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The lower bound of the number of real roots of the family of equations

n
Sa(x, 1) = 2 ap(t)x*¥ =0
k=0

where a;(f), 0 < t < 1, are dependent random variables assuming real values
only and following normal distribution with meanzero and joint density
function

| M | 13Q2r)~ni® exp [—4a'Ma])
where M~1 is the moment matrix with ¢; = 1, Pig = 0 0<p<<l,isj
i,j=0,1,2, ...,nand &’ is the transpose of the column vector 4, is estimated.

§1. Consider the family of equations

Ja(x, 1) = % ax(t) xk = 0
k=0

(L)
where ax(f), 0 ¢ < 1, are dependent random variables assuming real values only and
following normal distribution with mean zero and joint density function

| M [M2(2m)="/% exp [—42'Md]

...(1.2)
where M~ is the moment matrix with : = 1,f5=p,0<p < 1,i 5,1, j=10,1, ...,
n and @’ is the transpose of the column vector 4.

Here we estimate the lower bound of the number of real roots of (1.1).
Theorem — There
B log log ny
logn,

exists an integer n, and a set E of measure atmost
such that for each n > n, and all ¢ not belonging to E, eqns. (1.1) have
atleast _Blogn roots where 8 and B are constants.

log logn



LOWER BOUNDS OF THE NUMBER OF REAL ROOTS OF A RANDOM ALGEBRAIC EQUATION 149
The transformation x - 1/x makes the equation fu(x, t) = 0 transformed to

n ,

T Ga-r(t) x* = 0 and (a4(t), a,(2), ..., an(t)) and (aa(t), ..., a,(?)) have the same joint
r=0
density function. Therefore the number of roots and the measure of the exceptional
set in the range [ —oo, oo} are twice the corresponding estimates of the range [—1, 1].
We consider the range [0, 1] only and using the same procedure [—1, 0] can be consi-
dered and show that this lower bound is same as in [0, 1]. Thus the number of roots
in the range [—oo, oo] and the measure of the exceptional set are each 4 times the
corresponding estimates for the range [0, 1]. Evans (1965) has considered the case
when the random coefficients are independent and normal. Sambandham (1979) has
considered the case for the upper bound of the number of real roots of a random
algebraic equation, with dependent random variables. The effect of p makes the bounds
of the real roots of the equation, narrower than that of the independence case.

§2. We write
n
So(x, 1) = Z a(t) x*
k=0

Pm qm n
= X a(t) x* + z a(t) x* +~ 2 ax(t) x*
k=0 k=pm+1 =qm+1

where pm = (m — 1)! log m and gm = m! log m.

—_— .
Let us define xm = 1 — % and 3_x12~_l_ = a and )—C"'z—l = B. We define the

random variables

qm dm X
ym =1 if 2 awx*and = arp* are of opposite sign and
Pmt1 Pm+1

dm dm
| T aw*|>38and | T aBt| >3
Pm+1 Pmt1

= 0, otherwise.

Pm DPm
{m =1 ifeither | 2 aa* | > 8/20r | T axfi* | > 3/2
0 0

n n
or | T aw*|>820r | T arPt| > §/2
gm+1 gm+1

= 0, otherwise

and the sets

Y4 Pm
E={:] >§'am~; > 320r [Saigt | > 31
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qm qm . .
E,={t: T aw*and 2 ap* are of opposite signs

Pm+1 rm+1
am qm

and | & ae®*| >d8and | T axf*| > 8}
pm+1 pm-+1

n n
E,=1{t:] £ awt|>3820r | = aft|> 32,
gm-+-1 gm-+1

Note that {t:mm = 1} = Eg; {t : {m = 1} = E; U E,.

Defining £m = nm — fmlm.

