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The concepts "left g] —yprime left ideal” and left g’ —yprime radical were introduced in I-rings. These concepts
were studied and finally an element wise characterization for left g1 —¥prime radical was obtained.
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INTRODUCTION

Nobusawa® introduced the concept of I-ring and Barnes' generalized this concept. Later several
authors studied the I-ring in the sense of Barnes'. Barnes defined the I’ -ring as follows:

0.1 Definition — Let (M, +), (I, +) be additive Abelian groups. If there exists a mapping
MxI'xM-—>M. (the image of (a, a, b) is denoted by aob for a,be M, e I') satisfying the
following conditions: (i) (x+y)az=x0z+y0az, xo(y +z) =x0y +x0z, x(o+f)z=x0z+xBz; and
(i) xofyfBz)=(xay) Bz for all x,y,ze M and o fe I, then M is called a I-ring. All I-rings
considered in this paper are I-rings in the sense of Barnes. .

0.2 Examples — (i) If G and G' are two additive Abelian groups, M = Hom (G, Gl),

I'= Hom (Gl, G) then M is a I'-ring with respect to pointwise addition and composition of mappings.

(ii) Let R be a ring. Take M = I' = R. For a,be M, ae I, suppose aab is the product of
a,o,be R. Then M is a I-ring.

(iii) Let U, V be vector spaces over the same field F, M = Hom (U, V), I' = Hom (V, U).
Then M is a I-ring with respect to point wise addition and composition of mappings.

Throughout M denotes a I-ring. An additive subgroup (A, +) of (M, +) is said to be (i) a
right ideal if aaome A for all ae A,xe I, me M; (i) a left ideal if maae A for all
ae€ A, ae I,me M, and (iii) an ideal if it is both left and right ideal. The smallest ideal containing
an element a € M is denoted by (a). The smallest ideal containing a subset X of M is denoted by
(X). The smallest left ideal containing X is denoted by (X ). ({a}), is denoted by (a),.
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For any set X of M, the set theoretic complement of X in M is denoted by M \ X. If
ACM,BcM,ye I T then the set {aab/ae A, e I',be B} is denoted by AI'B; the set

n

{ap/a e A, be B} is denoted by AyB; and the set 2 aab/a,€ A,a;€ I'b;e B and n is any
i=1

positive integer} is denoted by AB.

0.3 Definition — (Booth?) A strong right unity of a Iring M is a pair (8, d) of I'x M such
that xéd=x for all xe M.

0.4 Note — If M has a strong right unity (8, d) then m=méd e méM for all me M.

Following Hsu® we suppose that g is a function of M into the family of ideals of M such
that for every n, me M, (i) me g(m); and (i) ne glm}+A and A is an ideal of
M= gn)cgim)+A.

0.5 Definition — (Hsu3) ({) A subset X of M is said to be an m-system if either X=¢ or
it satisfies the condition that a,be X = there exists ae Ia € (a),b] € (b) such that
a ' e X

(if) A subset X of M is said to be a g-system if there exists an m-system X" such that

X cXand ga) X #¢ for all ae X.

(iii) An ideal P of M is said to be a g-prime ideal if M \ P is a g-system. An ideal P of
M is said to be a prime ideal of M if it satisfies the condition that A, B are ideals of M such that
ABcC P implies ACcP or BCP.

Every prime ideal is a g-prime ideal, but the converse need not be true. Hsu provided an
example of a g-prime ideal which cannot be a prime ideal. Barnes! and Booth2, studied prime ideals
and prime radical for I'rings. Hsu? and Satyanarayana® studied g-prime radical for I“rings.

In this paper, the concepts left g!-prime, left g! = %prime, left g! = ¥system, left g!-system,
left g! = y-prime radical were introduced. In section-2, equivalent conditions for an ideal (respectively,
left ideal) to be a left g! = yxprime ideal (respectively, left ideal) obtained. Some conditions, under
which the concepts left g! = yprime and left g!-prime coincide were presented. In section-3, an
element wise characterization for left g! = %prime radical was obtained.

1. IDEALS

Definition 1.1. — Fix ye I'. A subgroup I of (M, +) is said to be (i) a jright ideal if IyM c |,
(i) a pleft ideal if MyIc 1, (iii) a pideal if | is both right and jleft ideal.

