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ON KAEHLERIAN CONCIRCULAR RECURRENT AND KAEHLERIAN
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Sinha (1973) has studied H-curvature tensors in Kaehler manifold. In the
present paper, we have defined and studied Kaehlerian concircular recurrent
and Kaehlerian concircular symmetric spaces. The necessary and sufficient
condition that a Kaehler space be Kaehlerian concircular recurrent has been
established. Several other theorems have also been investigated. Further, we
have defined Kaehlerian concircular symmetric space and have shown that
the scalar curvature Ris constant in a Kaehlerian concircular symmetric space.
The necessary and sufficient condition that a Kaehlerian concircular symmetric
space be Kaehlerian Ricci-recurrent with the same recurrence vector has been
derived.

1. INTRODUCTION

An n( = 2m) dimensional Kaehierian space K : is a Riemannian space which

admits a structure tensor field F f satisfying the relations (Yano 1965)

F)F'=—3§ LD

Fiy = — Fu, (Fy=F] gaj) ..(1.2)
and

F*» =0 ..(1.3)

[23]
where the comma followed by an index denotes the operation of covariant differen-

tiation with respect to the metric tensor g;; of the Riemannian space.

The Riemannian curvature tensor which we denote by R:‘jk is given by

B = ot - ot + L Ui = LeHid

*Present address : Department of Mathematics, Garhwal University College, Pauri
Garhwal 246001.
+All the Latin indices run over the same range from 1 to n.
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whereas the Ricci-tensor and the scalar curvature are respectively given by Ri; = R:’.j
and R = Ri;g¥.
It is well known that these tensors satisfy the identities (Tachibéna 1967)
F!R =R'F’ (14
and
F/Rs=—RuF;. ...(1.4a)
In view of (1.1), the relation (1.4) gives
F!RF, = —R. | ...(1.5)
Also, multiplying (1.4a) by g%, we obtain
F!R, =~ RF!
which implies
F{ R =o0. .(1.6)
If we define a tensor Sy by
Sis = F; Raj .11
we have

Sij = — Sy. ...(1.8)

and the Bochner curva-

The holomorphically concircular curvature tensor C ’:,-k

ture tensor K':ﬂc are respectively given by (Sinha 1973)

R b R N
C.’,k = Rﬁ.k -+ n(T_T_z—)(g.'k 81. — g 8?
+ FaF} — FuF} + 2F; F}) (1.9)

1
K’;!k = R":'ﬂc + nira (Rix 8’; — Ry 8? + g R:'

~ gix R + Sa F} — Su F} + Fa S* — Fy S*

__ R

n+2)(n+ 9

X (g — gnd + Fa FY — Fy F* 4 2Fy F'). ...(1.10)

1 28 F} - 2Fu Sh) —
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Equation (1.10), in view of (1.9) will be expressed in the form
1
& Y
Kijk =Cy, + m(R;k 8;_‘ — R 3? + ga R’;

— g R:-}* SikF:_ S:'EF? + Ft‘kSl:- — F;xS:'

2R

: 'I . h —_— —————— : h
+ 2811 Fk + 21?!3 Sk) n(n + 4) (g‘ksj

— gn ¥, ++ Fa F', — Fu F} + 2F; F}). (11D
We shall use the following definitions :

Definition 1.1 — A Kaehler space K : satisfying (Lal and Singh 1971)

R:‘;kaa — A R?jk =0 ..(L12)
for some non-zero vector field A, will be called a Kaehlerian recurrent space. The
space K is called Kaehlerian Ricci-recurrent if it satisfies the relation

Risa — da Ris = 0. .(1.13)
Multiplying the above equation by gi» and using the fact that g,'z = 0, we get

Ro— A R=0 ...(1.14)

Remark 1.1 : From (1.13), it follows that every Kaehlerian recurrent space is
Kaehlerian Ricci-recurrent but the converse is not necessarily true.
Definition 1,2 — The space K : is called Kaehlerian symmetric in the sense of

Cartan if it satisfies (Lal and Singh 1971)

R' =0, or equivalently Ris,a = 0. ..(1.15)

tiksa

Obviously, a Kaehlerian symmetric space is Kaehlerian Ricci-symmetric, i.e.

Rija = 0. ...(1.16)
Definition 1.3 — The space K : in which the Bochner (H-conformal) curvature

tensor K" _ satisfies the relation (Lal and Singh 1971)

ik

h h
Kl e — XaK?, =0 (L1T)

1ikra
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for some non-zero vector field A,, will be called a Kaehler space with recurrent
Bochner curvature tensor or Kaehlerian-Bochner recurrent space.

2. KAEHLERIAN CONCIRCULAR RECURRENT SPACE

Definition 2.1 — The space K: satisfying the relation

ct . — ACh =0 (2.0)

iikra gk
for some non-zero recurrence vector field A4, will be called a Kaehlerian concircular
recurrent space.