We find that the probability that fu(x, t) has a zero in («, B) is not less than
m(t: Em = 1).

n

The probability distribution function of the random variable £  aw«(t)g» is given by
v=0

X
1 u-
Vomen ) PN 202 )W
[o o]
n n
where a?=(1—p = g4+ T g
v=0 y=0
o] o0
Let *=(0—p Z g+p T g, ©2>on
v=0 v=0

n
F={]| 2 au(t) go | > Ao} Let go = by + ico Where by and ¢, are real
0

G — {t: l iav(t)b.,' ;%}
v=0

n
H:{t:’ zav(t)Cv 2 —2—;2—}
v=0
©
m(G) = o ¥2/n I exp (- —ib;—i—) du
26,/4/2 "

< () 7 e (47)

(equation continued on p. 151)
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2 1 — Al
< ey e ()
2 1 —At
m(H) < VA exp (_T)

FC G U H=>mF) < mG) + m(H)

< ,\f/n exp (‘f ) : 21

§3. In this section we calculate m(E, U E;). First we calculate m(E;). Let us
define the sets

Pm Pm Pm
G:{ulz@@ﬂ;>AJu—mze“+«zww}
0 0 0
g{:;lpf'ak(:)a~1>wl—p %5"@% }
0
Pm S Pm
and Gg={t:l%ak(1)[3"]>/\4/l—~p\/%B”}
> m(Gy) < m(Gy)
4 A2
By (2.1) m(G,) < W—_——p— exp ( —(l —p) T)

Pm
Now SR <pm+ I <(m— D!(dogm) + 1.
0

Let us take A = (—m ) and define the sets
A\ \log m

G, = {t: |p’2" ar(t) «* | > dd m!'}
0
G,={ q"z:ak(z)pki > dmT )

where d:> 1+ —1—
log 2

Since m(G,) < m(G,) and m(G,) < m(G,),

logm

4
m(G,) < m(G;) < T —ovn \/ ——— exp (—m(1 — )/4 log m).
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Then if 35 > d//'m! we have E, C G, U G,and m(E,) < m(G,) -+ m (G,)

4 -
com(Ey) < 2 (m) \/ 1051 " exp (—m(l — p)/4 log m).

Next we calculate m(E;). Let us define the set

H1={{IZ| £ak(t)akl>,u.«/‘1——p Zn: Bz"}
gm+1 gm+1

n n
H2={t:|2 a(t) Bt > pd 1T —p J 2(52"}
qm+1 dm+1

so that m(H,) < m(H,).

4
By (2.1) m(H,) < e g (=l — p)/4)
z B — Z ( 1- 217)% < z exp (— k/m!)
qm+1 qm+1 am+1
— Xp (—(gm + 1)/m!) _ m!exp (—log (m — 1)/m!))
1 —exp (—1/m!) 1 — (1/2m!)

< %m — D! form > 2.

Let us take p = \/ %n- and define the sets

n — 7 d Tm N
. . x 'T— -
Hx“{t' Iq,,ilak(t)oc E \[(3 103”’)}

. L3 = J(E 7
H 2{1- Iqmz_:l_lak(t)ﬁk]>‘h e \/(3 logm)}'

2
Since m(H,) < m(H,) and m(H,) < m(Hy)

4 _
m(H ) < m(H,) < m_—p“ ,\/ lorim exp (—(1 — p) m/4 log m).

3 4 1
Then if 5 2 \/3 Tog m

We have
E, C H, U H, and m(E;) < m(H,) + m(H,)
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4 [Tlorm |
mE) <2 - \/( l°§1m ) = o (—(1 — pmiélog m).

§4. In this section we calculate m(E,). We want to find the probability density
function of the two dimensional random variable

dm qm
(2 a®a, = a@d@h)
k=pm+1 k=pm+1

The probability density function is P(e) where

(

| 0 unless e intersects the line —auk— = ?‘* =
I
Pe) = <4 6,
|1 2 ifei A S
| Wom | €xP (—8%/2) 49 if e intersects oz = gr
] )
C ’ in the segment (0,, 8,).

. . . q’" qm . .
The 2-dimensional random variable ( Z axa*, X axp*) is Gaussian, centred, with
pm+1 Pm+1

covariance matrix

(<)

where
dm dm
a=(1—p) X a¥ 4o T ')
Pm+1 pm+1
am qm qm
b=(1—-9p 2 aB*+p T a’ X @°
pm+1 pm+1 Pm+1
qm qm
c=(0—p Z B*+p( T g2
m+1 pm+1
Now 5% < ac.

The probability density function is

1
Inac — b2 XP (—av? — 2buv + cu?/2(ac — b?)).

Hence we have

| —8 -] © —3
m(Ez)_—-_m{ Idu[dv+ Idujdv}
—o +3 3 —

X exp (—av® — 2buv + cu®)/2(ac — b?)

