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CERTAIN TRANSFORMATION FORMULAE FOR ¢-SERIES
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In this paper, making use of Bailey’s transformation and certain known summation formulae due to Verma and
Jain, an attempt has been made to establish certain interesting results involving g-hypergeometric series.

Key Words : g-Hypergeometric Series; Transformation; Summation Formulae

1. INTRODUCTION

Bailey] in 1947 established the following remarkable transformation formula :
If

n
ﬂnz Z &y Vnsy
r=0

and

oo
ynz Z 5r U onVrsw
r=n

then, subject to convergence conditions,

Z &= Z 'Bn 5n' - (D)
n=0 n=0

Making use of (1.1), Bailey outlined a technique for obtaining the transformations of ordinary
as well as g-hypergeometric series and used these transformations to obtain a number of identities
of Rogers-Ramanujam type. Recently, Singh6, making use of (1.1), obtained a transformation which
connects two terminating well poised g-series. In this paper, an attempt has been made to establish
certain interesting transformations of g-hypergeometric series by making use of (1.1) and certain
known results due to Verma and Jain’.



1370 S. P. SINGH

2. NOTATIONS AND DEFINITIONS

For real or complex g(l ¢ | < 1), put

A= ] (1-2g) ()

j=0

and let (4; q)u be defined by

N (% @)oo
A CD;ﬁm- - (3)

for arbitrary parameters A and u, so that

1 (n=0)
(1-)(1=Ag) ... 1-A"" Y, ne (1,2,3..).

A generalized basic (or g-) hypergeometric function is defined by (c.f. e.g., Slater [4; Chapter
3] and Exton3; see also Srivastava and Karlsson [5; p. 347])

(/l; q)n.-_{ . (4)

A
- IT @9,
@ q:z | _ in(n=1)72 I=1 7
A%[ (b); i ]_E'Oq B (@9, - ©)
B IT &9,
=1

where, for convergence,

lgl<1 and Izl <ee when ie N
or

max. {lgl,1z1} <1 when i = 0,

provided that no zeros appear in the denominator. In the special case when i = 0, the first member
of (5) will be written simply as :

ol G+

We shall make use of following known results in the next section :

- 1 1, 2

g ",c,d,—c:i-qz 145 q (cd; 9), (c, d,—g; 4%,
I 1en 1 1on 12| " (cd: 4" (c, d: g)

24 g9 .edq 4 Iy \& 4y

[Carlitz?] o (6)
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3
q " cd, —I—q?"; g q
cd
4P 1 1-nl 120 112
PR , cdq

_ (cdg™ %, 41/2)2,, (. d; g" 2),, (g 9),
= — :
(cdg™ V%, 41/2)n (cdq"’?; 9, d,q), 4% 43

n

[Verma and Jain [7; (4.13)]]

q"c d,-%qi’"; q: 9
d) C
473 1 1-n _1_ 1-n

172
AT , cdq

_ (cdg), (e d; 4, @ ,qa "
(C, d: q)n (q1/2; ql/2)n (qu- 1/2; ql/Z)n

[Verma and Jain [7; (4.18]]

a +1/2 -n, . 2
@ a’c’;qn »qd 3439
473

1
ag/c,cqz” " aq" " :

q,c,c;q

(aq,r_@g_xfa'
1+~a

WNa (ag/c, \/q—/c, Vaq, q\a; D,

(amq—@ __M;ql
1-Va

’ y

(4 c

2Va (aq/c,—\[qt/c,\fc?q_,—q\];;q) )

[Verma and Jain [7; (4.4)]]

a,qNa, g " q:-q"
3P,

\[;,aqn+l

1+Va (aa-1;9), +1_\/; (ag-1;9),
2 (Nag-Vag;q), 2 (a,-qa:q),

[Verma and Jain (7; (4.2)]]

a,qVa,q " q-q" "}
3P,

\/’;‘aqn+l

1371

)

. (8

. 9)

.. (10)
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1+Va (aq,.-1:9), 1-+g (aq,-1;9),
T 2Va (:Jaq—Qaq;q)n+ 2a (Qa,—aa;q)n'

[Verma and Jain {7; (4.6)]]

—n n+1/2
a,q ;49,—q
0 ]

aqn+l

_1+Va (ag.-g; g),, +1-\/Z (ag.~Vq; ),
T2 (Nag,qVa;q),” 2 (Nag,-qla;q),

[Verma and Jain [7; (4.3)]]

24)1{ aq ™ q;_qn+3/2}

aqn+l

14Va @a-Vg q), 1_\g (aq.-q:q),
= 2Va (Naq,qVa:q),  2Va (Vaq,-qVa:q),

[Verma and Jain [7; (4.7)]])

3. MAIN RESULTS

In this section, we shall establish our main results.

