Indian J. Pure Appl. Math., 44(2): 153-165, April 2013
c Indian National Science Academy
°

SYMMETRY GROUP ANALYSIS AND EXACT SOLUTIONS OF
ISENTROPIC MAGNETOGASDYNAMICS

B. Bira and T. Raja Sekhar
Department of Mathematics, National Institute of Technology Rourkela,
Rourkela 769008, India
e-mail: rajastungala@gmail.com
(Received 27 April 2012; accepted 12 July 2012)

In this paper, we obtain exact solutions to the nonlinear system of partial
differential equations (PDEs), describing the one dimensional unsteady simple
flow of an isentropic, inviscid and perfectly conducting compressible fluid,
subjected to a transverse magnetic field. Lie group of point transformations
are used for constructing similarity variables which lead the governing system
of PDEs to system of ordinary differential equations (ODEs); in some cases,
it is possible to solve these equations exactly. A particular solution to the
governing system, which exhibits space-time dependence, is used to study
the evolutionary behavior of weak discontinuities.
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1. I NTRODUCTION
Many flow fields involving wave phenomena are governed by quasilinear hyperblic
system of PDEs. For nonlinear systems involving discontinuities such as shocks
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we do not have the luxury of complete exact solutions, and for analytical work
we have to rely on some approximate analytical or numerical methods which may
provide useful information to understand the complex physical phenomena completely. Lie group of point transformations [1, 2, 3] is the most powerful method to
determine particular solutions to such nonlinear PDEs based upon the study of their
invariance. The invariance of the transformations allows to introduce a new similarity variable which reduces the number of independent variables by one. With
the help of similarity variables, we can reduce the system of PDEs to a system
of ODEs, which in general nonlinear. Applications of this method for unsteady
one dimensional problems may be found in [4]. A different approach has been
described by Oliveri and Speciale for unsteady equations of perfect gases and ideal
magnetogasdynamics equations using substitution principles [5, 6]. Sahin et al. [7]
have discussed Lie symmetry group properties and similarity solutions of gravity
currents in two-layer flow with shallow-water approximations. Similarity solutions for three dimensional Euler equations have been discussed by Raja Sekhar
and Sharma [8]. Radha et al. [9, 10] discussed symmetry analysis and obtained
exact solutions for Euler equations of gasdynamics and magnetogasdynamic equations. Lie group transformations for self-similar shocks in a gas with dust particles
have been discussed by Jena [11]. Raja Sekhar and Sharma [12] discussed the
evolution of weak discontinuities in classical shallow water equations. Evolution
of weak discontinuities in a state characterized by invariant solutions is given by
Ames and Donato [13]. Singh et al. [14] discussed self-similar solutions of exponential shock waves in non-ideal magnetogasdynamics. Solution to the Riemann
problem in magnetogasdynamics and elementary wave interactions in isentropic
magnetogasdynamics have been discussed by Raja Sekhar and Sharma [16, 17].
In this present paper, we consider nonlinear system of PDEs which governs
the one dimensional unsteady simple flow of an isentropic, inviscid and perfectly
conducting compressible fluid, subject to a transverse magnetic field. Lie group of
transformations method is used to obtain exact solutions of nonlinear PDEs. Usage
of similarity variable we reduce PDEs to ODEs and discuss the evolution of weak
discontinuities in the medium characterized by particular solution of the governing
system.
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2. L IE G ROUP A NALYSIS
The system of equations which governs the one dimensional unsteady simple flow
of an isentropic, inviscid and perfectly conducting compressible fluid, subject to a
transverse magnetic field in non-conservative form can be written as follows [17]:
ρt + uρx + ρux = 0,
w2
ut +
ρx + uux = 0,
ρ

(1)

√
where ρ is the fluid density, u is the velocity, w = b2 + c2 is the
qmagnetop
B 2 (ρ)
0
acoustic speed with c = p (ρ) as the local sound speed and b =
µρ the
Alfven speed; here prime denotes differentiation with respect to ρ. p and B are
known functions defined as p = k1 ργ and B = k2 ρ where k1 and k2 are positive
constants and γ is the adiabatic constant that lies in the range 1 < γ ≤ 2 for most
gases. The independent variables t and x denote the time and space respectively.
Here we investigate the most general Lie group of transformations which leaves
the system (1) invariant. Now, we consider Lie group of transformations with
independent variables x, t : and dependent variables ρ, u for the problem

t̃ = t̃(t, x, ρ, u; ²),

x̃ = x̃(t, x, ρ, u; ²),

ρ̃ = ρ̃(t, x, ρ, u; ²)

ũ = ũ(t, x, ρ, u; ²),

(2)

where ² is the group parameter. The infinitesimal generator of the group (2) can be
expressed in the following vector form

V = φ(1)

∂
∂
∂
∂
+ φ(2)
+ ψ (1)
+ ψ (2)
∂t
∂x
∂ρ
∂u

in which φ(1) , φ(2) , ψ (1) and ψ (2) are infinitesimal functions of the group variables.
Then the corresponding one-parameter Lie group of transformations are given by
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t̃ = t + ²φ(1) (t, x, ρ, u; ²) + O(²2 ),
x̃ = x + ²φ(2) (t, x, ρ, u; ²) + O(²2 ),
ρ̃ = ρ + ²ψ (1) (t, x, ρ, u; ²) + O(²2 ),
ũ = u + ²ψ (2) (t, x, ρ, u; ²) + O(²2 ).
Since the system of equations has at most first-order derivatives, the first prolongation of the generator should be considered in the form:
0

