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The object of the present note is to derive some generating functions for the
Konhauser polynomials ¥ (x;k) by applying a class of bilateral generating
functions for these polynomials, given recently by Srivastava (1980).

§1. Konhauser (1967) discussed two polynomial sets { ¥,* (x;k)} and {Z5 (x:k)},
where «>—1 and & is a positive integer. These polynomials are biorthogonal with
respect to the weight function x> e~* over the interval (0,00). In section 2 of the
present note, we demonstrate some applications of a class of bilateral generating
functions for the polynomials Y2 (x;k) due to Srivastava (1980) in obtaining some
bilateral and trilateral generating relations for these polynomials and in section 3,
we derive a bilinear generating relation by employing certain operational technique.
We also mention some particular forms of our formulas. All the results obtained
are believed to be new.

§2. Recently, Srivastava obtained a class of bilateral generating functions for
the Konhauser polynomials Y3 (x;k) as a special case of his general theorem for
obtaining bilinear, bilateral or mixed multilateral generating functions for a certain
class of special functions. We recall it here as the following :

Theorem (Srivastava 1980, p. 241, Corollary 18)—Let
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u is an arbitrary complex number, p and ¢ are positive integers.
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We shall demonstrate some interesting applications of {2.2) when m==0 and
0.=1.

Case I : When g=1—At the outset, we recall that the polynomials {f«(y)} form
an Appell set provided

PO — vfsr) @=0,1,2,.),

It follows from the definition that

n

fo(3) = z &'r') Coym=r (2.4)

=0

for some sequence {C,}. Comparing (2.3) and (2.4), we obtain the following bilateral
relation from (2.2):

z Y2 (al)fu(nen = (1— )~ +Dik exp [x{1—(1—yr) 1 4}] -(2.5)

n=(
X FOx(1—y1) 2%, tf(1—yt)]

where

FO[x] = z CnY, (x3k) 1. ...(2.6)

n=0

Next, on taking
D 8
an = 11 (bj)a/ IT (c3)n
=1 i=1

and replacing y by— v, the polynomials

Gr:xl (J’)ENn,o,l(y)=zﬂ (’:) ary’ N )

=20

become identical with the extended Laguerre polynomials & (y:b1, .b.c1, - »Cs)
defined by [Srivastava and Panda 1976, p. 420, (11)]

[_n’bla'“-bﬁ; F]

L(yib, by, - o) = par B yJ . .(2.8)
Clse--3Cs,

Thus, we obtain from (2.2)

z Ya (k) 5(33b1se.sbnicry et = (1 ~p)~te+Vk

n=0

. exp [x{1—(1—2)"1/K}] F®) [x(1—£)~1/%, —yt/(1—1)] (2.9)
where
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»
o I (bj)nt”
j=1

F® [x,f]= » ——— Y5 (xk). ...(2.10)
n=20 ﬁ (cl)n
j=1
Taking p=1, s=3, b,=(e+n+1), ¢;=(a+1), c2=1% (¢+1), ca=%(x+42) and using
the result [Magnus ez al. 1966, p.63]

1Fy (238;2) 1F (a;p;—2)= o Fa(a,8—«;B3,38,3(B-+-1); z°/4), we record from (2.9), the
following trilateral relation

> ) Y3 SRLOCY ) L2239

n=0

=(1—1)a+D/k exp [x{1—(1—2)1 4] .
X FOx(1—)-2%, —yt;(1—1)], (2.1

where Lf,“) (z) are the classical Laguerre polynomials and

((+1)/2)a((x+2)/2)s

For k=1, above reduces to the interesting form

F®[z,1] =Z(a +1)ﬂ(“+"+l)" e Yo (x:k). . (2.12)

z (1 + )} LOELOQRVF) L= 24/ y)m
=(1—f)~t+D exp (—xt) Fxj(1—1¢), —yt/(1—1)] «.(2.13)
where

(tntDarm
ot (a4 Dal(a4 1D/2)al(2+2)/2)n

F! (“[x ’t] =
Case II : g>1—Wright’s (1935 & 1940) generalized hypergeometric function is
defined by

L™ (x). (2.14)

1 4]
! (@1,%1) eo5(@p,00); ! Cd _ﬂ (adna;zn
e ! z]l = =1 . (215)
b= (B n!
=1

} (blyﬁl)’ ,(bs,Bf);

L J
where the variable z and the various parameters are such that the series converges.
On setting

,-E (B)np; gl(ei)aﬂii (gn)!
(2.16)

an =

v ]
I (cj)nv; 11 (dj)qn;
i=1 i=1
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in the polynomials
[n/q]

