(1 + x)) + (exp (- 1/&)
—exp (= 2x/(e(1 + x))))/(1 ~exp(- 1/€)),
the solution y(x) determines fix, €), ¢, and «,, the derivatives of flx, €) are bounded
functions of €.

Example 2 (Berger et all)

£y"(x) + (x + 1)} y'(x) + 0.31(x + 1)° y(x) =~ 0.43 - 0.29x - 23x2
y©0) = 2.7, y(1) = 0.53.

Table I and Table II contain numerical order of the convergence Ord and the
maximum errors E, at the mesh points obtained using the IEMW scheme and EMW
scheme, respectively. Table III presents the comesponding results obtained using the
new scheme (1.2), (3.1). Table IV shows that the results from Table III can be

improved for € << h by the variation of the parameter A. Table V contains numerical
order of the convergence Ord for the scheme (2.2) and Example 2.
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TABLE 1
Example 1, IEMW scheme

16 32 64 128 256 512 1024

! 3.65(-4) 9.15(-5) 2.29(-5) 5.72(-6) 1.43(- 6) |3.57(-7) 8.94(-8) E,
2.49 2.69 2.82 2.88 2.89 Ord
2 1.77(-4) 4.47(-5) 1.12(¢-5) 2.80(-6) 7.01- 7) |L75(-7) 4.38(-8) Ep
2.15 2.03 2.15 2.44 2.62 Ord
3 5.67(-4) 1.40(-4) 3.44(-5) 8.56(-6) 2.14(- 6) [5.34(-7) 1.34(-7) E,
2.04 2.06

[9%)

2.30 2.51 2.65 Ord
4 1.12(-3) 2.63(-4) 6.51(-5) 1.62(-5) 4.06(- 6) [1.01(-6) 2.54(-7) E,
2.10 2.02 213 241 2.60 Ord
5 1.27(-3) 3.46(-4) 9.08(-5) 2.28(-5) 5.70(- 6) |[1.42(-6) 3.56(-7) E,
1.85 1.92 2.00 2.19 2.46 Ord
6 7.04(-4) 354 1.04(-4) 2.73(-5) 6.89(- 6) 1.73(—6) 4.33(-7) En
0.72 1.68 1.92 1.98 2.20 Ord
7 4.99(-5) 1.69(-4)  9.15(-5) 2.84(-5) 7.58(- 6) [1.93(-6) 4.83(-7) E,
0.94 0.41 1.59 1.89 1.98 Ord
8 5.36(—4) 3.71(-5) 4.10(-5) 2.33(-5) 7.52(- 6) {2.02(-6) 5.14(-7) E,

2.76 2.06 018 153 1.87 Ord
9 85N 1814 14208 [LOOS) (592 6) [1.94(-6) 1S23(-T) |E,
2.06 283 2.54 0.04 1.49 Ord

10 1.02(¢-3) 2.67(4)  1521-5)  421(-6) 2.48(- 6) |1.50(-6) 4.94(-7) E,

1.87 2.19 286 2.77 -0.06 Ord
{3y |304-4)  17446-5) 139-5) (114 6) |616(-T)  |379-T)  |E,
1.79 201 2.26 2.88 2.89 Ord

12 1.16(-3) 3.38(-4) 8.65(-5) 1.96(-5) 3.59(- 6) {2.95(-7) 1.53(-7) E,
1.76 1.93 2.07 2.29 2.88 Ord
13 1.18(-3) 3.50(—4) 9.28(-5) 2.27(-5) 5.03(= 6) [9.13(-7) 7.52(-8) E,
1.75 1.90 2.00 211 2.30 Ord
14 1 19(=3) 3.56(—4) 9.60(-5) 2.43(-5) 581(- 6) [1.27(-6) 2.30(-7) En
1.74 .89 . 1.98 2.03 2.12 B Ord

15 11.200-3) 3.60(-4) 9.76(-5) 2.51(-5) 6.21(- 6) |1.47(-6) 3.21¢-7) E,

173 .88 11.95 2.00 205 Ord
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TaBLE I
Example 1, EMW scheme

(]

10

n

16

1433)
2.46
7.02(-4)
2.13
2.19(-3)
2.00
427(-3)
2.05
5.60(-3)
1.98
5.24(-3)
1.6
4.44(-3)
1.49
3.87(-3)
1.53
3.52(-3)
1.57
3.34(-3)
1.59
3.24(-3)
1.61
3.19(-3)
1.62
3.17(-3)
1.62
3.16(-3)
1.63
3.15(-3)
1.63

