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In this paper the reflection phenomena has been discussed when $V-wave is incident
in a medium of monoclinic type. The reflection coefficients for P- and SV-waves at
the free boundary and also at the rigid boundary have been computed. The effects
due to the crystalline nature of the medium have been distinctly marked. The results
are presented graphically and compared with isotropic case.

1. INTRODUCTION

The study of 1eflection and refraction of plane harmonic elastic waves in
anisotropic layered media is of considerable interest in the field of seismology. A
large number of papers related to reflection and refraction of elastic waves in
anisotropic media have appeared in the literature. Without going into details of the
research work in this field we mention few of the papers. Some representative papers
in this field may be cited as Musgrave!, Thapliyal?, Daley and Hron?, Kieth and
Crampin®, Tolstoy’. The phenomena of reflection and refraction of plane elastic
waves at a plane boundary between aclotropic media was investigated by Musgrave!.
Thapliyal’> studied the problem of reflection of SH-waves from an anisotropic
transition layer. Daley and Hron® considered the problem of reflection and
transmission in transversely isotropic media and computed the reflection and
transmission coefficients. Keith and Crampin* discussed the problem of reflection and
refraction in anisotropic media. Chattopadhyay and Choudhury® studied the
propagation and reflection of magnetoelastic shear waves in two self-reinforced media
and compared the results with reinforced-free medium whereas in an another paper
(Chattopadhyay et al.”) they considered the problem of reflection of P-waves at free
and rigid boundaries in a medium of monoclinic type.

Study of wave propagation in pre-stressed media is also of considerable interest
as pre-stressed media behave like anisotropic media in nature. Several authors
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investigated the wave propagation in pre-stressed media. Tolstoy® studied -elastic
waves in pre-stressed solids. Norris® disccused the propagation of plane waves in
pre-stressed elastic media. Pal and Chattopadhyay® studied the reflection phenomena
of plane waves at a free boundary in a pre-stressed elastic half-space.

Propagation of waves in crystalline media plays an interesting role in Geophysics
and also in ultrasonics and signal processing. But till now no one has studied the
problem of reflection of SV-waves in monoclinic media. The present paper deals with
the investigation of reflection of SV-waves in monoclinic media. In the first part of
the paper we have studied reflection with free boundary and in the second part that
of with rigid boundary.

2. FORMULATION OF THE PROBLEM
The equation of motion for the propagation of SV-waves in monoclinic media
are (Chattopadhyay et al.’)

2 u, 0% u, 0 u3 u 0 u,
C22 7 C44 —xz‘ + C24 "‘-2’ + C43 7 + (C42 + C24) ox aX3

32 Us 82 Uy
+ (Cy3+ Cyy) 5—=— o, ox; = W .. (2.1)
Puy, | Puy | Pu | Pu 3 u,
Cp P +Cy Py +Cy Py +Cs3 P +(C44+C32)a P
o2 9?2
+ (Cy3+ C34) =, gi =p a—t? .. 22)

where u,,u, and u, are diaplacement components in the directions of x,,x, and x,
respectively, C;(i,j = 1, 2, ..., 6) are elastic constants and p is the density.

Let us consider the solution of (2.1) and (2.2) as (Achenbach!'?)
E(n) =An 2(”) en (2.3)

where the index n assigns the direction of waves, d is the unit displacement vector
and

M=k, (x-pM—c, 1), . (2.4)

P being the unit propagation vector, c, the velocity of propagation and k, the
corresponding wave number.

For the two dimensions (Fig. 1)
W=, W), d® =@ &™), p7 =, pi")

such that (PP’ + PPy =1 . (2.5)
and
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FiG. 1. Geometry of the problem.
& A 0 0
= exp [ik, (x3 p3" + X3 p3° = ¢, 1. - (2.6)

& | |

To examine the reflection of SV-waves, we assume n = O for incident SV-waves.

Therefore,
pgo) = sin 6y, p(zo) =cos 6
a‘;” =—cos 6, d(20) =sin G, - 2.7
co=cr

d© is obtained for SV-wave by the relationship

70 = I;(O)Xfl

A A A
(13 sin By + 15 cos Bp) X 1,

n

A A
= —1i3 08 8y + 1, sin 6.