1.2 Note — It is clear that / is an ideal & [ is jideal for all ye I

1.3 Definition — Let ye I M is said to be jcommutative I-ring if ayb=bya for all
a,be M.

1.4 Note — (i) If M is ycommutative then a subgroup A of (M, +) is a right yideal if and
only if it is a left yideal.
(i) If M is pcommutative then every left ideal of M is a yright ideal of M.

1.5 Definition — A (left/right) ideal P is said to be /FP (insertion of factors property) ideal
if it satisfies the following condition: a,be M, ye I aybe P = alr Mybc P.
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1.6 Theorem — Fix ye I J is a left ideal. For a left ideal P, write (P: W) =
{xe M/xy] < P}. Then

() (P:yJ)is a left ideal of M,

@y (P:vyJ) is a ideal of M,

(iiiy If xyM=xI'M for all xe (P:yJ) then (P:yJ) is an ideal,

(ivy If M is a commutative I-ring then (P:yJ) is an ideal
and

(v) If P is an IFP ideal then (P:yJ) is an ideal.

PROOF : Write [ = (P:yJ). Take x,yel = xyJc P and yyJcP. Consider (x+y)
yJocxyJ + yyJcP+P=P = x+yel xyJcP = -(xyJ)cP = (-x)yJcP = -xel
Therefore (I ,+) is a subgroup of (M, +).

() To show [ is a left ideal, take axe I and me M. (mox)yJ = modxyJ) c moP C P (since
P is a left ideal) = max € I. Therefore, I is a left ideal.

(ii) Since [ is a left ideal, we have that I is a jleft ideal. To show that / is a ¥right ideal,
take m e M. Consider (xym)yJ=x®myJ)cxyJ (since J is left ideal) c P = xym e I. Therefore,
xyM c I. Hence, I is %right ideal.

(iif) Suppose xyM=xI'M for all xe I. Let xe I, ce I, me M. Consider xam € xIM. Now

xam € xI'M =xyM =:~xo(m=xym1 for some m!e M. Consider (xam)ylz(xyml)yJ = x}/(mlyJ)
cxyJcP = xame I. This is true for all ae I and m € M. Therefore, xI"'M c I. This shows that

[ is a right ideal. Hence, 7 is an ideal (by (¥)).

(iv) Suppose M is commutative I-ring. By (i), we have that I is a left ideal. Since M is
commutative we have that / is a right ideal. Hence / is an ideal.

(v) Suppose P is an [FP ideal. Let xe [ = xyJC P = xI'MyJC P (since P is an IFP
ideal) = xI'M < {ae M/ayJ c P} = I. Therefore, I is a right ideal. By (i), I is a left ideal. Hence,
I is an ideal.

1.7 Note — If n' e P+{(n) then g(nl);P+g(n).

(Verification : nle P+ (n)yc P+gn) =>g(n]) c P +g(n)).

2. LEFT g'- ¥PRIME LEFT IDEALS

Definition 2.1 — Let yeI. () A left ideal (respectively ideal) P of M is said to be a left

gl = yprime left ideal (respectively, left gl = jprime ideal) if it satisfies the condition that
m,ne M, myg(n) c P imply either me P or ne P.
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(if) A left ideal (respectively ideal) P of M is said to be a left gl-prime left ideal
(respectively, left g!-prime ideal) if it satisfies the condition that m, n € M, mI'g(n) < P implies either
me P or ne P.

Note 2.2 — (i) Every left g! = yprime left ideal is a left g!-prime left ideal; (i) Every left

g! — yprime ideal is a left gl-prime ideal; and (iii) The converse of (i) and (ii) need not be true.

Example 2.3 — Take Z = the additive group of integers, M = 2Z, I' = 3Z. For any
a,be M and ae I, aob is the usual product of integers. Clearly M is a Iring. Write g(a) = ({a,

10}) for any ae M. P = 14Z is an ideal of the Iring M. Now we show that P is a left g'-prime

ideal but not a left g' — yprime ideal for some fixed ye I. For this, take ¥y = 21 € I'. Suppose
mIgn)c P for some mne M=m. 3. n. 10 e m-I'-{{n, 10}) c P=14Z = 14 divides m3.n.10
= 7 divides m or 7 divides n. Since m,n € M =2Z we have 2 divides m and 2 divides n. Therefore,

14 divides m or 14 divides n = me 14Z=P or ne 14Z=P. Therefore, P is a left gl-prime ideal.