T
32 64 128 256 512 1024

— e

3.65(-4) 9.14(-5) 2.29(-5) 5.72(-6) 1.43(-6) 3.57-17) E,

2.68 2.81 2.87 2.89 \Ord
178(-4)  |448(=5) |112(-5) |2.80(-6) |7.01=T) |LI5-T) |E.
2.02 2.15 2.44 2.61 ‘ Ord
5.54-4)  |1.37(4)  |3.42(-5) |855(-6) |2.14(-6) |534(-7) |E,
2.05 2.29 2.51 2.65 ord
1.04(-3)  |2.60(4)  (6.49(-5) |1.62(=5) |4.06(-6) |1.01(-6) |E,
2.00 2.13 %2.41 2.60 Ord
141(-3)  |365(-4)  [9.12(-5) {228(-5) |5.70(-6) [1.43(-6) |E,
1.95 2.00 2.19 2.46 Ord
168(-3) |437(=4) |1104)  |277¢5)  [692(=6) |1.73(=6) |En

1.93 1.98 2.00 221 Ord
1.57(-3) 4.61(—4) 1.21(-4) 3.08(-5) 7.74(-6) 1.94(-6) E,

1.74 1.92 1.97 2.00 \0rd
135(-3)  [430(<4)  {121(4)  [323(5)  [821=6) |2.060-6) |En
1.65 1.80 1.89 1.97 ord
1.20(-3) 374(=4)  [112(-4)  [3.15(=5) |8.38(=6) 2.13(-6) |E,
1.70 1.712 1.80 1.89 Ord
LALC3) [335(4)  (9.81(=5) |2.87(=5) |BOT(=6) |213(-6) |En

1.75 1.80 1.76 1.80 Ord
1.07(-3) 3.12(4) 8.83(-5) 2.51(-5) 7.26(-6) 2.04(-6) E,
1.79 1.84 1.83 1.78 Ord

1.04(-3) 3.00(—4) 8.26(-5) 2.27(-5) 6.36(~-6) 1.83(-6) En
1.80 1.88 1.88 1.85 Ord
1.03(-3) 2.94(4) 7.94(-5) 2.12(-5) 5.74(-6) 1.60(-6) E,
1.81 1.89 1.92 1.91 Ord
1.02(-3) 2.90(-4) 7.78(-5) 2.04(-5) 5.38(-6) 1.44(-6) E,

1.82 1.90 1.94 1.94 Ord
1.02(-3) 2.89(4) 7.70(-5) 2.00(=5) 5.18(-6) 1.35(-6) En
1.82 1.91 195 1.96 Ord
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TaBLE [II
Example 1, New scheme (1.2), (3.1)

k n
16 32 64 128 256 512 1024
1 8.17(-6) |5.11(-7) 3.19(-8) 1.99(-9) 1.25(-10) 7.77(-12) 2.84(-13) |En
4.05 4.27 447 4.61 4.68 Ord
2 2.99(-6) 1.75¢-7) 1.08(<8) 6.72(-10) 4.19(-11) 2.72(-12) 5.22(-13) |Ex
3.76 3.87 3.99 4.16 443 Ord
3 3.51(-5) [2.33(-6) 1.48(-7) 9.35(-9) 5.85(-10) 3.66(-11) 2.07(-12) |En
3.91 398 4.00 4.25 4.48 Ord
4 6.20(-5) |6.68(-6) 4.39(-7) 2.78(-8) 1.75(-9) 1.09(-10) 6.85(-12) |E,
3.20 3.93 3.98 3.99 4.20 Ord
5 1.71(-4) 1.08(-5) 7.34(-7) 5.35(-8)  13.51(-9) 2.22(-10) 1.38(-11) |En
3.99 3.88 377 3.93 3.96 Ord
6 8.12(—4) [9.43(-5) 6.78(-6) 4.50(-7) 2.84(-8) 1.78(-9) 1.11(-10) |E,
3.07 3.79 3.91 4.10 4.95 Ord
7 1.50(-3) 2.98(4) 3.19(-5) 2.46(-6) 1.63(-7) 1.03(-8) 6.49(-10) |Ep
2.26 3.18 3.68 3.91 4.04 Ord
8 2.01(-3) |5.01(4 8.86(-5) 9.44(-6) 7.38¢-7) 4.89(-8) 3.10(-9) |E.
1.93 242 3.18 3.66 3.91 Ord
9 231(-3) [6.44(-4) 1.43(4) 2.41(-5) 2.60(-6) 3.01¢-7) 1.34(-8) |E.
1.80 2.09 2.49 3.16 3.68 Ord
10 |248(-3) [7.28(4) 1.81(-4) 3.83(-5) 6.27(-6) 6.82(-7) 5.29(-8) |Exn
1.75 1.97 217 2.53 3.15 Ord
1 257(-3) |7.74(-4) 2.03(-4) 4.80(-5) 9.89(-6) 1.60(-6) 175-7) |En
1.72 1.91 2.04 2.21 2.54 Ord
12 |2.61(-3) |7.98(4) 2.15(-4) 5.37(-5) 1.23(-5) 2.51(-6) 4.04(-7) |En
171 1.88 1.98 2.08 222 Ord
13 12.64(-3) |(8.11(-4) 2.22(4) 5.67(-5) 1.38(-5) 3.13(-6) 6.33(-7) |En
1.70 1.86 1.95 2.02 2.10 Ord
14 12.65(-3) |8.17(4) 2.25(-4) 5.83(-5) 1.46(-5) 3.49(-6) 7.88(-7) |En
1.70 1.86 1.94 1.99 2.04 Ord
15 ]2.65(-3) (8.20(—4) 2.26(-4) 5.92(-5) 1.50(-5) 3.69(-6) 8.79(-7) |En