Then in the plane x; = 0, the displacements and the stresses of the incident
wave are of the forms

u(20) = Ay sin By exp (Mg),

ugm = - Ag cos 8y exp (ing).
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du du ou; Odu
0_ . 2 z3 it B cias'
T(z - sz 8x2 * C23 8x3 * C24 ( ax2 * aX3 ]

. sin 26, ) .
= ikg Ag (Cy2 - C33) T, exp Liko (x3 sin 6g — cu1)]
+ iky Ag (sin? O ~ cos? 0;) Coy exp [iky (x3 sin 6y — ¢, 1)],

du ou Ju; du
0) _ 2 3 okt k"
+=Ca ox, +Ca 0x; +Cas [ ox; * 0x3 J

. sin 26, i .
= iky A (Caz — Cy3) T, exp Likg (x2 sin 8y — ¢, 1)]

- C44 cos 260 lk() AO exp [lko (X3 sin 60 —Cy t)], (28)

where ¢, =cp, o=k (x;8in8,~c,f), Ty and 7. are normal and shearing stresses
(Chattopadhyay et al.’).

The incident SV-wave will give rise to a reflected P-wave and a reflected SV-wave.
We denote n = 1 and n = 2 for reflected P-and SV- waves respectively.

For reflected P-wave
PV =5in 9, 1y - cos 6, fz,
2(1)—_—5(1), ¢ =cy. (283)

In the plane x, = 0, the displacement components and stress component due to
reflected P-wave may be written as

u))=—A, cos 0, exp [ik, (x3 sin 8; — ¢ 1)),
ugl) = A, sin 0, exp [ik; {x3 sin 8; — ¢, 1)),
T8 =ik, A, [Cy; €052 0, + Cy3 5in? O — 2Cy, sin 6, cos 6]
X exp [ik, (x5 sin 6, —¢; 1)),
T = ik A, [Cyp €082 0, + Cy3 5in? 8, — 2C,44 sin 8, cos 6]
xexp [ik) (x3sin 8, - ¢, 1]. ... (2.9)
If the reflected SV-wave makes an angle 0, with x,-axis, we get
5(2)'= sin 6, ?3 ~cos 0, fz,

for SV-waves C,=Cp.

Therefore,

c_i(z) =]_)(2) X ?1 = COS 62 ;.\3 + sin 62‘?2. (2 10)
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In the plane x, = 0, the displacement components and stress components due to
reflected SV wave may be written as

u$) = A, sin 8, exp [ik, (- x; cos 0, + x; sin 8, — ¢y 1]
ugz) = A, cos 0, exp [ik; (- ,'rz cos 0, +x35in 0, —cr 1]
752 = [(Cy3 — Cyy) 5in 0, cos 8, + Cyy (sin B, — cos? 6,)] i ky A,
x exp [ik, (x3 sin 8, — ¢ )],
T = [(Ca3 - Cay) sin 8; cos 8, + Cyy (sin? 6, — cos? 8,)] i3 ks
x exp ik, (x5 8in 0, — ¢ 0)]. . (2.11)
If we want to study the propagation of pure modes of plane waves, then the
non-zero components of the unit displacement vector and the unit propagation vector
must satisfy the following relations obtained from equations (2.1)-(2.2)
[Cou {d5)? + (Cp = Coa) & d” = Cop ")) (1)
+ [Cap {d"Y + (Caa=Cip) & " — Cyg (Y] (Y2
+ [(Co+ Ca) {d5")? + (Cog+ Cpa~ Ci3~ C39) 5 &
— (Caa+ C) {1 p57pS" = 0.

This equation determines definite direction of the propagation of pure mode of
SV-waves depending upon the material constants. Now using (2.7a), (2.8a) and (2.10)
we find from the above equation, the specific direction of propagation of pure modes
of incident waves whose directions are given by

M+VM: -4 4
an 6 = -,
2 ay

where M satisfies the equation

M6+ 12 HM® + (48H2 — 4al ) M2~ 16G? = 0,

and =24

g = (M?+6H + 4G/M)/2,
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@_1(Cn, Cu Cn
a 4| Cy Gy Cy )’

C v
@ _11,Ca_,Cu Cu_ )
a 6| Cy Gy Cy
o _1(Ca Co_,Cu
a 4{Cy Gy Gy |’
a__Cu
a  Cy

The resulting quadratic equation in cf, obtained by substituting (2.3) in egns. (2.1)

and (2.2) can be factorised into a quasi-longitudinal and a quasi-shear. These
velocities are given in ratio form in eqn. (3.11).

