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In this paper a theorem of Ozarslan® has been proved under weaker conditions by using a quasi S-power
increasing sequence instead of an almost increasing sequence.

Key Words : Absolute Summability; Quasi Power Increasing Sequence

1. INTRODUCTION
A positive sequence (b,) is said to be almost increasing if there exists a positive increasing
sequence (c,) and two positive constants A and B such that Ac, <b, < Bc, (see [1]). Let Za, be a
given infinite series with partial sums (s,). Let (p,) be a sequence of positive numbers such that
n

P,= Y Py—e asn—ow, (P_;=p_;=0,i21). )
v=0

The sequence-to-sequence transformation

n
1

Cn=p" Z PySy - (2
" v=0

defines the sequence (G,) of the N, p,) mean of the sequence (s,), generated by the sequence
of coefficients (p,) (see [5]). The series La, is said to be summable IN,p, |, k21, if (see [2])

Y P/p) 1AG, Fcw )

n=1
and it is said to be summable IN,pn; 6, k21 and 620, if (see [3])

Y P/p) 2 l1AG,  Feo, @
n=1
P c -
where Ao, == P" Y P, ya, n2l. . (5)
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In the special case when § = O (resp. p, = 1 for all values of n) IN, p,; 61, summability
is the same as | N, p, |, (resp. IC, 1; 61,) summability.
Quite recently Ozarslan® proved the following theorem for I N, p,; 81, summability factors of

infinite series.

Thereom A — Let (p,) be a sequence of positive numbers such that
P, =0 (np,) as n —>eo. .. (6)

Let (X,) be an almost increasing sequence and suppose that there exists sequences (Bn) and
(4,) such that

AA,I<B, )
B,—0 as n— e, . (8)
Y nlAB X, <ee, )
n=1
1A, 1X,=0(1) as n— o, .. (10)
Sk

o0 dk~1

P P

If P L _oi|z2| L . (11)

nevs1 \ Pn P, Py Py
m Sk-1
S ke

— s, ' =0(X,,) as m — oo, .. (12)
n=1 Pn

then the series X an An is summable | N, pn; 81k for k21 and 0< 6< 1/k.

Remark : It may be noted that, if we take (X,) as a positive non-decreasing sequence and
6=0 in this theorem, then we get a result of Bor* on I'N, p,, |, summability factors.

2. THE MAIN RESULT

The aim of this paper is to prove Theorem A under weaker conditions. For this we need the concept
of quasi f-power increasing sequence. A positive sequence (Yn) is said to be quasi B-power increasing
sequence if there exists a constant K=K (f,y) 21 such that

KnPy, 2mPy, , .. (13)

holds for all n2m2>1 (see6). It should be noted that the class of almost increasing sequences is a
strict subclass of the quasi B-power increasing sequences if f>0. So that every almost increasing
sequence is quasi -power increasing sequence for any nonnegative f3, but the converse need not be

true as can be seen by taking the example, say yn=n"ﬁ for B > 0. So we are weakening the

hypotheses of the theorem replacing an almost increasing sequence by a quazi B-power increasing
sequence. )
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Now, we shall prove the following theorem :

Theorem — Let (X,) be a quasi B-power increasing sequence for some 0 < B < 1. If all
the conditions from (6) to (12) are satisfied, then the series T ay, A, is summable |N,p,; 6, for
k21 and 0<6< 1/k

We need the following lemma for the proof of our theorem.

Lemma 7 — Under the conditions on (X,), (8,) and (4)) as taken in the statement of the
theorem, the following conditions hold, when (9) is satisfied :

nB,X,=0(1) as n— oo, .. (14)
Y B X, <. .. (15)
n=1

PROOF OF THE THEOREM

Let (T») denotes the (N, pn) mean of the series X an 4. Then, by definition and changing the order
of summation, we have

ll

n v n
'I;' Z 2 a,-li=-1%— Z (Pp=Py_1ayh, .
v=0 i=0 n v=0

Then, for n21, we have

Tn—Tn—l_P Pn-] UZIP ~1av

By Abel's transformation, we have

n-1
pn pn
T,,-T,,_l=_--——-Pnpn_1 vz_:l A(Pv_llu)sv+;,:snl,,
n-1 n-1

P
P P = 1 z} vavlv*'P P Z P SUAA“U*'———sn}'n

= Tn' 1+ T,,‘ 2+ T,,_ 3, say.

Since
IT, 1+ T, 2+ T, <3507, l|"+|T LT, b,

to complete the proof of the Theorem, it is enoixgh to show that

Y Pup) T, < forr=1, 2, 3. : . (16)
n=1
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Now, when k > 1 applying Hélder’s inequality with indices k and k', where -’lc-+%= 1, we

have that
m+1 m+1
Y e NT, s Y P T Pt
n=2 n=2
n-1 k
Y pylsyllidyl
v=1
m+1 n-1 | n-1 k-1
< 2 (P,,/p,,)ak—1 Isvlk|lvlk P Z Py
n=2 v=1 noloy=
m m+1 1
k k Sk-1
=0(1) Y pylsyf 14,5 Y Pypy P
v=1 n=v+1 :
m
=0() Y Py’ s, Kl 1A, !
v=1
m
=0() Y (Pypy®* s, K14,
v=1
m-1 v
=0() Y AlA,l Y, (P/pp®k s,
v=1 r=1
m
+ Oyt Y (Pyp® iy
v=1
m-1

O() Y 1AAIXy+0(1)IA,1X,,

v=1

-1
0() Y ByXy+0(1)IA,IX,
v=1

O(1) as m —» co,

bu virtue of the hypotheses of the Theorem and Lemma.

Since v B, = =0 (1/X,) by (14), using the fact that P,=0(vp,) by (6), and A, 1<B, by
(7), and after applying Holder’s inequality again, we have that
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m+1
2 (Pn/pn)8k+k-1 | Tn,2 Ik

n=2

n=2 v=1

m+1 n-1 k
<Y Pup) T P KLY PLIAL, s,

k
m+1 n-1
om Y (P,,/pn)‘”‘*‘(P,,_l)”‘[ Y vpvﬁvlsvlJ

n=2 v=1
m+1 -1
=0() Y Pyp’t ! —— 2 B pyl syl
n=2 "
k-1
X
m m+1 )
=0 ¥ Whpylsyl X Pup®t T 5
n-1
v=1 n=v+1

1}

o) Y B (Pypp’rtis,k

v=1

oM Y @B T (WBY Py sy Ik

v=1

m v
om Y awBy Y @sp)’ st

v=1 r=1
m-1 v

=om Y A@By Y @/ sk
v=1 r=1

m

OMympB, ¥ Pyp®*is,k

v=1

+

m-1

=0() Y 1A@WBYIX,+0(l)mB, X,
v=1
m-1 m-1

=0() Y vIABIXy+0(1) Y, Byi1Xys1 +O(M)mB, X,

v=1 v=1
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= O(1) as m — oo,

by virtue of the hypotheses of the Theorem and Lemma.
Finally using the fact that P, =0 (vp,) by (6), as in T, ,, we have that

m m

Y Pup) T, k=0 ) Y, Py T s, K12,

n=1 n=1
=0 (1) as m > oo,

Therefore, we get (16) and this completes the proof of the theorem.
If we take p =1 for all values of n in this theorem, then we get a new result concerning

the I1C, 1; 5lk summability factors.
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