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The concept of derivations as well as of generalized inner derivations (i.e. 1, y(x)=ax+xb, for fixed a.be R)

have been generalized as : an additive function F: R — R satisfying F (xy) = F (x) y+xd (y) for all x.y € R. where
d is a derivation on R. Such a function F is said to be a generalized derivation. In the present paper we have
discussed the commutativity of prime rings admitting a generalized derivation F satisfying F ([x, y]) =[x, y] for
each pair x, y of elements in a specified subset of R.
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1. INTRODUCTION
Let R denote an associative ring with center Z(R). For any x,y € R, the symbol [x, y] stands for
the commutator xy — yx and the symbol x oy denotes the anticommutatr xy + yx. Recall that a ring

R is called prime if for any a, b€ R,aRb=(0) implies that either a = 0 or b = 0. An additive
mapping d: R — R is called a derivation if d (xy) =d (x) y +xd (y) holds for all x,y€ R. For a fixed
a€ R, the mapping I :R— R given by I (x)=[a,x] is a derivation which is said to be an inner

derivation.
An additive function F, ,:R— R is called a generalized inner derivation if F, , (x)
= ax+xb for some fixed a,be R. It is straightforward to note that if F, , is a generalized inner

derivation, then for any x,ye R

Fa,b(x)’)=Fa,b(x))’+xb’,b]

F, , ) y+xl, )

where [, is an inner derivation. In view of the above observation, the concept of generalized

derivation is introduced as follows : an additive mapping F : R — R is called a generalized derivation
associated with a derivation d if F (xy)=F (x) y +xd (y) for all x, y € R. Generally, we do not mention
the derivation d associated with a generalized derivation F; rather we prefer to call F simply a
generalized derivation. One may observe that the concept of generalized derivation includes the
concept of derivations and generalized inner derivations, also of the left multipliers when 4 = 0.
Hence it should be interesting to extend some results conceming these notions to generalized
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derivations. Recently, some authors have also studied generalized derivations in the theory of operator
algebras and C*-algebras (see for Examples’ 8). In the present paper we shall attempt to generalize

some known results for derivations to generalized derivations.

Throughout the present paper we shall make extensive use of the following basic commutator
identities without any specific mention :

by, Zd=x. 2+ 2y [xyzl=yx 2l +[x, ¥l z

xo(2)=(xoyY)z—=yx,dd=yxo)+[x,¥y]2

(ez=xo)—[x.2dy=(xo2)y+x[y z].
The proofs of the following results can be seen in [2, Lemma 3] and [11, Lemma 3]
respectively.

Lemma 1.1 — Let R be a prime ring and I be a non-zero right ideal of R. If d is a nonzero
derivation on R, then d is nonzero on I.

Lemma 12 — If a prime ring R contains a nonzero commutative right ideal, then R is
commutative.

2. COMMUTATIVITY OF RINGS ADMITTING GENERALIZED DERIVATIONS

During the past few decades, there has been an ongoing interest concerning the relationship between
the commutativity of a ring and the existence of certain specific types of derivations of R. In the
year 1992, Daif and Bell® established that if in a semiprime ring R there exists a nonzero ideal /
of R and a derivation d such that d ([x,y])=[x,y] for all x,ye I, then I < Z (R). It is natural to
ask what we can say about the commutativity of R if the derivation d is replaced by a generalized
derivation F. In this direction, we succeeded in establishing the following result for prime rings.

Theorem 2.1 — Let R be a prime ring and I a nonzero ideal of R. If R admits a generalized
derivation F associated with a nonzero derivation d such that F ([x,y])=[x,y] for all x,y e I, then

R is commutative.
PROOF : We may assume that F is nonzero, otherwise / is commutative and so is R. For
any x,ye I, we have F ([x,y])=[x,y], which gives
Fx)y+xd y)-F@)x—yd(x)-[x,y1=0, for all x,ye L .. (D
replacing y by yz in (1), we get
Fx)yz+xd (y) 2+ xyd () - F () 2x - yd (2) x - yzd (x) =y [x, 2] - [x, y] 2= 0.
Using (1) to substitute for F (x)y in the above equation, we obtain
FO)xz+yd(x)z+xyd (2)—F () x—yd (2) x - yzd (x) -y [x, 2] = 0.
This can be written as

