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In this paper we conside:r the classes Ty, p— () of functions
f(2) = 2P 4+ ape 2P¥ + agp 7Pttt

regular in the unit disc E and satisfying

+p-1 £y
Q’;uz;)—_f)->a,0<¢< 1,z EE
=P .
where Dn+p-1 f(z) = (T——Z)’E" « f{z). It is proved that

Tn+17(°‘) C an—l(“)-
f'2)

Since T,(w) is the class of functions f(z), with Re Pl

> « all functions

in T,;p-;(2) are p-valent.

1. INTRODUCTION

Let A(p) denote the class of functions
J(2) = 2% + ap 27 4 apzrt? L

P a positive integer which are regular in the unitdisc E={z : |z | < 1}. Let

©
f@ =2+ T apnzrtn
n=1

©
g(z) =z + X byynzrtn

n=

(L)

belong to 4(p). We denote the Hadamard product or the convolution of fand g by

o0
(f »g)(2) =zr + 21 Ay ynbpynz?o.
n=

In this paper we shall prove that a function f € A4(p) and satisfy one of the

conditions

R (D))

pzﬁ“l

>u,0La<cl,zEE .

(1.2)
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n any integer greater than p, where ()’ stands for the first derivative and

44
*

Dris @) = =gy

7@ (1.3)

is p-valent in E. We denote by Ta,,_1(x) the classes of functions f(z) € 4(p) and
satisfying (1.2). It is easy to see that

2DmP1f(2)) = (n + p)Drivf(z) — nDrtr-1£(z), .(1.9)

Using (1.4) condition (1.2) can be re-written in the form

Dn+pf(z) Dn+p—1f(z)
Re {(n + p) v T n 729 } >ua, z€FE ...{1.5)
We shall show that
Tn+p(d) C Tn.*.p_l(a). ...(1.6)

Since T,(«) is the class of functions which satisfy the condition
f(2)
Re p—zﬁ > o > 0
and we know from (Umezawa 1957) that such functions are p-valent, the p-valence
of functions in Tuyp_s(z) follows from (1.6),

By putting p = 1, we shall get the criteria for univalence.

2. THE CLASSES Tnip-1(2)

Theorem 1 — Tnyp(e) C Taypa(e), 0 < o < 1, nis any integer greater than p.
We need the following lemma due to Jack (1971).

Lemma 1 — Let w(z) be non-constant and regular in |z | < 1,w(0) = 0.

Then if | w(z) | attains its maximum value on the circle |z | = r < 1, at z,, we
can write

ZgW'(z) = kw(z,)
where k is a real number greater than or equal to one.

Proof of Theorem 1| — Let f(z) € Tay(e). Define a regular function w(z) in E
such that w(0) = 0, w(z) £ —1 by

1+ (2 — 1) w(z).

(3 + p) D2 f(2) — nDmo f(2) = pzr — T (21)
Differentiating (2.1), we get
DfE) _ 1+ Qe =D wE) Al —w) zw(z) 22

pzrt 1 + w(2) n+p (1 + wz))
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We claim that | w(z) | < 1 forallz € E. For, otherwise, by Lemma 1, there
exists a z,, | z, | < 1 such that
zow'(2g) = kw(zy) «(2.3)
with | w(z) | = 1and k > 1. '
(2.2) in conjunction with (2.3) gives

(Dmof(zy)) _ 1+ Qe — Dw(zg) Al — ) kw(zo)

p’p—l 1+ w(z,) n+p (I + w(zo))z'
“0

.(2.4)

1 4+ Qe — 1) w(zy) _ . w(z,) . L.
L+ (z) =a,k > 1 and w——%—— is real and positive

(1 + w(zp))
- ’
(D72 f(zoh) < «. This contradicts the hypothesis that f(2) € Tuii(x).
pzg

Hence | w(z) | < 1, z € E and it follows from (2.1) that f(z) € Tap-a(a).