Theorem 2.1 — Every Kaehlerian recurrent space is Kaehlerian concircular

recurrent.

ProOF : A Kaehlerian recurrent space is characterized by the eqn. (1.12),
which yields (1.14).

Differentiating (1.9) covariantly with respect to x%, we obtain

) » R,s n h
Cia = Ripoa + m(g"‘8a — g 3
+ FuF} — FuF; + 2F4 F}). (22)
Multiplying (1.9) by A, and subtracting from (2.2), we obtain
h A ) h (R.a—Aa R) ) h
Ciwa = e Cip = Ry da Reyy+ = sy (83, — gad,
+ FaF] — Fp F; + 2F F}). .(2.3)

Making use of the eqns. (1.12) and (1.14), we have

ct —act

ijkra i

»=0
which shows that the space is Kaehlerian concircular recurrent.

Theorem 2.2 — The necessary and sufficient condition that a space K;is

Kaehlerian Ricci-recurrent is that

h h h h
C - Aa Cijk = Rijk’ﬂ - Au Rijk'

ik
PrOOF : Let the space be Kaehlerian Ricci-recurrent, then the relation (1,13) is

satisfied which yields (1.14). The eqn. (2.3), in view of (1.14), reduces to

— X R (24)

tjk °

» " h
Ctjlna — A C:‘jk = Rijlaa
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Conversely, if in a space K , eqn. (2.4) is satisfied, then we have from (2.3),
the relation

(Ra — A R)

n(n+2) (g;kS? — G 8?+F,kF7;—F:L F:L—{—ZF;, F:)=0

...(2.5)
which yields
Rijya — Aa Rij = 0

i.e. the space is Kaehlerian Ricci-recurrent.

Theorem 2.3 — Every Kaehlerian concircular recurrent space is a Kaehler space
with recurrent Bochner curvature tensor.

Proor : Let the space be Kaehlerian concircular recurrent.

Equation (2.1), in view of (1.9), gives

n . -R,a ok b : h
ijra T m(g;k 8,. g 8, + Fur Fj

. h ) h‘ — h R . k
— F F; + 2F;; Fk) ’\“{Riﬂc + ’;(7‘_?*5)(4?-1:8j

—gn 8 + Fa F — Fu F; + 2F; F} )} =0 ..(2:6)
or
g o Rem AR
Ripa = AuRig + =y (83,
— g 8, + Fu F, — Fp Fl + 2F; Fy) = 0. ..(2.6a)

Contracting indices /# and k in the above equation, we have

(R,a . /\a R)

Rijo — Ao Rij + nn + 2)

(Fih F:"— Fy Flh—{—~ 2F;; F;:) = Q.
27)

Since R = Ry; g, the above equation may be written as

(Rii,a — Aa Rij)

Ri ¢ — Ag i
(Ris, A Rig) + " T 2)

{gi (Fu F

~ FnF} 4+ 2Fs F})} = 0 . ‘ . (2.8)
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or

i

i (Fon B
T R

(-Rij,a —_ )\a Rii) { l

~ Fa F} + 2Fy F:)} =0
which implies
Risu — 2a Ris = 0
i.e. the space is Kaehlerian Ricci-recurrent.
Multiplying (2.9) by g% and using the fact that g,'; = 0, we obtain
R.,— s R=0.

Differentiating (1.11) covariantly with respect to x¢, we have

Kl = Gl 8 R = 3 R
+ ga R?,a — B R?,a + F;L Sitya — F" Sik,a
+ Fo S, — FaSh, + 2F) Sisa -+ 2F S™ )
— —(%fa"r) (gix 3? =~ gik 37; + Fux F?

— Fp F} + 2Fy F}).

Muitiplying (1.11) by A, and subtracting from (2.11), we get

h n n n
Kijk,a - ’\ﬂKfjk = Cz’jkaa — Qs Ct’ik
1 A
+ n + 4 Sj (-Rik,a - /\a Rik)

— 3 (Rik,s — Xa Rit) + gue (R,
— MR —ga (R, — MR
+ F7 (Sik,a e ) — F} (Sita
— Ao Sw) + Fu (S}, — As S)

— Fi (Sh

3a

— 2 S7) + 2F(Sijye —

79

...(2.8q2)

...(2.9)

...(2.10)

L2.11)

Aa Sn‘j) -+

(equation continued on p. 80)
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2(R,s — A R)

. o h .
+ 2F4 (S NP - SRS

ksa
% (g 8 —~ gu 8 + Fix F,h — Fu F? + 2Fi§F: ). .(2.12)
Making use of eqns. (1.7), (2.1), (2.9) and (2.10) in (2.12), we get

K" — 2 K' =0,

sk ik

which shows that the space is a Kaehler space with recurrent Bochner curvature
tensor.

