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For a measure space (X, u), a necessary and sufficient condition is stated under
which Lr (¢) C L* (¢; for 0 < r < 5. Conditions under which Ls () C L* (1)
are also discussed.

Let u be a positive measure on a nonempty set X. Subramanian (1978) has
discussed the conditions under which L7 (¢} C L# (u) for 0 < r << s. Here we state
a simpler necessary and sufficient condition with an easy proof. We also discuss the
case under which Ls (p) C L' () for 0 < r <s.

All the notations are taken from (Rudin 1966).

Letustake F = {4 — X |0 < p(4) < o} If F is empty then all subsets of
X of finite measure will have the measure zero. Therefore for any r > 0 aand
f € L (p), the set N (f) = {x | f(x) 5= 0}, which is of o-finite measure (Halmos
1962, p. 105), will also have the measure zero. Thus for any r > 0, L7 () = {0}
where 0 (x) = O for all x, and therefore in this case we do not have to discuss any
inclusion relation. So from now onwards we shall assume that F is non empty.

Theorem 1—For 0 < r < s, L' (u) T L* (p) iff

inf {p(A)| A € F} > 0.

Proor :  Sufficiency.

Suppose inf {p ()| A € F} = « > 0.

Let f € L7 (»). Then f must be essentially bounded, otherwise there exists an
increasing sequence of integers {ny} such that

p(d) = p{x|n<|f(x)| <nnp}>0fori=12,..

Hence, by hypothesis, u (4¢) » « for all i. Therefore

(1f17de> 2 0% u(d) = oo,

X il
which contradicts the assumption that f € Lr (z). Hence suppose | f(x) | <M <oo
fora.e. xin X.

Let B={xi [f(x)| > BandC={x]| | f(x) | < 1}
We see that p (B) gsf {71 7du éxj'lfl’dy< oo,
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NOW}!]f[’dM"B“deH +Cflf|‘d:~
< M¢ p (B) +C§lf|'d}"

< oo,
Hence f € L*(u).
Necessity. Suppose L7 (u) C L* (p)for0 < r < 5. finf {n (4) | 4 € F) =0,
then we can find a sequence of sets {E;} such that

0 < p(B) < 1/2and 0 < p (Ein) < p(E9)/2 fori = 1,2, . Take B: = E;— U E;

j>i
and p (Bi) = 3; for all i. Then {B:} is a sequence of pairwise disjoint sets and
0 < 3 <2 forall i,

Define f(x) = 8;* if x € B

=0if x & (U B
izl
Then fis measurable and

[Iflrde=3]1f]"rdp=258""8 < Z270-t/n < co,
X B;

[The sums are taken over all natural values of i.]

But {|/]*du=53 J|f| do=38" 0= co.
X By

Thus £ € L7 (n) and f & L* (), which contradicts the hypothesis.

Theorem 2—The following are equivalent:

(i) For0 <r < s Ls(w) C L (u);

(ii) sup{p(A) 4 E F} < oo

(iii) 3 G C X with u (G) < oo such that u(4) = n(4 () G) forevery 4 X
with p (4) < oo.

Proor : (i) = (ii). Suppose (i) holds. If (ii) fails, then we can find a sequence
{Es} C Fsuch that

p(ENP2and p(E) 2 3p( UE) fori > 1.
j<i

Take B, = Eyand By = E; — U Ejfori > 1.
j<i
Then {B¢} is a pairwise disjoint sequence and
p(B) 2 2p (U E) 320 (UBj)=22%Z n(B)
j<i i j<i

j<i

Hence, by induction, we can claim that p (Bs) » 2 for all i.
Take p (B;) = 3 for all { and define
f(x) = 577" if x € By

=0ifx & U B
il
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Then [|f]*dp =3 [ |f]*dp =23 T2 < oo
X B;

andxflfl'dp-szg;'lf]’dp=28;18i=oo,

But this contradicts (i).

(ii) = (ili). Supposesup {n (4) |4 € F} = m < oo.
Then either, 3 G € Fsuch that u (G) == m, or, 3 a sequence {4,} C F such that
w (49 > m—(1/i) foralli. Taking G = U A, we get,

i1
p(G) = lim u (U Ag) = msince
j> o I<j
m—1jj < p) < p(U 4) <mas U 4: € Fforallj.
iI<j I<j

So, there always exists a set G € F such that 4 (G) = m. Now we claim that
this G satisfies the property stated in (iii). On the contrary, suppose 3 B such that

p (B) < oo and p (B) # p (B N G).

Then u (B—G) = p(B) — p (BN G) >0,
Hence 4 (G U B) = p (G) + p (B—G) > m, which contradicts the initial assump-
tion asG ) B & F.

(iii) = (i). Suppose (iii) is true. Let f € L* () and Y = {x | f(x) # 0}.
Since Y is c—finite (Halmos 1962, p. 105), we have a sequence {A;} of disjoint sets
of finite measure such that ¥ C?U] A

I
Hence,

B STp() =2 p(4i06) K p(6) < oo

Now, using Holder’s ineqguality, we get

J1fl7dp =1 flrdp <(JIf]*dpy’ (u (D).
X Y Y

Hence f € L7 (). Therefore L* () C L7 (p).

Example 1—If j is a counting measure on N (the set of all natural numbers),
then

inf {p(A)|ACN,O< p(4) <oo}e=l,
Hence, by Theorem 1, /* = Lr(u) C L*(p) = FforO < r < s.
Example 2—For any Lebesgue measurable subset 4 of the real line, define
p(d) =m (4 N[0, 1])if 4 — [0, 1] is countable
= oo, otherwise

where m is the Lebesgue measure on the real line. Then, for 0 < r < 5, L¥ (u) C L(p)
by Theorem 2.
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