FO)Ix.2d+yd @), 2] +x,y)1d (@ +y[x. d@)] -y [x, 2] =0, for all x,y.ze l. .. (2)
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Again replacing z by zx in (2) we obtain
F) I[x, 2l x+yz[d (x), x] +y [d (x), 2] x + [x, y] d(2)x + [x, y] zd(x)
+ ylx, dDx+yz[x, dx)]+yx,z21d(x) -y [x. 21 x=0, for all x,y.z€ /.
which when compared with (2) yields
[x,y] zd(x) + y[x, 2] d(x) =0, for all x,y,z€ L .. (3
Finally, replacing y by y; y in (3) we obtain [x,y;]yzd (x)=0 for all x,y,z€ I, and hence
[x, y11 yRId (x) = (0) for all x,y,ze I. Thus, primeness of R forces that for each x € / either Id (x)
= (0) or [x,y;]y=0. The set of all x e I for which these two properties hold are additive subgroups

of ! whose union is /; therefore, Id (x) = (0) for all xe I or [x,y;]y=0 for all x,y,,ye l. If Id

(x) = (0) for all xe I, then by Lemma 1.1, d = 0, a contradiction. On the other hand if
[x,y11y=0 for all y,y, €I, this gives [x,y;] RI=(0); and since R is prime and /#(0). we get

[x,y;]=0 for all x,y, € I. Hence by application of Lemma 1.2, R is commutative.

A slight modification in the proof of the above theorem yields the following :
Theorem 22 — Let R be a prime ring and 1 be a nonzero ideal of R. If R admits a

generalized derivation F associated with a nonzero derivation d such that F ([x,y])+[x,y]=0 for

all x,ye 1. then R is commutative.

If we replace the commutator by anticommutator in the above theorem, then also the result
holds.

Theorem 2.3 — Let R be a prime ring and | be a nonzero ideal of R. If R admits a

generalized derivation F associated with a nonzero derivation d such that F(xoy)=xov for all
x,y€ I, then R is commutative.
PROOF : For any x,ye I, we have F(xoy)=xoy. If F = 0, then xoy=0, for all x,ye 1.

Replacing y by yz and using the fact that xy = —yx, we find that y [x, z] = O for all x,y,z€ [ and
hence IR[x, g = (0) for all x,zel. Since I#(0) and R is prime, we get [x, z] = 0 for all
,z€ I, and hence by Lemma 1.2, R is commutative. Henceforth we assume that F#0. For any

x,y€ I, we have F(xoy)=xoy This can be written as
F@)y+xd)+F@)x+yd(x)—xoy=0, for all x,ye I .. (4)
Replacing y by yx in (4), we get
F(x)yx+xd(y)x+xyd(x)+F(y)x2+yd(x)x+yxd(x)—(xoy)x=0 for all x,ye [,

Application of (4) gives
(xoy)d(x)=0, for x,ye 1.
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Replacing y by zy in the above expression. we get [x, z] yd (x)=0 for all x,yz € I, hence
[x, z] IRd (x) = (0) for all x,z € I Thus, primeness of R forces that for each x € I either d(x) = 0 or
[x, 2§ I = (0) for all ze I. The set of xe I for which these two properties hold are additive
subgroups of I whose union is I, and therefore d(x) = 0 for all xe I or [x, z] I = (0) for all
x.ze l If dix) = O for all xe I, then by Lemma 1.1, d = 0, a contradiction. On the other hand
if [x, 21 1 = (0) for all x,ze I, [x, z] RI = (0). Since I#(0), we find that {x, z] = 0 for all
x.z€ 1. By the application of Lemma 1.2, R is commutative.

Following on the same lines as above with necessary variations, we can prove the following:

Theorem 2.4 —Let R be a prime ring and I be a nonzero ideal of R. If R admits a

generalized derivation F associated with a nonzero derivation d such that F (xoy)+xo0y=0 holds
for all x,ye I, then R is commutative.

The following example shows that in the hypothesis of Theorem 2.1, if we replace the prime
ring by a semi-prime ring, then R may not be commutative, even for an ordinary derivation.

Example — Let R; be an integral domain admitting a nonzero derivation d; and R, be
any non-commutative prime ring with nonzero derivation d,; Let R=R; ®R, and F=d, ®d, is a

derivation on R. The semi-prime ring R satisfies the hypothesis of the Theorem 2.1. However, R is

not commutative,
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