Theorem 2.4 — The necessary and sufficient conditions for a Kaehler space to
be Kaehlerian concircular recurrent are that the space is a Kaehlerian Ricci-recurrent
and a Kaehlerian-Bochner recurrent both.

PrOOF : The necessary part has been proved in Theorem 2.3.

For the sufficient part, let us suppose that the space be both Kaehlerian Ricci-
recurrent and Kaehlerian-Bochner recurrent. Then eqns. (1.13), (1.14) and (1.17)
are satisfied.

The eqn. (1.11) yields (2.12), which in view of eqns. (1.13), (1.14) and (1.17),
reduces to
Chis — X Cl = 0.
i

t5ksa

This shows that the space is Kaehlerian concircular recurrent. Hence the sufficient
part is proved.

This completes the proof.

Theorem 2.5 — A Kaehlerian concircular recurrent space will be Kaehlerian
recurrent provided that it is Kaehlerian Ricci-recurrent.

PrOOF : With the help of eqns. (1.9) and (2.1), we obtain (2.3), i.e.

h h R v
C'ijlcaa — A Ci;'k = Rijksa — A Ry,
(R,a — A« R) n A
-+ —"“;E—n-_*_—a?T‘(gik 3,. — gk 8‘

+ FaF — Fp F} + 2Fs F)).
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Now, let the space be Kaehlerian Ricci-recurrent. Therefore, eqns. (1.13) and (1.14)
are satisfied. Making use of (1.14), the above equation reduces to

Chin —XaCly =R, — AR,

ijksa ijhra ik’
This shows that the Kaehlerian concircular recurrent space is Kaehlerian recurrent.
Theorem 2.6 — If a Kaehler space satisfies any two of the properties :
(i) the space is Kaehlerian recurrent,
(i) the space is Kaehlerian Ricci-recurrent,
(iii) the space is Kaehlerian concircular recurrent,
it must also satisfy the third.

Proor : Kaehlerian recurrent, Kaehlerian Ricci-recurrent and Kaehlerian con-
circular recurrent spaces are respectively characterized by eqns. (1.12), (1.13) and (2.1).
The statement of the theorem follows in view of eqns. (1.12), (1.13), (2.1) and (2.3).

3. KAEHLERIAN CONCIRCULAR SYMMETRIC SPACE

Definition 3.1 — A Kaehler space satisfying the relation

ch = 0 ...(3.1)

ijksa

will be called a Kaehlerian concircular symmetric space.

Theorem 3.1 — Every Kaehlerian symmetric space is Kaehlerian concircular
symmetric space.

PROOF : If the space is Kaehlerian symmetric then the relations (1.15) and
(1.16) hold.

Differentiating (1.9) covariantly with respect to x% and using (1.15) and (1.16), we get

c* =0

ijkoa
This shows that the space is Kaehlerian concircular symmetric.

Theorem 3.2 — The necessary and sufficient condition that a Kaehlerian concir-
cular symmetric space is Kachlerian Ricci-recurrent with the same recurrence vector
field A, is that

R h h
R, +X(C, — R,

ijksa

) =0.

* PrOOF : With the help of egns. (1.9) and (2.1), we obtain (2.3).
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Since the space is Kaehlerian concircular symmetric, therefore, the eqn. 2.3)
takes the form

h _ h h (R, — A R) n
Ripa = Ao Rip + 2 Crp Ta(n T3y 8,
— gik 3? + Fi th — Fy, F? -+ 2F;; F:} = (), (32)

If the space is Kaehlerian Ricci-recurrent then the above equation reduces to
h
+ Aa (Cuk = R =0 ...(3.3)

1]):9:1

Conversely, if the eqn. (3.3) holds, then we have

R — AR
( Tn(n £ 2) )8 d) — g0} + Fu )
h
— Fa F, + 2F5 F}) = 0. ..(34)

Since R = Ri; g%, we have immediately from the above equation that
Rii,a ~ARi=0
which shows that the space is Kaehlerian Ricci-recurrent.

Theorem 3.3 — In a Kaehlerian concircular symmetric space the scalar curva-

ture is constant.
ProoF : From egns. (1.9) and (3.1), we obtain

R R,

h h
i5ksa n(n + 2) (g‘ks — &ik 81- -+ Fik F?,

— Fn Fy + 2F4 Fy) = 0. ...(3.5)

Contracting indices 2 and k, we have

Rit,a + (Fin Fy — Fa F, + 2FyFp) = 0. ...(3.6)

R,
nn + 2)

Mualtiplying the above equation by g%, we get

Ry + =22 {gii (Fin F) — Fn F; + 2FsFy)} = 0 ..(3.7)

n(n + 2)

or

R,o

’ {1 n(n +2)(F"'F ~ FaF} +2F¢;Fﬁ)}=o ..(3.7a)
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which implies
R.=0 ...(3.8)

i.e. R is constant.
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