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Plane symmetric models representing perfect fluid distribution have been
obtained for which the free gravitational fields are of Petrov type D.

1. INTRODUCTION

Plane symmetric perfect fluid distribution was discussed by Taub (1956) in
which flow was taken to be isentropic. Plane symmetric cosmological models repre-
senting perfect fluid have been discussed by Singh and Singh (1968), Singh and
Abdussattar (1973) and Roy and Singh (1976). We consider in this paper plane
symmetric models representing perfect fluid distribution for which the free gravita-
tional field is of Petrov type D.

We consider the metric in the form
ds® = A¥di* — dx*) — Bdy? — C%dz* D)

where metric potentials are functions of x and ¢ alone. The energy momentum
tensor for the perfect fluid distribution is given by

Tis = (p + p) vivs — pgus -
together with
' givivy = 1 ..(3)
p being the density, p the pressure and v; the flow vector. The field equations are

— 8n Ty = Ry — } Rgus. -(4)
Equations (2) and (4) for the metric (1) lead to

v, = v, = 0.
The field equations (4) lead to

B C 1 )
8l + POD + pA =[G+ P — gy (B T AB)

] A
- ;115 (4G, + 4:CD + g5 (B — Blcl)] o (5)
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BB B B
— 8x[pB?] = F[‘Z (A — 4yy) + < (Cse — Cyy) + Z{(Ag - Ai)]
...(6)

crc C
800 = g G ) + 5 B B + £ (42— 2]
(T

| B c 1
— 8z [(p + PXvi) — p4?] = [7;,1 + & + pe B.C —~ BC)

1 1
~ BB + AB) = 4o (4G, + 4,C) | . ®)

B C 1
— 8z [(p + p) vivy] = f‘ ‘(%4 ~ 4B (4,8, + A4,B)
1
- R’(A4C1 + 4, 4)]- -..(9)
From eqn. (3), we get
()F — (v)* = A2, ..(10)

In the above equations suffixes 1 and 4 after 4, B and C denote partial differentia-
tion with respect to x and # respectively.

Equations (5) to (10) are six equations in seven unknowns A4, B, C, p, p, ¥;, V,.
We, therefore, require an additional condition for complete determination of this
set. We assume that the metric is of Petrov type II non-degenerate. This requires
that

C(1212) — Chuap) = 2 Cli224)- (1)

In particular if C(,,,,) is zero the metric will be of Petrov type D. Equation (l1)
leads to

By + By + 2B,  Cy + Cy +2Cy,
B C

2 2
=ZB (4, + A) (B, + By — bA_C (Al -+ A4)(C1 + Ce)- ---(12)

From eqns. (12), (6) and (7), and equns. (5), (6), (8), (9) and {10), we get

Buu Cuu Au -Bll Cu
T‘T_ZT(F"E) - (13)

Zo S (14)



PLANE SYMMETRIC MODELS OF PERFECT FLUID DISTRIBUTION 765

and
Auv AuAv Buu + zBuo + va Cuu — 2Cuv + Cvo
[ A Tt 4B + ac
. AuBu + Ava . AuCu + Ava - Bucv + BvCu
24B 24C 2BC
X [Buu + 2Buv + va Cuu - 2Cuv + va Buco + B.,Cu
4B 4C 2BC
— AuBu + AVBV _ AuCu + Ava . 14& Aqu
24B 24C A A
_ [: Buu - va + Cuu - Cov . AuBu - A‘UBV o Aucu - Avcv 2
= 4B 4C 24B 24C ]

..(15)

where v = }{x + 1) and v = }(x — 1).

2. SoLUTIONS OF THE FIELD FQUATIONS
We assume that B and C are functions of 4 alone. Equations (13) and (14)
respectively lead to

(B'[B) — (C"[C) _ 24y — AAuu

and

(B'/B) — (C’[C) _ _ _Auw 17)

(B/B) — (C/C) Aud, -l
where a prime indicates differentiation with respect to 4.
From equns. (16) and (17), we have

Ao _ g C.(18)
where H(v) is an arbitrary function of v alone. From eqn. (17), we have

AMO —

Tde = F(4) ...(19)
where F is an unknown function of 4. Equation (19) leads to

A = Af{e(u) + (VY ...(20)

where « and B are functions of u and v respectively. From eqns. (18) and (20),
we get

A — Hé:) t. 21)
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Differentiating (21) partially with respect to u and v respectively, we get

dus _ (HBo)w 1 _
af ~ (H[B) B

where k is a constant. Hence, we get

oy = e~ kx+L!

and
i)
—_ — e—kB"HV’
(&
L’ and N’ being constants of integration. From eqn. (22), we get
@ = zl— log (mu + n)

where L", m and n are arbitrary constants. From (21), (22) and (23), we get

= g e‘g(“+9)

where ¢ = elZ'+#12 and ¢ = k/2. From eqn. (25), we get

Aw 1
Aud, A

From eqns. (17) and (26), we get

1 ’—.-.._E_.
B'C — BC' = —

£ being an arbitrary constant. From eqns. (16), (17) and (26), we get

We now assume that

3
Aww = = A2,
a

Puttingv = BC and p = B/C, we get from eqn. (27)

#o_ &

B A
From eqns. (15), (28), (29) and (30), we get

{A(AVY): — A(AV) —:— (A2 — £2) 4 4(4%'2 — E2) — 1642 = O,

...(22)

...(23)

..(24)

-..(25)

..(26)

(27)

..(28)

.(29)

...(30)

(31
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Putting Av' = F(v) in eqn. (31), we get

art _ (F?* — &%) (F2 — &)
" _E-® [ —8 _ sv]. .(32)

Case I — Taking the upper sign in (32), we get
F=dat £ L .(33)

L being the constant of integration,

Subcase I(a) — L > 0 : Hence

L
_— 2 7
v=104 —aon (34)
Q being a positive constant. From eqns, (30) and (34), we get
y QA2 — a"}58/2¢
pek [ S50 ] .(35)
where k' is an arbitrary constant and @ = %ll From eqns. (34) and (35), we get
_ k(42— 8)r
B=Z% wrom -(36)
and
_ky (4240t
C = Ao -.(37)

+ 2a k .
where A = éfa‘“’ k, = \/-—Q ky = ?cQT’ 6 = —Z?-. The metric (1) reduces to the

form

ds® = Axdr? — dx?) — [% (;"22 _&;’&] dy*

k (42 + 0)A-1 12
_[72 AR ] . dzt. .(38)
where 4 is given by eqn. (25).

