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An integral transform with Legendre function for a broken interval as its
Kernel has been derived from boundary value problem and its Perseval rela-
tion has also been obtained. Finalily a particular integral is evaluated.

Mehler (1881) has developed integral transforms involving Legendre function as
the Kernel with inverse transform containing associated Legendre function P! (x).

Transforms containing integrals with respect to the degree of Legendre functions may
also occur in the boundary value problems involving conical boundaries. Here we
consider integration over the degree of the Legendre function. In the solution of such
boundary value problems, the integrals involving both order and degree may occur,
but we should use the formula which gives quicker convergence.

We have a method of representing Dirac 3-function (cf. Friedmann 1956), with
the help of two solutions of a Sturm-Liouville type of differential equation of second
order, and from this Felsen (1958) has obtained a unique 3-function representation
in terms of an integral in which the degree of the Legendre function is the variable
and consequently a transform is obtained. Naylor (1963) on the other hand, has
obtained some transforms with Bessel function as the Kernel, from some boundary
value condition. Mandal (1971) has also obtained a transform associated with
integration with respect to degree of Legendre’s associated function obtained from a
boundary value problem for a complete interval. In this paper, a more general
transform has been derived for a broken interval.

Lowndes (1964) obtained Perseval relations in simple forms for the
Lebedev Kontrovitch transforms and Mehler-Fok transforms, and obtained several
integrals by using the Perseval relation. Mandal (1971) has also obtained ‘Perseval
relations’ for the transform developed by him and obtained a particular Integral invol-
ving Meijer G-function. Here also from the transform developed, Perseval relation
has been established and the value of a particular integral has been obtained.

The Laplace’s equation V2u=0 in the region 0 € r < o0, 0 < 0 = and
0 < ¢ < « reduces to

Present address : Computer Maintenance Corporation, Dethi.

Vol. 8, No. 7



822 DEBIDAS GHOSH
1 & (. ov 1 2y
S(S + l)v + m Eg (sm 6 -aﬁ) -+ 51—1—2—9_ -2—;2 =90 ...(1)

where 4 = vr—s-1, Re s > — | taking u — 0 as r - oo,

The boundary conditions which v(8, p) satisfies are

v=/@), ¢=0 0<8<<a<n
v=20, =053 0<iIKa<m
Let
B @
Vo = jv sin A dp, where A == Ty = % z va(0) sin Ag.

B,
0 n=1

From (1), we see that vs(8) satisfies the equation

d . d . 2 0
Eé-(sme Zl%) + [s(s+ 1) sing — 5);1_9]4’:*:1'\{1'(9)' -..(2)
The solution of (2) is $(6) = — A I J;Lg%—, G(9, 6) db ..
0

where G(8, 8") is the Green’s function corresponding to eqn. (2) and is given when
G=0o0onb =0and 8 = «,

—A
w D(s + 14 s (€050
2TE+1—)) sins+1—)=x

G0, 0') = —

[P;A(cos 8)- Ps‘x( — cos a) — P A~ cos 6)-P8'A(cos rx)]
>< b

Ps"‘(cos a)
0<t <t <a ...(42)

To write Green’s function for the region 0 < 6’ < 6 < «, 6 and 6’ are to be
interchanged. Now G can be written as

¥

G0y = L[I6+ 15 FCoD

@, T I F U —p)sin(s+ 1 — wn
L

[P;"(cos 0): P;*(— cosa) — P7*( — cos 6) P}*(cos “)]
X

-A
P "(cos &)

x B ...(4b)
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where L is the straight line Re p = ¢, —X < s < ¢ < A (taking | Res | < ). To
show this, we observe that the integrand has singularities only at u = 4 A. When
Re p is large, the integrand is

1 1
~ o et . . ks
2u
where
tan ﬁ tan B\ . tan 9—
2 2
= In 8 and 6 =In}|]————7—
i tan 9- tan z tan ol
2 27 2

and when 6 < 8’ < « bothy and § are negative, so that the integrand vanishes as
|| oo, Reu> 0. Againif ¢ < 0 < «, 0 and 6’ are interchanged and we have
then

r 97 6

tan 7 . tan E . tan 5

v =In and 3 =1In %
tan i‘ tan 5 . tan i—-

so that both v and 3 are again negative. Hence in both the cases the integrand tends
tozeroas | pu|— oo, Rep > 0.

Now, taking a large semicircle in the positive x plane with L as its diameter, the
only singularity of the integrand is at x = A, and we see that the integrand in (4b)
reduces to (4a). So (4a) is written in terms of a contour integral in (4b).