Since Re

we see that Re

Theorem 2 — Let ¢ be any real number greater than p. If f(z) € Tuypalw),
then

c+p
zc

F(z) = te 1 f (1) dt € Tpypa(n), forec 4+ p > 0.

o&_—-—n,

PrRooF : One can easily verify that the function F(z) satisfies
Z(Dwe-1F(z)) = (p + c) Dvtr-1f(z) — cDre-1F(z). ...(2.5)

Define a regular function w(z) in E by

(D"+:,:f(2)) —p I+ 1(2:- ;}(2 w(z) . (2.6)
Obviously w(0) = 0, w(z) = —1forz € E.
Using (1.4), (2.6) can be re-written as

(1 + p) DVoF(z) — nDmoIF(R) = po ~E DO @)
Differentiating (2.7) and using (2.5), we get

(Drtr1f(z) 1+ Qe —~Dwz _ 21 —a) zw'(2) (2.8)

pzrt 1 4+ w(2) p+ec I+ w(z))z'
Now proceeding as in Theorem 1, we can show that F(z) € Thyp-a().

Theorem 3 — Let f(z) € A(p) and satisfy the condition

(Dt f(2)Y 1 — a)
Re w1 >~ 25+t cp

c+p>0.
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Then the function

Fz) = j 11 f(1) dt € Trspr(a).

The proof of this theorem is similar to that of Theorem 2 and so we omit it.

Corollary 3(a) — By putting n 4+ p=c =1 anda = 0 in Theorem 3, it
follows that if f(z) € A(p) and satisfies the condition

f(2) 1
Re o1 ™ ~ 2p 1)
then
F'(z)
Re P >0

and hence F(z) is p-valent in E.
Corollary 3(b) — Takingn 4+ p = ¢ = l and « = 1/2p + 3), we see that if

Re fz(z) F'(z) - 1

> 0, then Repw_ T

Remark : By taking p = 1 in Corollary 3(a) and Corollary 3(b) we get the
following results :

(i) Re f'(z) > — } implies Re F'(z) > 0 ;
(i) Re f'(z) > O implies Re F'(z) > $.

Both these results are extensions of an earlier result due to Libera (1965) viz.;
Re f'(z) > O implies Re F'(z) > 0.

3. CONVERSE OF THEOREM 2

In this section we prove the converse of Theorem 2.

Theorem 4 — Let ¢ -+ p > 0 and f(z) be defined by

F(z) = j te"1f(e) dt,c +p > 0.
0

If F(2) € Tuyp-1(2), then f(2) € Tn_H,_.](oc) in]z]<j T prj_—f_%?——- The result

is sharp,
PROOF : Since F(z) € Tnyp(a), we can write

Z(D™2-1F(2)) = pzp [ + (1 — ) u(2)] ...{(3.1)
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where u(z) € P, the class of functions with positive real part in the unit disc E and
normalized by #(0) = 1. We can re-write (3.1) as

(n 4+ p) Dnt?F(z) — nDntr1F(z) = pz# [a + (1 — a) u(2)]. ..(3.2)

Differentiating (3.2) and making use of (2.5) we get after a simple computation

(Dr+etf(2)) o ,
(T -“) (A -yt =uz) + = (). .(3.3)
2
Using the well-known estimate | zu'(z) | < ; Rew(z), | z| = r, (3.3) yields
Dnte-1£(2)Y 1 2r

Rc{((ﬁp—_{—(—)l—a>(l——oc)—l}>(l~—ﬁl )Re u(z).
...(3.49)
The right-hand side of (3.4 tive if —p—+c—Th It i
e right-hand side of ( )1sposxxve1r<1+J(p+C)& e result 1s

sharp for the function f(z) defined by

f(2) =

zl—e ,
5 (@)
where F(z) is given by

(D P-1F(z)) = pzv-? (1 + (2a '—___]_)_ZJ).

1 +z
Corollary 4(a) — By Puttingn + p = 1 and « = 0, we see that if

F(2)

pz 2P—1

f() ptce
1+ Adp e+ 1

Re

By putting ¢ = I, we get the result obtained by Goel (1972).

REFERENCES

Goel, R. M. (1972). On radii of starlikeness, convexity, close-to-convexity for p-valent functions.
Arch. ration. Mech. Analysis, 44, 320-28.

Jack, L. 8. (1971). Functions starlike and convex of order «. J. Lond. math. Soc. (2), 2, 464-74.

Libera, R. J. (1965). Some classes of regular univalent functions. Proc. Am. math. Soc., 6, 755-58.

Umezawa, T. (1957). Multivalently close-to-convex functions. Proc. Am. math. Soc., 8, 869-74.



