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In this .paper, we mainly prove the following: (1) Let X be the inverse limit of an inverse system

{Xa,n;,/\} and let the projection 7, be an open and onto map for each ae A, if X is | Al-paracompact and

each X, has the property P, then X has also the property . (2) Let X= [] X, be | Z|-paracompact, X has
' oel

the property P iff [] X, has the property P for each Fe [Z]°“. Where P denotes one of six properties:

oe F

almost expanability, almost 6-expandability, almost o-expandability, almost discrete expandability, almost discrete
6-expandability; almost discrete cg-expandability.

Key Words : Almost Expandable; Almost 6-Expandable; Almost o-Expandai)le; |Zl-Paracompact; Countable
Paracompact

In 1990, K. Chiba proved the following: Let X be the inverse limit of an inverse system
{ Xa, ﬂ:g,A} and let the projection mq be an open and onto map for every ae€ A, if X is
| Al-paracompact and each Xg is normal (paracompact, collectionwise normal, metacompact,
subparacompact, submetacompact, paralindelof, metalindelof, oparalindelof, o-metacompact,
shrinking, property B), then X is normal (paracompact, collectionwise normal, metacompact,
subparacompact, submetacompact, paralindelof, metalindelof, o-paralindelof, &-metacompact,

shrinking, property B). On the basis of this, various people ask:

Question — Are there similar results about two classes of both almost expandable spaces
and almost discrete expandable spaces?

In this paper, we positively answer the above question. Using this, two groups of
characterizations of infinite Tychonoff products of almost expandable s'paces and almost discrete
expandable spaces under the condition of |Xl-paracompactness. And we also show that almost
6-expandable spaces, almost o-expandable spaces, almost discrete 6-expandable spaces and almost
discrete o-expandable spaces have respectively similar results.

We use that Ny(x) denotes the neighborhood system of a point x of a subspace Y of a

space X. Expectly, N(x) denotes Ny(x) when Y=X;IA|, clA, IntA and A® denote respectively the
cardinality, the closure, the interior and the complementary set of a set A; (1), and (U)ls denote

respectively {Ue U:xe U} and {U NA:Ue "U}; ® and [Z]°? denote, respectively, the first
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infinite ordinal number and the collection of all non-empty finite subsets of a non-empty set . And
assume that all spaces are Hausdorff spaces throughout this paper.

Definition 1 — Let x be a cardinal number, A space is K-paracompact iff its every open
cover U of cardinal | U1<x has a locally finite open refinement; A space is | X |-paracompact iff
it is x-paracompact, where x=|Z1.

Definition 2 — A space X is said to be almost expandable if its every locally finite closed
family {F¢: Ee Z} has a point finite open family {Uz: e E} such that Fgc Ug for every e E;
A space X is said to be almost @-expandable (respectively almost c-expandable) if its every locally
finite closed family {Fg:&e Z} has a sequence ({ Une:ée E})ne w of open families of X such
that Fec Up ¢ for every € E and every ne @ (respectively Fec () Un¢ for every &€ E).

ne w

Definition 3 — A space X is said to be almost discrete expandable if its every discrete
closed family {Fg¢:&e Z} has a point finite open family {Ug: &€ E} such that Fgc Ug for every
(e B, A space X is said to be almost discrete B-expandable (respectively almost discrete
o-expandable) if its every discrete closed family {F¢:£e E} has a sequence

({Ung:E€ E})ne w open families of X such that Fgc Un¢ for every £€ Z and every ne

(respectively Fec \J Un¢ for every e E)

ne @

The following are main results and the proofs of this paper.

Theorem 1 — Let X be the inverse limit of an inbverse system {Xa, n'g, A} and let the
projection g be an open and onto map for each o€ A. Suppose X is | Al-paracompact. If each
Xa has one of the following properties, then X has also the corresponding property.

(1) almost expandabiliry.

(2) almost G-expandability

(3) almost O'-expandability.

PROOF : Let {F¢:&e E} be a family of locally finite closed sets of X. For every ae A,

put Ug= \ {U : U is open in X¢ and l{ée E‘.:fr;l(U)r\Fgatq)} < w}, then

-1 - —
(a) {n:a Uw):ae A} is an open cover of X and n'al (Ua)Cﬂ'ﬂl (Up) for every a<p.
In fact, for every x € X, there is some We N (x) such that {ﬁe E:WMN Fex ¢} is a finite
set. By [2, 2.5.5 Proposition], there are both a e A and an open set U of X4 such that
- 1
{ée E:ng (U)mFg#q)}

-1 -1
U 7a (Ua)=X. Next, for every xe ma (Uq), there is some open set U of Xy such that
ae A

xe n&ll(U) and ' {{e E:n&l(l})mF§¢¢}

-1 . - -
xenma ()W, ie., <@ then xe Ttal(U)Cn'al(Ua). So,

<o ie., l{ges:(zﬁ)“‘(wmrg¢¢}l<m
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since x€ Ty (U)=7t[—31 (71’:;3,)'1 (), hence xe nBl (Up).