5 (1) = Nporg ()= Z (;r) ary” ..(2.17)
r=¢

and replacing y by (—1)y, we arrive at the following bilateral relation:
— w. ("”’Q)’{(bmsl"'m)}a{(es’qgs)};
E Yn (x;k)m+s 4-1\Fp+l y
n=Q {(Cp,Vp)}, {(dl’qy)l)’
= (1= 1) @D exp [x{1—(1--1)"14)]

X FOL(l—r) o y{—tf(1— )}, (2.18)
where {(ay,a,)} abbreviate the array of p parameter-pairs (al,fll),‘..,(ap,a'li) and

FO) [x,1] :2 an v” (x:k) 1m,
gn
n=0
an is as given by (2.16).
Two special forms of the generating relation (2.18) are worthy of note. If in
(2.18), we take g=1, m=s=1=0, p=1, ¢,=v--1, v,=8 and then apply the defini-
tion

LlezY)(x): (';’:‘!1)"8 ¥, [(—n,l);(‘{J,— 1,{5);x] ...(2.19)

La'™”) (x) being a generalization of the Konhauser polynomials Z¢ (x;k) studied by
Prabhakar and Rekha (1972) and Srivastava and Panda (1979), we obtain

z /(e 1)na} Vi Gosk) L BV ()en=(1— 1)t )k

n=0

K exp [x{1—(1—1) &} FO[x(1—1)1*%, —ypt/(1—1)] ...(2.20)
where

o0

(gl %
(8) — R [y
d [x’t] n=Q (Y *‘])”B Y‘l" (X,/\)- (221)

In view of the relation Prabhakar and Rekha (1972).
LyB(x¥) = Zg (x:k),

we obtain from (2.20) a known bilateral generating relation due to Srivastava, 1973
p- 491).

On the other hand, in terms of the Brafmann polynomials defined by (Brafmann
1957, p. 186).

A(g;—n).ay, ... ,az;
B? [ays.-san;b15eu0,biiy) =pagFs y .(2.22)
bls :bs';

we deduce from (2.18), the following bilateral relation
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o0
E Y7 (x;k) Bf [, a9by,.. bt y]tm = (1—)~(>F0) ik
=0

x exp [x{1—(1—1) 1&}] FOx(1 1)~ *y{—1lq(1—1)}], .-(2.23)
where

»
-y El (@j)n (gm)le”

FOx,] =

- S Yq“; (k). ...(2.24)
n=0 T} (bi)n
i

By suitably specializing the arbitrary parameters involved in (2.22), the Brafmann
polynomials can be reduced to a number of familar polynomials including, for exam-
ple, the Gould-Hopper generalized Hermite polynomials. Thus, the relation (2.23)
may be employed in deriving a number of bilateral relations for Y (x;k).

§3. In this section, we shall prove the following bilinear relation :

w0 jlill(a/)n(n—% m)! (n-1)! ¢

Y::rm(x;k)
n=0 I (bi)a n!

=1

3\ (— )
(y3k)= ex*> S« J:') { j!y)

"+l
1%j=20

(oc+l+l+m {3—{—1+] T 1, (an);

Dot 148 Bl k ’ |
( P )m( - ) 2Fr1 - .(3.1)
L &) J
where m and / are non-negative integers.
The method of proof employs the Rodrigues formula
—(o+1+kn)
P k) = S e 0"[ "‘x"‘”] ..(32)

8.==,%(s+xDy), Dx=dldx.

Proor oF (3.1) : We start by considering the sum

” _Ijl(aj)n (n+m)! (n+)!

{ Goyyer)m Yars (k) YRS (i),
w0 I (b)) n!
j=i

make use of (3.2) and then apply the known result
O(xb) =xbrkn n (b%—) .

We thus obtain
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= 1 (4)a (n+m)! (a+1)!

- (o ¥ s (esk) ¥ 545 (k)
6=0 jﬂ (bj)n n!
=]

H (aj)n t” w

: = _
= p¥+Y E - E (_'1)-1 xkn+i
r 13

n=0 II (by)n 0t i =
§=1

.(ﬁj:}_‘tl"*“s - z (=D enss (B+j+kl+s )M

= (—i)!c)f (;!yy (l1+3i+‘g)m (B+1;}H+S),

= g*+y

=

»
o 1 (a))n
i=1

PO GRS (
=0 II (b)), n! '
j=1

(b )

n

where at the last step, we have used the identity

(©n4x = (c+Fk)n (-
Now, the bilinear relation in (3.1) would follow on replacing ¢ by #/xky*, « by a—s
and $ by f8—s.
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