1.69 1.86 193 198 2.01

Ord
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TaBLE IV
Example 1, New scheme (3.5) with A = | for ¢e>h/4 and A=¢ for e<h/4
k n
16 32 64 128 256 512 1024
1 8.17(-6) 5.11(-7) 3.19(-8) 1.99(-9) 1.25(-10) |7.77(-12) |2.84(-13) En
4.05 4.27 447 4.61 4.68 Ord
2 2.99(-6) 1.75¢-T) 1.08(-8) 6.72(-10) 4.19(~11)y [2.72(-12) 15.22(-13) E,
3.76 3.87 3.99 4.16 443 Ord
3 3.51(-5) 2.33(-6) 1.48(-7) 9.35(-9) 5.85(-10) |[3.66(-11) |2.07(-12) En
3.91 3.98 4.00 425 4.48 Oord
4 6.20(-5) 6.68(—6) 4.39(-7) 2.78(-8) 1.75(-9) 1.09(-10) |6.85(-12) E,
3.20 3.93 3.98 3.99 4.20 Ord
5 L71(-4) 1.08(-5) 7.34(-7) 5.35(-8) 35K-9)  12.22(-10) {1.38(-11) E,
3.99 3.88 377 393 3.96 Ord
6 8.12(-4) 9.43(-5) 6.78(~6) 4.50(-7) 2.84(-8) 1.78(-9) 1.11(-10) L,
3.07 3.79 3.91 4.10 4.95 Ord
7 9.92(—4) 2.98(—4) 3.19(-5) 2.46(-6) 1.63(-7) 1.03(-8)  |6.49(-10) E,
2.19 3.18 3.68 3.91 4.04 Ord
8 4.44(—4) 2.72(—4) 8.86(-5) 9.44(-6) 7.38(-7) 4.89(-8) 3.10(-9) E,
-0.65 2.14 3.18 3.66 391 Ord
9 [.11(—4) 1.23(—4) 7.10(-5) 241(-5) 2.60(-6) 1‘2.0}(77) 1.34(-8) Ey
0.19 -0.67 212 3.16 3.68 J ord
10 11.46(—4) 3.35(-5) 3.21-5) 1.80(—5)‘ 6.27(-6) i6.82(—7) 5.29(-8) E,
3.08 -0.03 -0.69 2.1 3.15 Ord
1 1.92(—4) 3.86(-5) 9.00(-6) 8.13(-6) 4.53(-6) 1.60(-6) L.75(-T) En
2.28 3.64 ~0.52 -0.72 210 Oord
12 12.30(4) 5.06(-5) 1.00(-6) 2.28(-6) 2.03(-6) 1.13-6)  [4.04(-7) Eq
2.11 2.40 4.36 -1.26 -0.74 Ord
13 ]2.54(—4) 5.98(-5) 1.30(-5) 2.54(-6) 5.61(-7y  {5.05(-7) 2.82(-7) Ey
2.05 2.15 2.51 4.86 ~1.81 Ord
14 |2.70(4) 6.55(-5) 1.53(-5) 3.32(-6) 6.42(-7) 1.36(-7) 1.25(-7) E,
2.02 2.07 2.20 2.57 5.17 Ord
15 |2.80(-4) 6.92(-5) 1.67(-5) 3.88(-6) 8.40(- 7 |1.62(-D 3.30(-8) Ex
2.00 2.03 2.08 223 2.59 Ord
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TABLE V

Example 2, New scheme (2.2)

k n
16 32 64 128 256
I 3.86 427 4.49 4.62 4.00 Ord
2 4.15 4.46 4.60 4.70 4.36 Ord
3 3.93 442 4.63 472 4.75 Ord
4 3.35 4.10 4.51 4.70 4.79 Ord
2.72 3.49 4.15 4.55 4.74 Ord
6 2.39 2.91 3.54 4.15 4.55 Ord
7 2.28 2.57 3.03 3.55 4.13 Ord
8 1.82 242 2.72 3.07 3.54 Ord
9 1.66 2.07 2.48 277 3.10 Ord
10 1.59 1.91 2.18 2.51 2.80 Ord
11 1.56 1.85 2.02 2.24 2.53 Ord
12 1.55 1.82 1.96 2.08 2.26 Ord
13 1.54 1.80 1.93 2.01 2.10 Ord
14 1.54 1.79 1.91 1.99 2.04 Ord
15 1.54 1.79 1.90 1.96 2.00 Ord
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