3. BOUNDARY CONDITIONS AND SOLUTION OF THE PROBLEM

Case 1 : Reflection of SV-waves at a free boundary

When x, = 0 is a free surface, the sum of three tractions must vanish at x, =
0 and we obtain from (2.8), (2.9) and (2.11)

O+14+79 =0 and TP+TP+TP = 0. SER)]

Substituting in (3.1) the values of 75", 7", (n = 0, 1, 2) from (2.8), (2.9) and
(2.11) we obtain

ikg [C», sin 0y cos 8y — Cy3 sin 8 cos Oy + Cay (sin? By — cos? 6] Ag
x exp {iky (x3 sin Oy — cr )] + ik; [Cpy co8? B, + Cay sin? 6,
—2Cy, sin 0, cos 0,1 A; X exp [ik) (x5 sin 8; — ¢, 1)]
+ iky [~ Cyy 5in 0, €08 05 + Cy3 5in 9, cos 8, + Cay (sin? 0; — cos? 8,)] A,

X exp [lk2 (X3 sin 62 -Cr t)] =0 (32)

iko [Cyy sin Og cos 8y — Cy3 sin Oy cos 8y + Cay (sin? Oy — cos? 6,)} 4y
x exp liky (x3 sin 8y — c71)] + ik; [Cay cos? 0, + Cy3 sin? 6,
~2Cy44 5in 0, cos 0,1 A; x exp [ik, (x38in 0, — ¢, ?)]
+ iky [- Cyy sin 6, cos 0, + Cy3 sin 8, cos 0, + Cyy (sin? 8, — cos? 0,)] A,

x exp [ik, (x35in 8, ~crt)] = 0. .. (3.3)
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Equations (3.2) and (3.3) must be valid for all values of x; and 1, hence,

kO (X3 sin 60 —crh)= k] (X3 sin 91 -CL = k2 (X3 sin 92 -Cr 1). ... 3.4
This gives
ko sin O =k, sin 9, =k, sin 0, = ¢, .. (3.5)

where ¢ is the apparent wave number, kyc; =k, ¢, =k, c; =0 and @ is the circular
frequency. These results yield

k0=k2,
k .. (3.6)
ko oor

Also 62 = 90

.. (3.6a)

sin 8, = % sin 6p =k sin 0.

k1

With the aid of eqns. (3.2)-(3.6), the algebraic equations for A;/A, and A,/A,
can now be simplified to

.l P[22 p, -0 3.7
ko AO l AO 2 . .
ky Ay
P+ Py = 0. .. (3.8
Solving (3.7) and (3.8), the coefficient of reflection of P-wave is
A__kPr=Py) .. (3.9)
Ay (PyPs—Py Py)
and, the coefficient of reflection of SV-waves is
Ay (By-Py) . (3.10)

Ay (PyPy—Py Py)
where

(Cyy cos? 8, + Cy3 5in? 0, — 2C,, sin 8, cos ;)

Pl - (Cyy — Cy3) sin 90 co8 Bg + Cyy (Sil’l2 0 — cos? 90)

P = (Cy3— Cyp) sin B cos By + Cyy (sin? O — cos? )
27 (Cyp — Cy3) sin 6 cos 8y + Cyy (sin? By — cos? By)

p (Cyz c0s2 8 + Cy3 5in? 8 — 2C,4 sin By cos 0;)
3 =

(C42 - C43) sin 90 Ccos 90 + C44 (Siﬂz 60 —cos? 60)
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_ (C43~ Cyy) sin By c0s B + Cyy (sin? 8 — cos? By)

P, =
* 7 (Cyy — Cu3) sin By cos B + Cyy (sin? By — cos? B;)
2
NP +40R
?:%— (P+S)+N(P-8)+40R . (31D

¢ (U+Z)-NU-2)+4vw °

where P=C,5c08° 0, + Cy sin? 0, — (Cy, + C5y) sin 6, cos 9,
0 =Cy4 0820, + Cy3 5in? B, — (Cy3 + Cy4) sin 0; cos 9,
R=Cygc08%2 0, + Cysin? 8, — (Cyy + C3,) 5in 6, cos 6,
S=Cyyc08? 0, + C335in20; — (Cy3 + C34) sin 6, cos 0,
U= Cyy cos? B+ Cy, sin? 8y + (Cyy + Cyy) sin B cos 6
V = Cyy c0s? By + Cy3 8in? 8y + (Cy3 + Cyy) sin 6, cos 6
W = Cyy c0s? By + Cs, sin? 8 + (Cyy + Cp) sin 8, cos 8,
Z = Cyuy €082 8y + C33 sin? By + (Cy3 + Cs4) sin 8, cos 6.