(equation continued on p. 154)
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1
= oo = B j [ exp (—av?® — 2buv + cu?)/2(ac — b®) du dv
8

[ <} o
= % I exp (—s%/2) ds I exp (—1?/2) dr
3/v/a (8 —bai%s) a*/*/(ac— b?)
qm [ dm 2
Now a=(1—p X u‘“’”—{—p(z a®
pm+1 pm+1

a ~ ps(m!)? 22wtV b ~ $o(m!)¥aB)?mty; ¢ ~ dp(m!)ipRomtD

s

=] ©

m(E;) = ’1.:— I exp (—s%/2) ds S exp (—1%/2) dt
S/ a (8 —ba~1/%s) al?{(ac—b?)
" .
> % exp (—s%/2) ds ] exp (—1%/2) dt since (s - T/bT) <0
8/4/a 0
[o2]
> lz/;? S exp (—s%/2) ds
3/ 1=p)Za?
©
> 5% f exp (—s4/2) ds

8/ (1=¢) V/Za®

) . 3 24/3 de
> L where L is a constant (since W g WEwn < Ni=9 "

§5. In this section we find a lower bound for N, the number of zeros of fa(x, t)
in [0, 1. We require the following version of the strong law of large numbers.

Theorem A — If g, 73, ... are independent random variables with v(y:) < 1,
all 7, then given any ¢ > 0, we have

k
1 16
Pr { su I T E — E l < } 1 — ——.
k>ko-}?1 E—1 - (ny () €t > ok,

k
From the definition of random variable £ in §2 it is clear that No 2> X Em.
m=2

Since Em = nm — nmlm, We have
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k k
?(Em — E(ym)) = Z {(nm — nmlm) — E(mm)}

k
(vm — E(nm) — ?nmlm

NM™ N

k k k
=> lf(im—~E(nm)) | < ?(nm — E(m)) | + | zznmle

Since | 1m | < 1,

k
e D, Gn— Eam)|
2

kZ E(’“”‘”‘Jr]kll ch”“
2 2

k k
E(k—i*TzzcmF k=1 zz:ft'"d‘

k

1 16
Sr=T 7 n%%g-’—n—;) exp (—(1—p)m/4 log m).

Hence

k
. . 16
{m < €; outside an exceptional set of measure atmost k=1
E (k=
2

k
};Z'n—p Z \/ 1087 o1 (—(1 — ey log m) = b (say) put ks — 20 where
2

v is an integer. Then

ko
1
Sup =y E In <€
VoV v >

-]
outside a set of measure atmost X v
V=V,

k
If ko < k < koyy then — ) _S_ < - > E m and putting k, = 2%
k—1 kv+l — 1
2
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k
we have Sup (kK — 1) 2 &m < 3¢; outside a set of measure atmost
k 2

ko

o0

z 0 _ 0 _40
Q2 — 1) =200 T ek,

v=v,

16 c
where Q= Tn(l——_—‘a) Z \/ lorim exp (—(1 — p) m/4 log m).
m=2

Thus outside this exceptional set, we have

Sup

k
1
=1 Z (4m — B(nm)) l + 3e.
k@ k, >

k
i
— Z’ (&n — Bom) | < Sup

Hence Pr{ Sup \ kl i i Em — E(?]m))‘ < e}
2

k>2ko
k
1
> Pr {ks;l? ' | Z (gm — E(qm)) + 3¢, < e}
¢ 2

> Prsu |2 }:: (m — Br) <€ — 3a, }

16
> 1 — (E‘Tm' by Theorem A.
16 40
(c — 3Pk T ek

k
Then outside a set X, where m(Xx,) € we have (k — 1) S Em
2

k k k
> (k —1y* B E(m) — e forall k > k,, Hence outside Xi, Z Em > I E(tm)
2 2 2
—(k—1De>((k—1)(L —e¢) since E(ym) > L for all m. Choose ¢ = 1L and
k
€, = g L. Then outside X, where m(Xr,) < k3*(322L-2 + 32Q0L~*. We have Z &m
2

> 4(k — 1) L, forevery k > k, choose k to satisfy the inequality, k!logk < n

k
L ( logn .
1 Z (=8
< k(k!)log k. Then N, > z Em > 3 (log Tog 7 1 ) for every k 2> k, ie. for
2

2
every n > n,, outside an exceptional set of measure atmost k)lngi——n—“ (% + 3—‘22)
0
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