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This paper incorporates an inverse series relation which, when particularized,
vields the corresponding relation for an interesting generalization of several

known polynomials, viz. g§(x,r,s) introduced recently by Panda (1977). [sece
also Srivastava (1980)].

1. INTRODUCTION

Having been motivated by earlier works of Rainville (1960, p.137, Theorem 48),
who introduced the class of polynomials { fa(x)} by means of the generating relation

(—1)<G [ 4"’] z Frlx)t? (LD

where

G(z) = 2 vn 2 tnF O, -(1.2)

n=9

Panda (1977) initiated the study of a new class of polynomials which provides a
generalization cf several known polynomial systems belonging to the families of the
classical Jacobi, Hermite and Laguerre polynomials. In terms of the power series
(1.2) she defined the class of polynomials {g&(x,r,s) | n = 0,1,2, ...} by the relation

—1) G[ } z gn (x,r, )" .(1.3)

ne==g

where ¢, like in (1.1), is an arbitrary parameter, r is an integer, positive or negative,

and s = 1,2,3,.... The explicit representation of g% (x,r,s) is as given below [Panda
1977, p.105, eqn. (4)] :
[nls) (
c _ C + TK)n-sk «
g, (x,r,5) = ) P R ..(1.4)
()

See also Srivastava (1980) for a new class of generating functions for the polynomials

28 (x,r,5).
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It is worth mentioning here that all the results for fu(x) included in the theorem
of Rainville referred to above can be obtained as particular cases of the substantially
more general results given by Panda (1977), except the interesting expansion of x™ in
terms of fu(x), for which there is no analogous result in Panda (1977). Although the
expansion of x” in terms of the special case s = 1 of g (x,r,s) is taken care-of by a
result given by Singhal and Savita Kumari (1982), but for other values of s, such an
expansion (which may be viewed as the inversion formula of (1.4)) does not seem to
have been given thus far. Qur attempt in this direction leads us to a general result
which is given in the form of a theorem in section 2 of this paper.

2. THE INVERSE RELATION
The theorem that we prove in this section may be stated in the form :

If
[n/s] o ask .
sk — &
an = E(—l)"*"‘ (p 7 )bk, 2.1
“ n — sk
then
ns
k— k p+agn —k
e Sora ok o
k=gp+qsn—k sn — k e 22)

where p and ¢ are arbitrary parameters and s is a positive integer.
Writing (2.1) and (2.2) in the forms

[n/s) sn
an:zankbk, by, = zbnkak,
k=0 k=0

it is easy to observe that the validity of the above theorem is established if the
following orthogonal relation holds true.

s’
0, ns%m,
Bam = 2 bk tim = { . (2.3)
Foped 1, n=m.

In order to prove (2.3), we employ the method which runs paraliel to that of
Riordan (1968, pp. 50-51).
We first note that the expression = bnkainm for 3., may be written as

;m

S = z (—1)t-mm (

k=3m

><{(p-!—qsnmk) (p+qsn—k—l }
sn— k T\ m—k-1 ) ’

p+qsm—sm)

k — sm ...(2.4)
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which we abbreviate as

3im = Fam + q Gom, ..-(2.5)
with
sn
+ gsm — sm + gsn — k
Fomm D (= 1)im (7" ) ( pra > (2.6)
Famyred k — sm sn — k

=z(_l)j(A+(sn—SM)q—j)(4)’ A=p+ gm—sm

e sn—sm — j J

Now, in view of the relation

(-'—nn)::(_l)m(nﬂl-m—l\’

m
and the Vandermonde’s convolution

=200

the last expression for F,, can successively be put as

Y —1—A—(g—D(sn—sm)y ; 4
Fam = Z (___1).m~.vm ( . ) ( i ) (27)
= \ sn — sm — j , j
[ —1—(g—1) (sn—sm)
an — (_,l)m—sm ( ) (28)
sn — sm
gsn — gsm
Fam = | ). (2.9)
sn — sm
Likewise, the expression
sn—1
- p+ gsm — + gsn — k — 1
G = (- 1)eomts (1’ gsm — sm ) (P aon ) ...(2.10)
- k — sm sn— k —1
can be simplified to give
— gsm — 1
Gmn == (_1) ( wn 7 ) > -..(2.11)
sn — sm —1
so that
gsn — gqsm
g Gum = (=1) ( ). (2.12)
sn —sm

Equations (2.9) and (2.12), when combined with (2.5), yield

Sam = 0, forn = m
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whereas, for n = m, (2.4) evidently gives
8,”,, = 1.

This completes the proof of the theorem.
An alternate form of (2.1) and (2.2) is:

If
L
An = z (7 e ) B, (2.13)
— n — sk
then
N . _ k
Ba = Z (— 1)k P_if_q’f__Tk ( Pt g ) A (2.14)
< 7+ gm— sm— k

This is the result of the substitution 4n = (~1)" an, B, = (—1)** bain (2.1) and (2.2).

Yet another variation of (2.13) and (2.14) may be obtained by multiplying 4, by
P+ gn — nand B, by p + gsn — sn, we thus get:

If
~ + gsk k + gsk — sk
-5 -5
T S (Lt R (il | ZYS
o n — sk n—sk—1
then
sn
;DA -k
Bs = z (—1)m—* ( b ogsh ) Ax . ...(2.16)
o sn— k

3. EXPANSION OF x" IN TERMS OF g&(x,r,s)
The explicit representation (1.4) can be written in the form
[nis]

gixr,s) = z ( e ) (=1 gy 6 (3.1)

prmrd n— sk
which on being compared with (2.1), with p = —¢, g = —(r—s)/s, readily yields

the expansion (or the inversion formula of (1.4)) formula

s’

__1~ (¢ + rk/s) — ¢ —(r—s)n—k c
= & (c+ (r—9)n+k) ( n— k ) gk(x,r,s) ..(3.2)

The inversion formula (3.2) can also be expressed in the alternate form:

= 'Y z Esnc~ 'Z,C)/ :) (1 —c—rn)an—i—y gk(%,r,5) -(3.3)
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which can be further transformed to a more elegant form:

sn

1 (= Ly + rkJs) (¢)en

"o T k=0 (‘;n—— k)' (C)(f—s)n+k+l gk(X,r,s), ~(34)
When s = 1, (3.4) would evidently reduce to
(c)rn Z (—1yHe +rk)
x" = 2 ’1 H s -
Tn =BT Qo S 50D (3.5)

which corresponds to the result obtained by the authors [Singhal and Savita Kumari
1982, eqn. (17)].

The relation (3.5) can be further particularized by taking r = 2 and replacing x
by —4x; (3.5) would thus simplify to

(c)on - (—DF(c + 2k)
22"2Y" z (n—];T! (nskss Jlx) -+(3.6)

k=0

X" =

which was obtained by Rainville [1960, p.137, eqn. (4)] in a different manner.
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