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By considering the regressions equations of the bivariate lognormal distribution,
we have been able to estimate the variance regression of one variate given the
other. Unbiased and asymptotically unbiased estimates are obtained. We have
also considered other estimates of this regression and their efficiencies have
been studied.

1. INTRODUCTION

The problem of estimating the parameters of the lognormal population has been
considered by many authors.

Finney (1941) has considered the problem of estimating the mean and the
variance of the population from a sample when it is known that the logarithm of an
observation is normally distributed. He obtained efficient estimates of the mean

and of the variance population.

Mostafa and Mahmoud (1966) considered the problem of estimating the mean,
the median, the mode, the variance of the univariate lognormal population. They
suggested estimates for the mean and the variance of the population other than
those suggested by Finney (1941). These estimates in despite of being biased are
easier for numerical calculation. Also estimates for the median and the mean have

been suggested.

Mostafa and Mahmoud (1964) considered the problem of estimating the mean,
median and modal regression of one variate given the other for the bivariate lognormal
population. Unbiased estimates have been obtained together with other estimates.
The efficiency of the estimates has been studied.

In this paper we estimate the variance regression of one variate given the other
for the bivariate lognormal population. Unbiased estimate and asymptotically unbiased
estimates have been suggested. The efficiency of these estimates have been studied.

2. THE VARIANCE REGRESSION

Given the two variates X,: N(ay a3), Xp: N(a, 63) and X =logz,
X, = log z,. Assuming that their joint distribution is bivariate normal then the joint

distribution of z;, z, is
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- 1 RS 1 2 2
Hew 2 = g o oD (= gy (4 — 2048 + BY)
...(2.hH
where _
A = (log z; — a,)/s, and B = (log z, — &y)/c;,.
The conditional distribution of z, given z, is
| logz, — m\2
21/25) = e ex __;(___2_._,A) ) (2.2
sarfz) = e ( 352 22)
where
m == oy +9?‘(10g21 — @), o* = o} (I — ¢?.
1
Thus it can be shown that
E((z} [2,)) = exp (tm + } o21?) .(2.3)
. var (2,/z,) = exp (2 ((oc2 4+ p Z—Z (log z; — ocl)) 4+ o3 (1 — p2))
1
(exp (o3 (1 — p2)) — 1) = em(e?® — ¢°%) (249

which can be written as

e (2 = (o2 o o (3)) (oo () - )

...(2.5)
3. INFORMATION REQUIRED FOR THE PROBLEM
When X;, X, have joint normal distribution it is well known that
() E(Xo/X) = o + Bu(Xy — @)
where
a = E(X,) and B, = p:i. .(3.0)
1

(ii) The (mean) regression equation of X, given X, (based on n pairs of
observations) is

X, = + B(X; — X,) + ¢ (3.2
where

ay = X,
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B =S (X; —X) (X, — XX, — X,)* = Z CiXes
and e is a random error.

It can be shown that (Mostafa and Mahmoud 1964)

£ = &2 + [§2(X1 — X)) is normally distributed with

E(A%) =ty + BuX); — o)) =m -(3.3)
and

=) = — 4

é 62 X, — X,)%? .
var ( ) n mz = U2, (3.4)

1
Putting Ka = (X, — X,)Y2(X, — X,)%,
Kn = Ku(X;; X3, Xia, Xisy oes X1n).
1t is clear that K, is monotonic decreasing and bounded,
Knj1 < Ky, foralln
0 <K, <L

As n— oo, lim K, = K, where 0 <« K < 1.

Then

U? = (1 + nk.) o¥/n.
Hence

E (exp (r§)) = exp (rm -+ }r2U). (3.5)
In particular

E (exp (£)) = exp (4 + Bo(X, — ) -+ 3(1 + nK) o*). (3.6)
Also if

(= g FF

where F'F/o? is the residual sum of squares, then it can be shown that (Mostafa and
Mahmoud 1964)

‘ B T+ 3 (n—~ 2)) ( Jjot )-(2:‘-}-7;—2)/2
feff) = ——. - (T
B == tam—29 \' "n-2 (37)

In particular if i = r, j = 0, we get

o T(r+i(n—2)
EO) == Ta0w—2 08
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andif i =0, j=r, we get

2 -(n-2)/2 —_
E(e'f):.—..(l-«—nriz) for r<na2 2.

4. ESTIMATION OF THE VARIANCE REGRESSION OF z, GIVEN z,

A natural estimate N for var (z,/z,) can be obtained by replacing in eqn. (2.4)

the population values by their values from the sample. Thus we get
N = ez%(eu — %),

From (3.5) and (3.7) we get

1 462 \~(n-2)/2
E(N) = (exp <2m + 202(K,. + 71—))) ((1 e 2)
26% \~(n-2)/2
_ (1 - 2) )

i.e. N is biased estimate for var (z,/z,).

When
n - oo, E(N) - exp (2m + 20%K) (e*°* — e°?%).

