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§1.

be n + 2 distinct points.

(Received 1 April 1978; after revision 8 January 1979)

According to the classical results of Faber (1914) and Bernstein (1931) the
sequence of Lagrange interpolation processes {L,(f, x)};Z., is not convergent
for continuous function f(x)in {—1, 1]. Later on Bermdn (1965) showed that
L,(f, x) diverges at x = 0 even for f(x) = | x| . Theseresults inspired us
to prove the following :

Let f(x) = (1 — x*) g(x), where g(x) is a continuous function in {1, 1].
Then the operator

[La(r0- 5 )+ La( s+ 55)] x=coss

constructed on the knots

2k - 1
2n

converges uniformly to f(cos 6) in [—1, 1].

xo=1,xk=cos( )n, k=1,2,...,n Xp1; ==1

Let

T=xy>Xx > ..> Xn > Xnp =—1 ...(1)

the values f(xq), f(x1), ..., f(xn), f(¥us1) at the abscissas in (1), has the form

where

and

Then the Lagrange interpolation process, which assumes

Lu(f, ) = La(f, 8) = cos?8/2. /(1) W"W‘f(‘}je’ o s 2. (1) Y

4 k"zl 7 (cos ek) lk(e), X = cosf, xe = cosf  ...(2)
L®) = 7z (cosZ; <(§§§ : )— cos 6z) ..(3)
Wi (cos ) = kél (cos 8 — cos B). (9
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The sequence {La(f, x)},_, [according to the classical theorem of Faber (1914)
and Bernstein (1931)] is not convergent for every continuous function f(x) in [— 1, 1].
Further Berman (1965) showed that L.(f, x) for the function f(x) = | x | diverges at
x = 0, when

Xp = COS (2k-‘ l)n, k=12,..n
2n

are the roots of nth Tchebycheff polynomial of the first kind i.e. Tu(x) = cos nf,
x = cos 6.

In this paper we prove the following :

Theorem — Let g(x) be a continuous function in[— 1,17 and f(x) = (1 — x*) g(x),
then the operator

Valfs x) = Va(f,0) = § [La(f, 8 — (n/2n)) + La(f; 8 + (w/2m))], X = cos b

k— 1
2n

converges uniformly to f(cos 8) in [—1, 1], when x; = cos (2 )':r; k=1,..n,

§2. The Lagrange interpolation polynomial (2) constructed for

f(x) = (1 — x2) g(x), when x; = cos(Zkz; 1) k=12, .,n

1s given by
n

La(f, 0) = kZI g(cos 6x) Ax(6) (5
where

Ar(0) = sin2 85(0), k = 1, ..., n ...(6)
and

RS i
1) = (—)¥1 cos nf sin 6, —1,.n (D

n(cos§ — cos 6x) ’

are the fundamental polynomials of Lagrange interpolation constructed on the roots
of Ty(x) = cosn, x = cos 8.

From (6), we obtain the identity
n
2 Ax(p) = sin® 6. <. (8)
k=1
Also

w3

F 40— (5/20) + 46 + G20 | < g5 — G O
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owing to (6), the Abel’s inequality and the inequality (Griinwald 1941)

a3

FLRO — (2m) + b0 + :20) | < g =g = T

Further, one can easily prove the following lemmas applying the method of
Griinwald (1941) with the help of (9).

Lemmal — If 0 < 8 < =, then

. ‘
EZ 46— @/20) + 40+ =2) | < -.(10)
where C > 0 is an absolute constant.

Lemma 2 — For sufficiently large n and fixed 3 > 0,

1| Ax(® — (=/20) + A + (=2m)) | = O(1/n).
I<kn, | 80, | >8
(11)

§3. Proof of the theorem — From the identity (6), we have
n
b2 40— (20) + O + (wl20)]

= 1 [sin® (8 — (=/2m)) + sin? (@ -+ (=/20)].
Hence, for f(x) = (1 — x?) g(x),
| Va(f, 8) — f(cos 8) | < | [Val£, 8) — } {sin2 (6 — (x/2n)
-+ sin? (8 4 (=/2n))} g (cos 0)] |
4 | [ {sin® 0 — (w/2n) + sin® (8 + (=/2n))}
x g (cos0) — sin28 g (cos 0)] | = I, + I,. ...(12)

Now
<3 315 (050 — & (cos A0 —(x/20) + Axd + (/20) |

== = -+ b =2 + 3,
B—0)<3 0—-06,)>8

From (10) and the continuity of g(x), we have
3z, < /2. -(13)

For Z,;, we have from (11)
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Z, = M O(1/n), ...(14)
where M= max |g(x)]}.
—-1<xg1

Further, one can easily see that
I, < 31| sin® (8 — (=/2n)) — sin? 8 |
| + | sin? (8 + (w/2n)) — sin? 6 | ]| g (cos B) |

M
<M= (15)
n
Combining the inequalities (13), (14), (15) and (12), we complete the proof of the
theorem.
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