To verify that P is not a left g1 — ¥prime ideal for y = 21, take m = 2, n = 2. Now m.21.g(n) =
221. 8(2) =221. ({2, 10}) c42 Z ¢ 14 Z = P, but m=2¢ P and n=2¢ P. This shows that P

is a left gl-prime ideal (or left ideal) which is not a left gl-}cprime ideal (or left ideal),

2.4 Definition — (i) A subset X of M is said to be a left gl-system if either X =¢ or for
any a,be X there exists e I, bl e g(b) such that aob' € X.

(it) Fix ye I'' A subset X of M is said to be a left gl-y-system if either X =¢ or for any
a, be X there exists bl € g(b) such that ayb] € X.

2.5. Note — Every left gl — ¥system is a left gl-system, but the converse need not be true.
2.6 Example — Suppose M = Z = I. Then M is a I-ring. Take g(a) = (a) for all
ae M. Write X = {2, 22, 23, ..} is a left gl-system. Take y = 5. In a contrary way, suppose X is
a left gl-y-system. Now 2, 4 e X = Jble (4 )=4Z such that 2)17] € X = 2.5(4k) € X for some

k = 2.54. k = 2™ for some m, a contradiction. Hence, X is not a left g] — ¥system when y = 5.

2.7 Theorem — Let P be a ideal (respectively left ideal) of M and ye I'. Then the following

conditions are equivalent: (i) P is a left gl — ¥prime ideal (respectively, left g] — ¥prime left ideal);
(ii) a,be M such that (a), w(b)< P => ae P or be P; (iii) A is a left ideal of M and B is an

ideal of M such that AXB+g(0))cP=>ACP or BCP; and (iv) M\P is a left g] — ¥system.

PROOF : (i) = (ii) Suppose P is a left gl — ¥prime ideal. To show (ii), take
ae M,be M such that (a), ()< P. Now apgb)c(a) 18 (b) <P => ae P or be P.

(it) = (i) : Suppose (ii). In a contrary way, suppose that the condition (iii) is not true.
Then there exist a left ideal A and an ideal B of M such that Ay(B+g(0))c P, AZ P and
Bg P. Take ae A P, be B\P. Clearly (a); cA and (b)c B =>(a), cA.
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Since be (b)+g(o), we have g(b)c(b)+g(o)cB+g(o). Therefore, (a), wb) <

AXB+g(0))cP = ae P or be P, a contradiction. Hence, condition (iii) is true.

(fii) = (i) : Suppose (iii). Take a,be M such that aygh)c P. Write J = g(b) =
(b)+g(o). Now ayJc P = ae (P:yJ). By theorem 16, (a), c (P:yJ) = (a);y/cP =

(a) yKb)+gl))=(a) ygb)c(a), yJ<P = ae P or be P. Therefore, (iii) = (i) is true.

()) = (@iv) : Suppose (i). To show M \ P is a left g’—y—system, take a,be M\P=
ag¢ P,beg P = aygb) ¢ P=3b'e g(b) such that a}'b1 ¢ P = a}'bl € M\ P. Therefore, M \ P

is a left gl — y-system.

(iv) = (i): Suppose M\ P is left g1 — ¥system. In a contrary way, suppose that P is not a
gl — y—prime ideal. Then there exists a,be M\ P such that ayg(b)c P. Since a,be M\ P and
M\P is a left gl —y—system there exists bl e g(b) such that ayb1 € M\ P
Now ayb1 € apb)cP ::>ayb] € P, a contradiction. Hence, P is a gl — yprime ideal.

2.8 Note — It is easy to verify the following :

(i) Let P be a left ideal. Then P is left g!-prime if and only if M \ P is a left gl-system.

(ii) Let P be an ideal. Then P is left gl = yprime = M \ P is left g! = ysystem = M \
P is left gl-system = P is left g!-prime.

(iii) Every g-system may not be left gl-system.
Example 2.9 — Let M=I=2Z, the additive group of integers. Then M is a I-ring. Let
p, g be two distinct prime numbers. Define g(x) = ({x, q}) for all xe M. Write S' = {q, ¢°, 4",

o} S is an m-system. Write S = {P} US*. S is a g-system with kernel S". But S cannot be a

left gl-system (because p,ge S and there is no q1 € g(q) and ye I such that p'yq1 € S). Hence, §
is a g-system which is not a left gl-system.

Theorem 2.10 — (i) If there exists Y€ I such that me€ myM for all me M then a left ideal
P of M is left gl-prime if and only if it is left gI — y-prime.

