Indian J. pure appl. Math., 13(6): 620-621 June 1982

ON THE ASYMPTOTIC REGULARITY OF CERTAIN MAPPINGS
IN A BANACH SPACE

B. G. PACHPATTE

Department of Mathematics and Statistics, Marathwada University
Aurangabad 431004 (Maharashtra)

(Received 3 August 1981)

The aim of this paper is to prove a theorem on the asymptotic regularity of
certain mappings in a uniformly convex Banach space.

Let X denote a uniformly convex Banach space. A mapping 7: X —> X is said
to be asymptotically regular at xo € X if || 7" xo—T"* xo | >0 as n—oo whenever
T" xq is defined for all n.

Recently, Kirk (1971), Kannan (1973), and Massa (1978) have proved some
results on the asymptotic regularity of certain mappings in a uniformly convex
Banach space. Inthis paper we prove the following theorem on the asymptotic
regularity of a new class of mappings in a uniformly convex Banach space.

Theorem 1—Let X be a uniformly convex Banach space, KX a subset of X; and T
a mapping of X into itself such that

FIx—Tyi*allx=Txl. ly—Tyl + Ulx=Tyl. ly—Tx|]

F+BIhx—=Txl. ly—=Txll + lx—=Tyii. ly—Tyl] (1)
for all x,y € K and for nonnegative real numbers «, 8 with «+2p < 1. Define a
mapping S : K — K by

S=ool + T + %T* 4.c.4 anT", I = T9,

where o; >0, > 0,and £ « = 1. If 7 has at least one fixed point then the

i=o
mapping S is asymptotically regular.
Proor : Consider the sequence { | x,—u || }, where » is the unique fixed point
of Tin K, x» = S"xp, xo € K. Then we have
Xn41 — U = Sxn — U
n
= X o Tixn — u
=0
= O (x,,—u) + (1—“.)2,,
where

1 o .
Zn = (ITGo) i§1 o (T Xn—U).
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From (1) we have
N xn~ull?= | T'x,~T'ull?

Sallxa=Tixo b Nau—=Tull + | xo—T | . | u—T" xn 0]

+ B0 xa—~Txnll - lu~T%l + | xu—T . Ju—Tiul]

=alllxn~ull lu=T %]+ B Xa—T%n | . | 4—Txn | ]

which implies

T % — Toul <Hi§

) ” Xn—t |l < “ Xn—U ” .

n
Since T a; = 1, it follows that
i=q

” -Xn_(,_l*'u ” = ” an""u ” < ]I Xn—U [i s
and therefore, i xn—u || > do for somedo > 0. Ifdy =0, then x, -~ u asn — oo
and so in this case

I xp—xn.y | = | S"%o—S8" 1 w0l — 0,as n— o<,
i.e. S is asymptotically regular at xo. Now suppose that dy > 0. Since || xn—u || —do,
Il Sxp—ull < § xp—ull foreachn> land | Sx,—ull = || ¥spa—u || = do as n — oo;

it follows from the uniform convexity of X that
Il (xn—u) — (Sxp,—u) i =0, as n — oo,
ie.
I Xa—Sxa | = | S"0—S"" xo il = 0, as n — oo,
This completes the proof.
We note that the conclusion of Theorem 1 remains valid if we replace the
condition (1) by
I Tx—Ty I e (Nx-y Ul + bx=Txj + y—Tyi)
+(1-3)ymax {fx—ril §(lx—yl+lIx
—Tx |+ 1y—=Tvi)3x=pl + I x=Ty il + i y=Tx 1)} ...(2)
for all x,y € K and = € (0, 3].
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