If we put

(c. 4, 9), 1, (c.d; q),
u = V= 2 R o =
"~ (cdVq,q:q), " = ed Vg, 4: q),

and 6, =1 in Bailey’s transform (1.1) we get:

1 1 12-n -n . 2
(c.d; q), q2 ¢.d —5q 4 49

= D
By (chq,q;q),, 473 __ql—n lq1~n cdg
!d 3

[0 K

(Cd; 9),, (C, d’ - ‘[‘1_2 \j;)n

'l‘n
= (cd \]q;q)n (cd, vq)" @9, q2" [by (2.6)]

and

o (cVgq, dNg; q).,
%=q" 24’1( zﬁ’f’ﬁ) =q" ez D [by (4; 3.3.2.5)]

.. (11

.. (12)

.. (13)

.. (14)

.. (15)
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Now, from the formula

o0

Y at1= 2 B,
n=0

n=0

we get the transformation:

(c\/;,d\f&—;q)” @ c;iil/;_q;q - @ \/_6;1_’_\/2.3',6.,(1; \j;;ql/2 16
(cdVg, Vg q),, 2 1| cdVg 473 ql/4m’_q1/4@,cd ,

which gives the transformation of a Sallchiitzian ,&; series on base ql/ 2 into a , P, series on
base gq.

Again, choosing

(c.ds q), 1, (c.d;q),
U =———————v =q2", =
-1/2 1/2
" (cdg " g9, " " (cdq? g 9),

and 5n=q_" and proceeding as above we get:

- 1/2, 1/2 1/2 /2
(cdg "% 9 )y, (e, diq "), q"

= 7 21/
" dg V7 cdg 2;q)n(cdq 72 172, 172

(by (2.7)]

n

and

-172 ; -1/2,
_anled T dg TN q),

- 172 172
o q ),

n
’

- . [by 4; (3.3.2.5)].
(cq

Putting these values in the formula

Y, a,1= 2 B8,
n=0 n=0

and again making use of Gauss summation formula [4; (3.3.2.5)] we get the following transformation:

B\ V2 e - g Ned

- -1,2
(cq % dg "% q)., ed gl

, .. (7

cdg

= _1/2 _-172 2 172
(cdg "%q "9,

provided ¢ or d is of the form ¢ .
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Choosing
(c,d; q), L, (c,d; q), 5 =1

U =—————oy =q2". o = - 5 =

" (g cdg"”% D, " g, dg Vg, "
in (1.1) and making use of (2.8) and [4; (3.3.2.5)], we get

& ¢,d Ned, —cd
4*3 qu—l/Z,ql/4\[cg 1/4\[— 1/2
172 172
_cq’"dg" % q),, cd ;g9 (18)
@2 cdg"% g 7 '\ cdg 1

provided ¢ or d is of the form g "
Choosing
- 172 172
(@.cq9,q P (" "/c;q),  (ag"7/c;q),

Q=— ' u = LV =
(ag/c,q:q), " " " (g9, " (aq; 9),,

and proceeding as above we get by making use of (2.9)

ﬁg_\/_;. l (ag/c,g,__@’_ﬂl@;ql
1-Va

12
/’ b4 b b
1+Va [aq 1 e e ¢ ¢
b= a (g, ag/c,Naq, qNa;q), ~ 2¥a  (q,aq/c,~ag, -qa; q),

and

s Do
172

(cq‘/z, acql/z; q)., (aq
. [by 4; (3.3.2.5)].

‘y =
" (hagig.  (acg'%g),,

oo o

Putting these values in Z B,é,= 2 a,y, we get :

n=0 n=0
3/4

172,
(cq acq ' Do .| @6 q1/4 \}a/c,—ql/4 \Ia/c,q3/4 \Ja/c,——q3/4 Va/c;%—
’ . 6 5 .
(* agq; Deo ag/c, ¢ Nac, - 7" Nac, ¢4 ac, - g/ *Nac

_1+va ¢[ ag'’?/c, I/Z,W/C,q\lz/c;cz]
= 4P \/—q

2Na ag/c,Naq, gNa
1-Va adV’Yc. V2 —aa/ —qVa/c; 2

N @ q’'"/c,q ", -Naq/c,-qa/c; c” | (19
Na 4 3[ aq/c,-aq, - q\a (19

provided 1 g/ %1<lcl<1.
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Taking