Using the following values of C; for isotropic medium

C33=C22=)»+2}L, C32=C23=k, Cyu =0, Ciyy=4,
... (3.11a)
Cu=0, Cyp=0, C4;53=0,

egns. (3.9), (3.10) and (3.11) reduce to

A, k sin 46,
Ay sin 26 sin 20, + k* cos? 26,

A, sin 28 sin 20, — k2 cos? 29,

Ao sin 26 sin 28, + k2 cos? 26,

e

v
which are the reflection coefficients of reflected P-waves and SV-waves respectively
for free boundary in isotropic case (cf. Achenbach'®, p-179).

and k=E=

Case 11 : Reflection of SV-waves at a rigid boundary

Since the boundary x, = O is bounded by a rigid layer, the boundary conditions
may be taken as

u(z(” + u(z‘) + u(zz’ =0,

and W +u+u =0 at x, = 0. . (3.12)
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Substituting the values of u, and u3, n = 0, 1, 2 from eqns. (2.8), (2.9) and
(2.11) in (3.12) we get

Ag sin 6 exp [(ikg (x5 sin 8y - c7 1)} ~ A cos 8, exp [ik; (x3 sin 8, — ¢, #)]

+ A sin 0, exp [iky (x38in0; —cr )] = 0 ... (3.13)

— Ay cos By exp [iky (x3 sin 8y — cr 1)} + A, sin 0, exp [ik; (x38in 8, — ¢, 1]
+ Ajcos B, exp [iky (x38in 0, —c71)] = 0. .. (3.14)

With the help of eqns. (3.4)-(3.6), the algebraic 'equations for A;/Ay; and
A,/Ap from egns. (3.13) and (3.14) can now be simplified to

_ A, cos 6, ﬁ -0 3.15)
A() sin e() AQ B )
A] sin 61 A2

The solution of this set of equations is

A 2%)'tans,
Ay (1-tan6ytan@,)
- ke ¢
where k= —=—- .. 3.1
ki, cr

which is the coefficient of reflected P-waves and

A; (1-~tan@tan6))

Ay (1 -tan 6 tan ©,) - 313)

is the coefficient of reflected SV-waves and £ is givenn by egn. (3.11).

Using (3.11a) eqns. (3.17), (3.18) and (3.11) reduce to

AZ (1 —tan Botan 61)
—=—— .. (3.1
Ag (1 —tan 90 tan 61) (3.19)
A 2(ky)'tan©
A k) tanb . (3.20)

AO— (1 +tan90tan91)

- A ’k+2 -
where ky = TE and sin 6, = k&, sin 6, .. (3.21)

which are reflection coefficients of SV-waves and P-waves respectively for rigid
boundary in an isotropic medium.
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4. NUMERICAL CALCULATIONS AND DISCUSSIONS

The numerical values of reflection coefficients A;/A, and A,/A, of P and
SV-waves respectively for different values of the angle of incidence have been
calculated. :

The following values have been considered as suggested by Tiersten!!

Cp=129.77 Nim?2, Cys = - 729 N/m?,
Cy = 102.83 N/m?,

Ci, = 5.7 Nim?, Ci3=9.92 N/m?,
Cy = 38.61 N/m?, p = 2649 Kg/m’.

4.1. Reflection at a Free Boundary in Monoclinic Medium

In Fig. 2, curve I corresponds to reflection coefficients of P-wave in a
monoclinic medium with free boundary. Here all the values of A,/A, are negative.
The values of A,/A, for isotropic medium are also negative (curve I). Here we find
that the reflection coefficients A,/A, for isotropic case do not exist beyond
8, = 35° which agrees with the curve given by Achenbach!®. For monoclinic medium

2.0 At fres boundary
1 wotropic medium
T Monoclinic medium

A/ Ao

FiG. 2. Varation of A;/Ag with respect to 6.
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the reflection coefficient A;/A, exists upto 6,=50°. A,/A, values of monoclinic
medium when compared to isotropic medium, it is found that the values of A;/Aq
are more in isotropic medium when 6y =0° to 31°. At 83=31° the curve for isotropic
medium intersects the curve of monoclinic medium after which the value of A;/Ag
for isotropic medium decreases abruptly and does not exist after 8;=35° where as
for monoclinic medium it increases with the increase of 6, up to 50° and after 50°
it does not exists. A;/Ay = 0 at 8;=0° and 44° i¢., at these incidences the SV-wave
reflected as SV-wave whereas for isotropic case it is true for 0y =0° and coincides
with the result of Achenbach!C.