This shows that the estimate is biased even when n — oo, but

when n —> oo, K — 0, we have E(N) — e2(e2°* — %)

Also when p = 0, (4.2) becomes

1 42 \-(n-2)72
E(N) = (exp (2&2 + 262 (K,. + 7))) ((1 - sz)
262 \~(n-2)02
o (l T n— 2) )

E(N) - exp 2z, + 202 K) (e%% — eo}).

and (4.3) becomes

.(4.1)

.{4.2)

.(4.3)

(44)

...(4.5)

Equation (4.4) and (4.5) mean that the estimate N shows dependence when there is

really independence even when n — oo.

The expected value of N to the order n1is

2 .
E(N) = exp 2m + 2K,.02)((l + %n“_ + 4 —Gn—) e2v?

242 4
._(1+7f— + %—)ev’)-

...(4.6)
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Hence the percentage of the biasedness to the order n-? is
E(N) — var (z,/z,) _ (1 + 20%n + 45%/n) exp (2Kuo?) — 1) °*
var (z,/z,) (e*—1)

_ (1 + 26%/n + o*/n) exp (2Kus?) — 1)
(e~ 1)

100 x

x 100,

The variance of the estimate N to order n~! is given by

var (N) = gim+2e? ((l -+ §i + 165* )exp (8Kno?)

(1 + i‘i + Si) exp (4K,,c?))

8 1
+ e4m+2c“’((1 + i A 4’%) exp (8Kns?)

(1 + ‘—11 -+ 2a? ) exp (4Kn52))

— Detmtac? ((1 -+ 8% + ——) exp (8K.s?)

402 Gt N
—(1 + w + 7) exp (4Kno ))-
Also we have as n—> oo, var (N)-> eim(eBKe® — gike> ) (e2e® _ gv%)2 byt if
K— 0, var (N) = 0.

Now it is clear that the estimate N is a poor estimate for var (z,/z,) and for this
reason we can estimate var (z,/z;) by estimate of the form

M, = e¥g,(0) CN))

where E = oy + Bo(X; — X)), U =10
We attempt to choose gi(§) such that M; is unbiased i.e.

E(M,) = e¥n(ex” — e ). ..(4.8)
Since ¢ and £ are independent then

E(2(¥) = E(M,) (Ee*¥). - (4.9)
From (4.8) and (4.9) we get

asr=en(s (1~ () - (o (12(55°))

.-.(4.10)
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Puttmg I\n ES (l _— (Kn + l/n)),
An == An(Xl; Xll! Xl2’ eesy Xln).

It is clear that as # ~>»o00 A > 1 — K.
E(g(%)) = Mo (1 — e°%), BRCRE)
To obtain g«(¥), we suggest the following two approaches.
(I) In the first approach we insert in place of o2 its estimates 2y and take

£,(%) as
2, (0) = ethnl(l — e2%), ...(4.12)

Hence we get the estimate M, for var (z,/z,) defined by
M, = exp (28 + 40 (I — e2%). .(4.13)

The expected value of M, to the order n-1 is given by

E(M,) = e ((1 ¥ 424(1%’@) et _ (1 L (L= 2Ky c*) ot )

n

...(4.14)
Therefore for finite n the estimate M, is biased, but asymptotically unbiased.
To the order n-! the percentage of biasedness is given by
— 2 oo — PA
(40— Kaprer = (1 = 2KaP) ot g0, (415

n(es® — 1)
Also from (4.14) when p = 0 we have
o= K) g _ (1 4 (= 26000E) o),

n n

E(M,) = %2 ((1 +
..(4.16)

Equation (4.16) shows that the estimate M, shows dependence when there is really

independence.

The variance of M, to the order n? is
var (M;) =
gt a? ((1 b0t 160 = K)ot °4) ens? — (1 S = Ko K")%))
n

n n

+ etm+29? ((1 + f‘iz +4(1 — 2K,)? 64)84K7s’2 _ (1 + 2(1 — 2K.)? 62))__

n n n
(equation continued on p. 821)
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— Deptmt3e? ((1 42 + (._3 — 4K.)? ot ) e4Kn9?
n

- (l R K")z)) (417

n
, 2
as n—> oo, var (M,) - e¥m(esk* — 1) (e2°® — ¢°* )2, butas K — 0, n— oo,

var (M) — 0.

(11) In the second approach we take g,({) to be an infinite series given by:

=) <] ’
8:(0) = z (sz,)‘r), (— D@ args ...(4.18)
s=0 r=1

where o, are independent of ¥ and are chosen such that

o [o0] ”
SN B B
s=0 r=1
= z z (?")s (= 1t (). ...(4.19)
s=0 r=1

Inserting the value of E(J)7*s, we get

(n — 2yt TG (n — 2)
L((r + 5) + 3(n — 2)

...(4.20)

QLrrs =
and g,(¥) becomes

0 «© ") . hs (n i 2)r+s I‘(% (” . 2))
£:L0) = 2 Z T DO S i =2y (420
s=0

r=1

Hence we get the estimate M, for var (z,/z,) defined by

M, = etigy(0). .(4.22)

The estimate M, is an unbiased estimate for var (z,/21), also when g = 0 we have

E(M,) = et*2 (e?} — eok) (4.23)

i.e. M, shows independence when there is really independence.