(ii) If there exist ye I, d € M such that (¥ d) is a strong right unity then a left ideal P of
M is left gl-prime if and only if it is left g! — y-prime.

PROOF : It is clear that every left g1 = y-prime left ideal is a left gl—prime left ideal.
Conversely suppose that P is left glprime. In a contrary way, suppose that P is not a left gl-rprime
ideal = there exist m,ne M\ P such that myg(n)c P. Let m' e M. Now mym]Fg(n) c
myMI g(n) < myg(n) (since g(n) is an ideal) c P = mymle P. Therefore, me myMc P, a
contradiction. Therefore, P is left g1 — y-prime. This completes the proof of (i).

(ii) follows from (i).

Theorem 2.11 — Suppose that there exists ye I such that MyM =M. For an IFP left ideal
P the following conditions are equivalent:
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() P is left gl-prime; and (ii) P is left g! — y-prime.
PROOF : (ii) = (i) is clear.

({) = (ii). Suppose P is left gl-prime. In a contrary way, suppose that P is not left

gl—j'-pﬁme. Then there exist m,ne M\ P such that myg(n)c P. Since P is IFP, we have
mI"'Myg(n)c P. Since g(n) is left ideal we have mI’'MWMI g(n)c mI'Mygn)cP =
mI"MI g(n) = mI"MyMI g(n) (since M=MyM) c P. For any B,,B,€ I' and m; € M we have that

mBymgn)c P = mﬂ]ml € P (since P is left gl-prime). Therefore, mIMc P = mlIgn)c P

= me P or ne P, a contradiction. Hence, P is left gl-y-prime.

3. THE LEFT g'- ¥PRIME RADICAL

Definitions 3.1 — (i) The intersection of all left gl = ¥prime left ideals of M is called the left
gl — yprime radical of M and it is denoted by Pgl},(M).

(ii) The intersection of all left g'-prime left ideals of M is called the left g'-prime radical
of M and it is denoted by P (M).

Note 3.2. — (i) Since every left gl-y-prime left ideal is a left gl—prime left ideal, we have
that Pgl (M)ng”,(M), for every ye I.

(if) If there exist ye I such that me myM for all me M, then by using Theorem 2.10 we
get that Pgl (M)=Ple(M).

(iii) If there exists ye I such that MyM =M and every left gl-prime left ideal is IFP then
by using Theorem 2.11, we get that Pgl (M)=Pgl7,(M).

Theorem 3.3 — Let ye I. Suppose every left ideal of M is a Yyright ideal. Then Pgl),(M)

= {xe M / every left gl — y-system containing x contains o}.

PROOF : Write B = {xe M / every left g1 = ¥system containing x contains o}.
Let xe B. Now we have to show that xe Pgly(M). In a contrary way suppose that
xe Pgl),(M) = there exists a left g] = ¥prime left ideal P in M such that x¢ P = xe M\P. By

theorem 2.7, M \ P is a left g1=y-system. Since xe B we have that oe M\P=o0¢ P, a
contradiction (because P is an ideal). Conversly, take x e Pg]‘)'(M)' Now we show that xe B. In a

contrary way, suppose x & B. Then there exists a left g] =¥system X in M such that xe X and
og X. Write S = {I /1 is a left ideal of M such that / (™ X=¢}. Clearly o€ S. It is easy to verify

that every chain {/,} . o of elements from S possess an upper bound \J 1, . So by zorn’s lemma,
: ae A
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S contains a maximal element, say P. Now we show that P is a left g1 = yprime left ideal. In a

contrary way, suppose that P is not left gl-y-prime. Then there exist m,ne M\ P such that
my(m)cP. By Theorem 1.6 we have (m) w(r)cP. Since me¢ P we have

P+(m) & S=(P+{m)) N\ X#¢. Similarly (P+(n))\X#9. Take m'e (P+({m))MX
and n'e P+(n) N X. Now m',n'e X = In*c gin')s m'm* e X. Now m'm*e m'y(n")
cm'P +g(n) (by note 1.6) S (P+(m))Y(P+g(n) < PYP+Pyg(n) + (m), yP+(m) ygn)
P+P +P+P=P. Therefore mlyn*e PN\ X=¢, a contradiction. This shows that P is left

g1 = yprime. Now x€ X and PM\X=¢ = xe¢ P = x¢ Pgly(M. This completes the proof.
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