In Fig. 3, the reflection coefficients of SV-wave (curve II) for monoclinic medium
for different values of 6, ranging from 0° to 50° have been plotted, which is
permissible range of 6, for A,/Aq in monoclinic medium, and compared with isotropic
case (curve I). The values of reflection coefficient of SV-wave for isotropic medium
are less than that of monoclinic medium. The value of reflection coefficient of
SV-wave at 0= 0° for isotropic medium is same as that of monoclinic medium. The
value of reflection coefficient of SV-wave for monoclinic medium increases steadily
from 0, =0° to 50°. On comparison of two curves we find the remarkable differences

in values of reflection coefficient. The curve plotted for the isotropic is same as
given by Achenbach!?.

At free boundary

M lsotropic medium
n Monoclinic meaium

«15 1 1 1 1 1 ]

FIG. 3. Variation of Az /Ag with respect to 8p.
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4.2. Reflection at a Rigid Boundary in a Monoclinic Medium

The rnigid boundary plays a very important role in the case of reflection
phenomena. A;/A; (reflection coefficient of P-wave) in the case of rigid boundary
increases from 6;,=0° to 29° for both monoclinic and isotropic medium (Fig. 4). For
6y = 29° to 50°, the value of reflection coefficient in monoclinic medium is increasing
slowly. The value of reflection coefficient of P-wave for the isotropic medium with
rigid boundary coincides with the value of A,/A; for monoclinic medium with rigid
boundary at 6; = 31° after that there is an abrupt increase in the value of A /A,
for isotropic medium with rigid boundary and attains the maximum value at 6, =
35° after which it does not exist. If we compare the curves (Fig. 4) with the
corresponding curves of free boundary (Fig. 2) we observe that the value of reflection
coefficient of P-wave for isotropic medium with free boundary decreases uniformly
upto 8y = 31° whereas in the case of isotropic medium with rigid boundary the value

of A\/A, increases uniformly from 6, = 0° to 31°. From 31° to 35° the value of

reflection coefficient of P-wave decreases abruptly for the case of isotropic medium
with free boundary whereas the value of reflection coefficient of P-wave increases
abruptly for 8, = 31° to 35° for the case of isotropic medium with rigid boundary.

Fig. S shows the reflection coefficient A,/Ay for SV-waves. The value of
A,/A, for monoclinic medium with rigid boundary coincides with value of A,/Aq
for isotropic medium for 83 = 0° to 24°. From 24° onwards the value of A,/Aq

16 = At rigid boundary
1 Isotropic medium
I Monoclinic medium
!
2] iy
/
/ I
/
2 o8} /
N ’
< ’
I
/
Ve
/
4
04
0 || L 2 " 1 1
[+ ©0 20 30 L0 50 60

8

FIG. 4. Variation of A)/Ag with respect to 8.
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At rigid boundary

1 isotropic madium
15 I Monoclinic medium

FiG. 5. Variation of A2 /Ap with respect to .

decreases rapidly for the isotropic medium with rigid boundary as compared to the
monoclinic medium. The value of A;/A; = 1 at 6, = 0° for both isotropic and
monoclinic medium and which is maximum. The reflection coefficient of reflected
SV-wave is maximum at 8; = 0° implies that SV-wave is totally reflected at this
incidence for both monoclinic and isotropic medium (Fig. 5). The value of A,/Ag
for monoclinic medium with rigid boundary decreases uniformly whereas the value
of A,/Aq for monoclinic medium with free boundary increases uniformly. In the case
of isotropic medium the value of A,/Aq increases uniformly with free boundary, and
decreases uniformly with rigid boundary. A,/A; > O for 6, = 0° to 39° for the case
of monoclinic medium with rigid boundary (Fig. 5) whereas A;/Ay > 0 for 8y = 30°
to 42° for the case of monoclinic medium with free boundary. Therefore for the
ranges mentioned above for the corresponding boundary in monoclinic medium we
are getting reflected SV-wave. Therefore monoclinic effect is quite significant in this
respect.
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