1 1
u = V=
" g9, " (g9,

@ qla; q), n
n(n—l)/2 - . aq
Gaga, ("""2"’)"[91/92)

and making use of (2.10) we get:

1 [H\/; (ag,-1;9), 1-vz (ag.-1;9), ]

Pu= (g,a9:9),| 2 (Vag, —ag; 9), ¥ (Vag, —ag; Dy

and

3 (aq/py> aq/py; 9).,, Py P2 9), aq '
"= ag, aq/ Py Py 9., (@q/Py,a9/Py; @), | P P,

Putting these values in (1.1) we get :

(aq/py, a4/Py; 9)... a,qla, p\, py: 4; aa/py P,
(ag, ag/p, Py @), 4 3| Va,aq/p,,aq9/p,:q

1+a Py Py—liagpipy | 1-va Py Py —1:a9/py, py
= . +— , .. (20
2 2[ Vag, ~Nag 372 Va,-qVa (20)

provided lag/p, p,1<1,1gl<1.
Choosing

u = 1 v = 1 o =(a,q\fa—;q)n n(n+1)/2
" @, " g, " (gVa:9),

]
and J, = (py, Py; 9),, [fqlg] and proceeding previously we get :

B, =

1 |1+Va (aq.-Lg), 1_«/2 (ag,-1;9),
(q,aq,q) 2Va. (Vaq,—agq; D, T e (Va,-gqVa; Dy

[by making use of (2.11)]
and

_ (aq/py, aq/py; 9)... (P Py Dy, aq '
"= ag, aq/py Py D (@9/P1,99/Py; Dy | P1Py |

[by 4; (3.3.25)]
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Putting these values in (1.1) we get the transformation:

(aq/py, aq/ Py; @), o.| @ qa, p;. py q; aqz/Pl P,
(aq, aq/p,py; 9).., 4731 \a, aq/py, aq/py; q

_1+Na | aq,py,pp-15a9/p) py
Na 43| Vag,-agq,aq

1-a l: aq, Pl,Pz,—];aq/sz:l @1

+—T— )]
2 a 473 \j;,—q\/a_,aq

provided lag/p, p,<1,igl<1.
Taking

2 .
1 @a,d L (a
Do, " g, " Go, and 8, = (b, c;q), | 3

and proceeding previously we get:

B 1 l'1+\/:1- (aq’-\lzl—;q)n 1-Va (aq’_\jq_;q)n

= by (.12
@aq:),| 2 Vag qlaiq), 2 (*/a—q,—q\/?;q)J[Y( )

and

(ag/b,aq/c;q),, (b, c;q), (ﬂ
Y=

g
" (aq,aq/bc; q),, (ag/b,aq/c; q), | be ] [by 4; (3.3.29)]

Putting these values in (1.1) we obtain:

(aq/bs aq/C; q)ao a, b’ c ) q; y—3/2
“aq/bc; 3% bc
(ag, aq/bc; q),, aq/b, ag/c; q

_1+Va b,c,-Nq;q,aq/bc ), 1-Va b,c,~g; g; ag/bc
= ) 3¢2( _@,q‘\/zq +—‘—2 3¢2 \j;;’_q_\/zq , . (22)
provided lgl< 1 and lag/bcl< 1.
Finally, taking

B S B e
" g9, " @9, " (¢9,

and

5,,= P> Py D), [;?%;j‘
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and doing all as in previous cases we have :

o1 1+Va (ag.q\a;q), 1-Ya_(ag.-g:9), }

@.aq:9),| 2Na (-Vaq,qa;q),  2Va (ag,-qVa; q),

[by making use of (2.13)]
and

y _ (aq/pI’ aq/pZY q)‘x, (Pp p2’ ‘I),, aq *
" (aq,aq9/p1py; 9).. (aq/py,aq/Py; q), | PP,

[by 4; (3.3.25)]
Now, making use of (1.1) we obtain:

P
" P1Py

aq/py, aq/py; q

1 +Va pl,pz,—~\lq',aq/p1 o
= .
2Va 372 —Vaq,q\}a

1-Va Py Py = \g; aq/P1P2
- 3P,

(aq/py, aq/py; 9., ® a, pi, Py
(aq, aq/pPy; Q).

Na Vag.— q\a . (23)

provided | g1<1,1aq/p, py1<1.
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