By [1, Lemma 2], there is an open cover {Wy: ae A} of X such that

(b) cl Wac n:xl (Ug) if every e A, and Wpe Wg for every a<f.

" Pick Ta=Xa— o (X—cl Wg) for every a€ A, then Ty is a closed set of X and To < Up.

Again pick Cq=Int 71:5,1 (Te), now we prove:

(¢) {Ca: oxe A} is an open cover of X.

For every x € X, there is some @€ A such that x € Wy since {Wg: oxe A} covers X. There
exist Be A and an open subset V of Xg such that x e 71:231 (V) c Wa. Pick ye A satisfying y2 o
and y2>f, then xe Cy To show this, we only assert that nﬁl (V)Cﬂf;/l (Ty). In fact, if there is
some y=(yOsecA € 75231 (V)—7z:7—/1 (Ty), then yge V and yye my(X-clWy. There is some
z=(z8)6e A€ X—clWy such that yy=my(z)=2zy i.e., yp=7r/73(z7). So, ze n;_/l (71%)‘1 W c
Wac Wy since yge V. and zye (1r%)’l (V). This contradicts to ze X—cIWy Thus
xXe€ lz:B1 (V)cﬂ:;l (Ty), then x e Cy.

By | A l-paracompactness of X, there is a locally finite open cover {Oq: € A} of X such
that

(d) Oqc Cq for every e A

Define Fo = {Tam crg(Fo:Ee E} for every @€ A, then

() Fa is a locally finite closed family of Tq.

In fact, for every ye Toqc Uq, there is some open set U of Xq such that ye U and

l{ge E.:n:xl(U)mFgatq)}

< @, then

{ge E:n;l(U)mFg;up}:{ge E:Umna(Fg);tq)}
since 7o lm, () NFA=UN 1, (Fp) for Ue Ny (). So,

< Q.

|{J,‘e E:Umna(Fg);tgb}

Again since {§e E: UmTamclna(Fg);tq)}c{&e E:Umlra(Fg);tgb}

then Jo is a locally finite family of closed subsets of Tg.
PROOF OF (1) — Assume that each Xa is almost expandable, then so is T, since any closed

subset of almost expandable spaces is almost expandable.There is a point finite open family
{Vaé;:ﬁe E'.} such that

(1f) Ta N cl ma Fec va £ for every Ee E.
We put



582 ' ZHU PEIYONG

We= ) [OaM ! (Va ), then
ae A

(1g) Fec We for every £e E.
-1
In fact, for every x € F¢, there is some @€ A such that xe Oqgc Cac o (To), then
xa= g (x) € Ta M Ta (FO C Vot
-1 .
So, x€ m, (Vag) MOy We
(1h) {We:&e E} is a point finite open family.
In fact, for every xe X, we may let {a¢€ A:xe Oq} = {, a1, ..., O}, then
x€ OgC 7:&,1 (Te;) for every i<m

ie.x,=m, (x)e T, and {V, £ £ e A} is point finite in T,. Thus
Aiz{ e E:xe n:;l Vy 5)} is a finite set. It is easy to prove :

{EeE:xe Wejc U A

i<m
’ -1 .,
In fact, if xe W¢, there is € A such that xe Oa M\ o (Vag), then there is i<m such

that ¢=0 and x e x;,-l (Va; ), ie., x€ A

Therefore, X is a almost expandable space.

PROOF OF (2) : Let each Xo be almost B-expandable, since T¢ is closed in Xq, then the
locally finite closed family :Ta={Tamél na(Fe): Ee E} of To has a sequence
Van={Vtan:E€ E})ne o of open families of Ta such that |

2N Taclma(F) < Vean+1 < VEan for every £€ E and for every ne w, and

(2g) For every x € Tg, there is some ne @ such that 1<ord(x, Van) < 0.

