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Suetin (1964) has proved that if f(x)has r continuous derivatives on [~ 1, 1]
and if f (x) € Lip e, then

n

if(x)— z ai;Pk(x)i < ;?ml,,gg_—’;, xe[—1,1}

k=0

for r+a> 1/2, where P, (x) is the normalized Legendre polynomialin [ —1, 1].
Considering the Fourier series of general orthonormal polynomials, we have
generalized the above theorem.

§1.1. An orthonormal set of functions wy (x), wy (%), ..., w;(x), ! finite
or infinite with weight function p (x) is defined by the relation

§ Wa (6) W (1) p (%) dX = Sy m = 0, 1, 2, ...

where

s 2{1 if m=n
o 0 if mshan

Let {w, (x)} be a given orthonormal set, finite or infinite. To an arbitrary
real valued function f(x), let there correspond the formal Fourier expansion

J@) ~ Cowe (%) + Cywy () + oo+ Cow, () + ...
The coefficients C,, called the Fourier coefficients of f(x) with respect to the
given system, are defined by

Co= f F®w, W p(X)dx, n=0, 1, 2, L)

and it exists if f(x) € L%, (,, [a, b, i.e. p (x)f*(x) is summable on the segment [a, b].

§1.2. Itis well known (Natanson 1949) that if the function f(x) on the seg-
ment [a, b] has r continuous derivatives, and the modulus of continuity of £ (x)
is ¥, (9), then there exists an algebraic polynomial p, (x) of degree less than or
equal to n, such that for n> r,

— aYy b—
| f(x) — pu (%) IS—C—'(—bn,——al ¥, 2"(?"—'%) w(1.1.2)

where C, is a constant depends only r,
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§2.1. Suetin (1964) has proved the following result in a Fourier series of
Legendre polynomials P, (x); normalized in [— 1, 1].

Theorem A—If f(x) has r continuous derivatives on [— 1, 1] and /7 (x) e
Lip a, then

0= > an@| = G2 xel- 1

for r + a> 1/2.

§3. In the present note we extend the above result by considering the
Fourier series of general orthonormal polynomials. In fact, we prove the follow-
ing result:

Theorem 3.1—If the function f(x) on the segment [¢, 5] has r continuous
derivatives with the modulus of continuity ¥, (8), of f " (x) and w, (¢) are ortho-
normal polynomials in [e, b] so that

| w, (x) | < A* A, for x € [a, b] (.11
A, is a positive increasing function of n,

p(t)|w, ()| < A4 for te[a, b] .(3.1.2)
then

\f(x)—s,,(x)l<44—}{g"w, 2%1:;‘-’;)) (3.1.3)
where

&ngamm

and C, is as defined in (1.1.1).
ProOF OF THEOREM: For a< x<Cb we write

/@ = 5@ = /@ = p@ | + |20 = 5, @]
< |f@ =@+ fr OO —rO]] £ wm@)m@|d

::Il + 12,

where p, (x) is defined in (1.1.2) an algebraic polynomial of degree less than or
equal to n.

L=[f(—p.|

< C (b — ay v, 2?,,:‘?))

A*is a constant, not necessarily the same at each occurrence,
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Therefore

< f l//,(?b(n:_-flr). (.1.4)

We denote by A, (x) the part of [a, 5] on which | x — ¢ | < 1/nand by §, (x) the
rest of this interval. In order to establish I, we write

L=Jp®] 00— F@)| | Z we (1) we (x) | dr

=] 4 =TI
Ln(e) dn ()

[ rOI OO m@ ] d

Anls) k=0
9_(12:_‘{)_' v, ( = r)) f p(,)] z we (1) wi (x)‘dt
Anlz) k=0
<S8 (=) [ro Y molnw
Anl2) © &=0
B’ b—a \ 1%
<2y, i(—n"“—r)>7,z;"" ..(3.1.5)

Further to find the estimate over J, (x) we use the following Christoffel’s formula:

N mOwi = 6,"

St
k=0

n+1(x)w (t)_— W,,(X) wu+1(t)
x—t

for 0 <0,<<1.
Since | x — 1|> 1/n for te d,(x), hence by (3.1.1) and (3.1.2) we have,

Wpis (X) Wa (t) Wy (X) Wyt (t) l dt
X —t

I* = f on () — O] . p(®)

O (2)

C’ b—a lwn‘*_ (X) W,,(t)'— W,,(JC) Wy + (t)‘
gﬁ?‘/’r(z(n_r))fp(t) 2 !x—t' ) !

Snla)

=S (aa=) f rolinols ol 2

61' (5)
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C” ln iz (2[Zn——ar)) f 'x — ¢ ]

8y (2)

C" .p(z(n r))logn (3.1.6)

Hence from (3.1.4), (3.1.5) and (3.1.6) it follows that

700~ 5,091 = v 2(n D)t (2(n~—r))

n

INC . CU b—a
X 22 Ly T+ P l//, (*Tn_‘T)ﬁ‘) log .

A i Lo b —
709 = Su) [ = 25 By, (22,

This completes the proof of Theorem 3.1.

In fact our theorem generalizes Theorem A of Suetin (1964), in the sense
that we have determined the approximation of function by general orthonormal
polynomials and for Legendre polynomials. It may also be remarked that by
giving different values of 4,, p(x) in (3.1.1), (3.1.2) and (3.1.3) our theorem
reduces to different results for normalized Jacobi polynomials, Chebyshev poly-
nomial of first and second kind, etc., i.e., if ‘we choose

i 4, =1

p(x)=

our theorem reduces for the systems
\/_, \/_ cos X, '\/ﬁ COos ex..
T
%sin X, 2 sin 2x ...
b 7

which is orthonormal on [0, =].
() 4, =Cq/n
p() =00 =1l te[—1, 1]

our theorem gives a theorem on normalized Legendre polynomial P, (x).

pO)=Q0—P te(—1, 1]
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in our theorem we get a result for normalized Jacobi polynomials
PeF(x), wherea =4, f=—and p(x) =1 — X1 + x)f,a> — 1,
B> — 1.
(iv) 4, = Dn®
pO)=U—6) re[—1, 1]

in our result, then we get the same result for normalized Jacobi polynomial P, (%}
when « = §.

(v) We have the results for normalized Chebyshev polynomials of first and
second kind

T,(x)=cosnd, x=cos 0 for a = f =—1/2
and
U,(x) =sin (n+ 1)0fsin 8, x =cos 6 for a=p=1/2

for which if we take

2, =1
p()y=(1—1)
2 :—i(n+ D

pO=00—% 1c[—1, 1]

in our theorem respectively, then it becomes the direct consequence of our theoreni.
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