Subcase I(b) — L = 0, Hence, we get
B = elAe—Al 142 ...(39)

and

. i‘_:i ellldz ...(40)
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where 8, is an arbitrary constant and ); == ;% The metric (1) reduces to the form
2 A2

ds? = AYdt2 — dx®) — 8 A%e22a/42 gy 497 e?rhri4z g2z (41)
1

Subcase I(c) —— L < 0. Hence, we get

amA* 4 a
y= 22 i ...(42)
where a, is a positive constant and a, = i 6i . From eqgns. (30) and (42), we get
. 1
A2
= I, exp (11 tan-! (——)) .(43)
4o
where I, is an arbitrary constant and I, = %, a, = %2—. From egns. (42) and (43),
2 1
we get
4 2 2
B = al, (4% + a0) exp | 7, tan~? 4 ...(44)
A? ae
and
e @, (414 ad) _1, tanr 2. |
C I, Ve exp I, tan a ...(45)

The metric (1) reduces to the form

2 2 2
ds? = A¥(dt? — dx*) — ‘Z—IM exp (11 tan—1 %) . dy?
0

A.!
a,(4* + a3) L
S T exp (~— I, tan™! a ) dzz, ...(46)
Case II — Taking the lower sign in (32), we have
dv
log Cod = e ...(47")
8L j AV log(C V%) + E3 (

where C, is an arbitrary constant and C, the constant of integration. From eqn.
(30), we get

4 = exp (I XE;dA + c,,) ..(48)
C, being constant of integration. Thus, the metric (1) reduces to the form

dst = Adr? — dx?) — v exp (g %dA " c,). dyt

— exp( — S,TF; da — ca) . dz*. ..(49)
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3. SoMe PHYSICAL FEATURES

The expressions for pressure p, density p and v, v, the non-vanishing compo-
nents of flow vector in different cases are as follows:

Case I{a)
__hBe [4YL, — 4% — 6
P =+ n[ (A — ) ] ...(50)
_ hBe  [ANL,A* + M) — 36
P = mu+ n AS(4T ~ p2ye ] (51
1/2
A {AYLy, — 4% — 043 {13 + (mu + n)* & B2}
vy = ;/—2_ hle(nu‘ + n){A4(k3A4 + k4) . 494} -1 ...(52)
and
172
4 | L — 4 — 0T 4 (mu 4+ m) & B ) ;
s = T e
"V T R A k) — a8 ++(53)
where
o _me _ o2l — &M —
h= qe- 17 = 2021 — 8A(A — 1)}
L, =13 — 16X%, M, = 26211 — 8))
ky, = 43 — 433, ky=L, + M,
12 = ”i_f
Case I(b)
43
P VA% mu + n) 77
4x3
== Q . Ljﬂ}. ‘3 “-(55)
¢ VoA (mu o n) TV
2 op? 1/2
2 2
o __4_, At + a2 )(11 + (mu + n)? 4] )_ 1 56
"= 77 648 + 82 1.0mu + 1)
and

102

13 + (mu + n)? B

b A (A“ + 4/\§2)( ! )+ 1 . 57)
22 | \64% + 8A} yo{mu + n) N
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where

and

Case I(c)

and

where

Case I
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me*o?
O == 8xl”
me2a?
Y1 = L *
h 848 AS Al A2
e o ] .(58)
i+ A4 T a3)
| = N [4As + nd® + g, 4% + rd? — qz] (59)
T mu +n A3(AL 4 ai)
o o[ Ut a2ttt = 1)
1T W2 hBe A(mu + n)
I3+ (mu + n)* &85 12
% { 1248 + 2r, 4% + (ry + q,) A* + 2r;4® — qz} -1 ] -++(60)

‘k=i%[¥m~%ﬁkﬁ#—2wﬁ—fﬁ4—ﬂ?

hBy A(mu -+ n)

I3 + (mu + n)? &g}

1/2
X {IZAS + 2"11‘16 + (,-2 + ql) A4 + 2r3A2 T qg} ']L 1] ...(61)

ry = 264, ¢ = (2 — 1)) 4ag
r, = 4lai — 6I% a§ — 24a}, g, = 6a}
rs = 21108, fl = 2(1%
Jfo = 12a,a3 + fs = dajad.
[44+@— dmytog &
p= 1B v (62)
mu + n oy
B R R R QY SR e Y

hB. v 63

P= pu i — (63)
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A A‘\[;; {4\1 ~ v log g-l*——(v-_\‘:—!)\/vz log(—j;— + Ez}

v8

= V2 hBo(mu + n)

i+ (mu+ ny2 gl L/
X — -1 ..(64)
16 — (1 + 3} «f,w)log%l

and

- C1 v + 1 CI
A A'\/p.v{4v—- 3v log F—(—vﬁ),\[\az logvT-{— E,Z}
hBe(mu + n)

Lt (o ) 6 e
x - 1] . (65
16 — (1 + 3 ¥5) log CT;

In all the above cases the space-time is of Petrov type D.
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