Put Wen= U [Oa\ 7z (Vean)] and let Wy={Wzn:Ec E). Then
ac A

(2h) Fec Wep+1 < Wep for every £ E and for every ne .
Finally, we prove :

(2i) For every x e X, there is ne ® such that 1< ord (x, Wh) < @.
Pick xe X, let {ae A:xe Oa} = {0, 11, ..., 04} where ke . For every i<k, since

-1 .
x€ Oq,c Co C me; (Tey), there is nj€ @ such that 1< ord (xq, Voyn) < @ Let n’=max{ni:isk},
then

{eEixe Wewlc{&e Exge VEqm, Sk},
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In fact, if xe Wew= U [Oa(\7x (Vean)l, then there is o€ A such 'that

oe A

xe Ou\Ta (Vear). . We  have i<k  such  that  a=o  ie.,

-1 -1 .
x€ O\ Moy (VEoyn') €O M\ Tto;  (VEoyn). Thus, 1<ord(x, Wy)<w, i.e., x is almost

6-expandable.

PROOF OF (3) : If every X is almost G-éxpandable, then T¢ is almost o-expandable. For
- a€ A, the locally finite closed family Ta={ TaNclma(Fe):Ee E} of To has a sequence

(Van={Vean:E€ Z)ne » of point finite open families of Tq satisfying :

3 TaNclma(FOc U Vean for every € E.

ne @

_ i _
We put W§n= v 0O,Nr, (V!,‘an)] for every £e =..
ae A

By using the way of (1i) and (1j), it is easy to prove the following :
(3g) Fec \ Wey for every E€ E., and
ne w
(3h) {Wen:Ee E} is point finite for every ne @.
So, X is almost o-expandable. O
Theorem 2 — Let X be the inverse limit of an inverse system (Xa, ﬂg, A} and let the

projection Tta be an open and onto map for each o€ A. Suppose X is | Al-paracompact. If each
Xa has one of the following properties, then X has also the corresponding property.

(1) almost discrete expandability.

(2) almost discrete G-expandability.

(3) almost discrete O-expandability.

PROOF : Let {Fg: e E} be a family of discrete closed sets of X. For every a€ A, we put
Uag='U {U : U is open in X¢ and It;l (U) M Fe+ ¢ for at most one £}.

then it is easy that we prove (1), (2) and (3) by the way of Theorem 1. O

Now we use that P denotes one of six properties: almost expanability, almost @-expandability
and almost o-expandability, almost discrete expandability, almost discrete 6-expandability, almost
discrete o-expandability, then the following hold :

Theorem 3 — Let X = H Xo be | X |-paracompact, X has the property P iff H Xo has
cel oe F

the property P for each Fe [Z]°%.

PROOF : (& ) When IZI< @, it is obvious that X = H Xo has the property P since
o€l

F=Xe [Z]°“ Without loss of generality, we suppose | X!2>w. Define the relation <: F<E if and
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only if FcE for any (F,E)e [I!‘.]“"X[Z]< ® Then [Z]<w is a directed set on the relation <. Let

us put XF= H Xs for every Fe [Z]°“ and define the projection :
oe F

ng':XE—>XF when F<E, where nﬁ x)=(xg)oec F€ XF

for any x=,(xa)ae EE€ XE.

. E . ' E 1. .
It is easy to prove that mF is an open and onto map, then {XE, mF, [E1°?} is an inverse

system of spaces Xg with bounding maps 75:XE—>XF (E2F).

Let X’ be the inverse limit of the inverse system {XE, fcﬁ, [E]“"} by [2, 2.5.3 Example],

X’ is homeomorphic to X= H Xo .
ge X

Next, since Xp= H Xo has the property P for every Fe [Z]°% X’ has the property P
oe F

by Theorem 1 and Theorem 2. Hence, X = H Xo has the property P,
ce X

( & ) Assume that the product X = H Xo has the property P. For every Fe [Z]°?, pick
ogel

a point xge X¢o for every o€ X—F, then the closed subspace Yr= H Xox H {xa} of X
ceF gei-F
has the property P. Therefore, Xr= H Xo has the property P.
oe F ' O
Theorem 4 — Let X = H Xi is countable paracompact, then the following are equivalent:
iew .
(1) X has the property P.
(2) [ Xi has the property P for each Fe [E]°%.
ieF
(3) H Xi has the property P for each ne @.
i<n

PROOF : The equivalence of both (1) and (2) is direct by Theorem 3. (2) = (3) hold trivially.
Now we prove (3) = (2)

In fact, for every Fe [E]°®, we may assume m = max F since F# ¢. We pick some

*0€ Xo when G€ {0,. 1, .., m} - F, then [ Xox I1

{xc} is a closed
GeF oe(0,1,...m)—-F

set of [ Xi. So, [] Xi has the property .
i<m ie F D
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