Substituting in (3) from (4b)

—p
n®) = = 5 | potit) FTC0D e
2i T+ T sinG+T—pr gy
where
0 (]
Flp) = I g{ﬁ-é)
0
[P: ¥(cos 8')- P7*( — cos @) — P7*(— cos §')- P;*(cos “)]de'
X * .
P *(cos a)
Hence

«©0

v(0, @) = %— z Vn Sin Ag.
1
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But

-3

oo
sin_ g(x — o) q:) 2
sin pa 3

1

Therefore

P(s+ 1 + p) P;*(cos 0)

_ L sin p(e — @)
"0, 9) = 21! TG+ 1—@wenG T I—mnr sopm W ede
As v(6, ) = f(6) when cp = 0, we arrive at by putting ¢ = 0
O = 5 | TG+ 14 0 T —9) P2 (c05) Fo) e

L

where LisRep =¢, —A<s<c<A AsRes> — landA = "B—“(n=1,2,...),

we may take ¢ — 0 so that

i

SO = j D(s + 1+ Du — 5) P (cos ) F(u, ) pdu ...(5)
where
1®
Fp, 5) = I sin 8
0

[P;* (cos B) - P7*( — cosa) — PT*(— cos 8) - P7*(cos a)]
do

P (cos «)
-..(6)

So, (6) gives the transform and (5) the inverse.

Let F(u, s) and G(u, 5) be the transforms of f(6) and g(6) respectively. To obtain
Perseval relation, we write
i ico ™ o
[ o 9 PG, 9) Gl 59 s = [ b, ) P ) [ EE=2)

—fo0 —jo0 T—e

[P;“(cos 6) - P*(—cosa) — P7*(— cos ). P;*(cos a):l
- de

P *(cos o)
(7
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where ¢(g, 5) is to be determined. Assuming the interchange of the order of integra-
tion to be possible, we get

- j g(:m g 2 as I w4, 5) F(u, 5) P7* (cos 0) dy
& P7#( — cos a)
+ ] 8 iy [ bt 5) Bl ) P17 (008 0) ———— d . ®)
T —io P7*(cos «)

Now taking ¢(u, ) as the expression ~1— (s + 1 + p) T'(e — 5) we get

2ni
ico
1
Ini I p0(s + 1 +p) T — 5) Flp, 5) G(u, 5) du
—~iw
T 1 P (—cosa) ®
[ 08 e cos a) YOF0) J 55 8 — 0 S 6)
0 e
E))
As a particular case, whena = =«
! io
5ei - - _ g(vr 0)
—ioo )

which is established in (6).

We now define a particular integral with the Perseval relation, when o = %

If £(0) =i(cos 8)° (sin 8)3/2, then

2»—1r(3—-__‘*; 2") r( LI

2
5 G
Y

Kp, s) =

N[w N[ a

sinn(s—p) (s —p + 1)
X[l+ sinmgp (s +p+ 1)

><:’F( p,+1S—-—p1 26——2[L+5’1)+

2 > 2 4

(equation continued on p. 826)
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() (3« 5)
5
m+m%7+§~+%)
o Soms—p) Ds — p + 1)
n DPE+p+1)
4
ls+p 342 26+ 2u + 5
Xspz(s+g+ ,sz,u.’ _: ",1+p,—~———————~6+4#+ ,1).
..(10)

-

sin

Takin g(8) = (cos )’ (sin 6)3/2,
anf3 + 2 1 o’
1 —_— g 2
2w r( - ) I‘( S )
5 ¢’ U
”“ﬂ”dz‘+3‘*7ﬂ

sinn(s — ) 0@ — 4+ 1)
) [1 T Snme Tt s+ D

s—p+1 s— 26 —2u+5
X 31@ ( “2 s 5 ‘ﬂ 1 — s ”51’—"7Iii———‘, 1)

caciaf 3 — 2p 1 G’
zor(257) (i + )

5 G b
ra+mr{g+ 5+ 4

G(p, 5) =

%_

% sinn(s — ) (s —~p+ 1)
® PE+p+1
4

} 1 3 2 2 ' 2 —F 5
X 3IG (S FE H 2 z; #3 —t #, 1 Ly d 4‘4 L s 1).
.“(11)

sin

Then the integral
i
1
I=5— j pLGs + 1+ ) D(p — s) F(u, 5) G(p, 5) du
c+a +1
I‘(_~~._~_~2 )

—~in
2p(3_'f_L2'i_l + 1) |

=[1 —(— 1¥+]. ;ﬁ . «.(12)

= [l = (= 1y
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