Expressing g,({) in descending powers of n we have
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s Or(— 1yl Yrts 1
80 = 22‘“"’2‘ (-t 9@ +s-Do

str!

§s=0 r=1

...(4.24)
which can be written as
4.0)2 4rL) (8 + c/\nC)
i) = e (1 G PG D )
— e2(2A-1)E (1 _ Q2w -1 T
n
220 — DY 22 — 1
4 QO DEROF 3G — DO ) (425)
The variance of M, to the order n? is given by
var (M,) = etm+2e® (( Aot | 2041 — 2Kap ZK")2) edkne® 1)
n
+ e4m+402((1 + ‘35_2 + M)emﬂc? — 1)
n n
_— ze4m+3¢2((l + — + 64(1 - KT;I)(I - 2K") oKy 2 __ 1)
..{4.26)

As n — oo, var (M,) — etm(etRs® _ 1) (e29% — eo® )2,
But if K — 0, var (M,) - 0.

Now it is obvious that the function g,(¥) is very tedious for numerical computation.
It is, therefore, suggested that we take g,({) expressed to terms of order n-! ie. we
take g,(¥) in the form

£ = ewvomn (1 - 5 (iCLl_—_E_)L)

n n

_ ezr(l—uz,,)(l _a W) ...(4.27)

Hence we get another M, for var (z,/z,) defined by

M, = exp (2 + 2¢(1 — 21(,,))((1 _ & _c— Ky Kﬂ»‘) gt

n

_ (1 _& Gli:.?fﬂ”)) .(4.28)
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The expected value of M, to the order n-! is given by

E(M,) = eim(e® — ¢v%) ..(4.29)
i.e. to the order n-1 the estimate M, is unbiased.
Also when p = 0 we get

E(M)) = ez (exi — ¢°3) ...(4.30)

which shows that the estimate A, shows independence when there is really

independence.

The variance of M, to the order n-! is given by

5 2 4] — )2 R
var (Mé) — gimt+2e° ((1 + ? - M) erKne® 1)

n
+ e4m+2¢2((1 4 ‘E‘j s M)emncz _ 1)
n n
_ 264,,,+3,2<(1 n 4762 + do¥(1 — K:z)(l — 2K,.)) oKt _ 1)

..(4.31)

which is the same as the variance of M, i.e. we can use M, in large sample without

loss of efficiency.

Now if we write g, (¢) given by (4.27) with form

5@ = e (420 — K (1= 5) = exp 2201 — 2k (1= ).

n

...(4.32)
Hence we can obtain another estimate
M; = er¥g; (¥) 1
...(4.33)
. of - 4% E+25(1-2Kg) — A:g) .> (
M2 = e2&+45(1-Kp) (1 — _n_) — e? (1 1 n J

The expected value of M}, to the order n? is given by

4o%(1 - Kn)z) oot (1 L (L= 2Kyt ) po? )

E(M]) = e ((1 + —

...(4.34)

i.c. the estimate M} is biased for finite n but asymptotically unbiased. The per-

centage of biasedness is
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(41 — Ka)? e°® — (1 — 2K,)?) ot

5 x 100
n(e®* — 1)

which is the same as that given by M,.

The variance of M to the order n-? is given by

var (M) =
e4m+4a'2 ((1 4 — ]6(1 - K")2 o )841{"’2 _ (l + 8(1 - Kn)2 0'4))
n n
+ e4m+202 ((1 4 — + w) 4Ky a2 (1 + 2(1 - ZK")Z 54))
h n
— Deimtsa? (( LA CRl) O iK5 )e%,z _ (1 L (L= 2K e
n n
4 ‘W“—W)) . (4.35)
n
which again is the same as that of M; given by (4.17).
The efficiency of the estimate M, and M to the order n-! is
=1 %m0
By~ 11— ) ...(4.36)
where
$y(n, o%) = (e“r""2 1)(e”* — D@ — Kay? e’ — (: — Kn)2)]{
and }
2 2 40' s >
$1(n, ) = ¢u(n, ) + (€°° ~ 1) (e*Fn" — 1 + — etkn"") I
I
4 v
+ 87? en? (1 — Kn) e — (3 — Kn))*. J
-{(4.37)

It is clear that ¢,(n, ¢?) ~ 0 as n-— oo,

Hence E,—~ | as n— oo,

$q(n, %)

We notice that 1 >
¢l(n) 0.2)

>0

Then it is easy to show that ¢,/$, increases as o? increases, i.e. E, decreases as o2
increases,
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It can be shown that the efficiency of the estimate N to the order n™! is less than 1

and tends to e~4K°® as n tends to co. It can also be shown that this efficiency
approaches 100%; as K tends to zero.
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