P r V = V + τtρ

∂
∂
∂
∂
+ τxρ
+ τtu
+ τxu
,
∂ρt
∂ρx
∂ut
∂ux

(3)

where
(1)

τtρ = ψt

(1)

(1)
+ ψρ(1) ρt + ψu(1) ut − ρt (φt + φ(1)
ρ ρt + φu ut )
(2)

(2)
−ρx (φt + φ(2)
ρ ρt + φu ut ),
(1)
(1)
τxρ = ψx(1) + ψρ(1) ρx + ψu(1) ux − ρt (φ(1)
x + φρ ρx + φu ux )
(2)
(2)
−ρx (φ(2)
x + φρ ρx + φu ux ),
(2)

τtu = ψt

(1)

(1)
+ ψρ(2) ρt + ψu(2) ut − ut (φt + φ(1)
ρ ρt + φu ut )
(2)

(2)
−ux (φt + φ(2)
ρ ρt + φu ut ),
(1)
(1)
τxu = ψx(2) + ψρ(2) ρx + ψu(2) ux − ut (φ(1)
x + φρ ρx + φu ux )
(2)
(2)
−ux (φ(2)
x + φρ ρx + φu ux ),

where the infinitesimals φ(1) , φ(2) , ψ (1) and ψ (2) can be obtained, using a straight
forward procedure outlined in [7, 8, 12] as follows
φ(1) = α1 t + α4 ,

φ(2) = α1 x + α2 t + α3 ,

ψ (1) = 0,

ψ (2) = α2 ,

(4)

where α1 , α2 , α3 and α4 are arbitrary constants. In order to reduce PDEs (1) to
a system of ODEs, we construct similarity variables and similarity forms of field
variables. Using a straight forward analysis, the characteristic equations used to
find similarity variables are
dt
dx
dρ
du
= (2) = (1) = (2) .
φ(1)
φ
ψ
ψ

(5)
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Integration of first order differential equations corresponding to pair of equations involving only independent variables of (5) leads to a similarity variable,
called η, which is given as a constant in the solution. We distinguish two cases:
Case I : φ(1) 6= 0, i.e, α1 6= 0 or α4 6= 0.
Case II : φ(1) = 0, i.e, α1 = 0 and α4 = 0.
In the former case, one obtains a non-homogeneous autonomous system of
ordinary differential equations if α1 = 0. Therefore, we distinguish the case α1 6=
0 and α1 = 0. The system of ordinary differential equations yield different type of
solutions corresponding to the following cases.
Case I : α1 6= 0 or α4 6= 0.
Case Ia : α1 = 0.
Case Ib : α1 = 0 and α4 6= 0.
Case II : α1 = 0 and α4 = 0.
This case corresponds to φ(1) = 0. We obtain from (5) that the similarity
variable is t.
Corresponding to the cases distinguished above, the dependent variables can
be found by integrating one of the two system of characteristic equations
dt
dρ
du
= (1) = (2) ,
(1)
φ
ψ
ψ
dx
dρ
du
=
=
.
φ(2)
ψ (1)
ψ (2)

After solving any of the system of equations, the solution contains integration
constants which are functions of η; these are new dependent variables, called R(η)
and U (η). In any case, substitution of new variables into (1) leads to a system of
ODEs with independent variable η.
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For Case Ia :
x+

α3
α1

α2 α4
α21
α4 2
α1 )
α2

−

α2
α4
ln(t +
),
α1
α1
α4
U (η) = u(x, t) −
ln(t +
), R(η) = ρ(x, t).
α1
α1
η =

(t +

−

(6)

Using the new dependent variables in (1), we obtain a system of ODEs, namely
α2 0
0
)R + RU = 0,
α1
α2
α2 0
0
)U + (k3 + γk1 Rγ−1 )R +
= 0,
(U − η −
α1
α1
(U − η −

where 0 denotes differentiation with respect to η and k3 =

k2
µ

is a constant.

The above system of ODEs can be solved numerically.
For Case Ib :
α2 2 α3
t − t and the new dependent variables
The similarity variable, η = x −
2α4
α4
α2
are U (η) = u(x, t) −
t and R(η) = ρ(x, t). Usage of these new dependent
α4
variables into (1) leads to the following system of ODEs with independent variable
η, namely,
α3 0
0
)R + RU = 0,
α4
α3 0
α2
0
(U − η −
)U + (k3 + γk1 Rγ−1 )R +
= 0.
α4
α4
(U − η −

Solving the above system of ODEs we obtain the solution of (1), as follows:

u(x, t) =

α3 α2
k4
+
t+
,
α4 α4
ρ(x, t)
k4
α3 k4
γk1 (γ−1)
+
+ k3 ρ(x, t) +
ρ
(x, t)
2
ρ (x, t) α4 ρ(x, t)
(γ − 1)
α2
α2 2 α3
+ x−
t −
t = k5 ,
α4
2α4
α4

where k4 and k5 are arbitrary integration constants.
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For Case II :
In this case the similarity variables is η = t and the new dependent variables
α2 x
are U (η) = u(x, t) −
and R(η) = ρ(x, t). Using the variables in the
(α2 t + α3 )
system of PDEs (1) which reduces to a system of ODEs given below:
α2 R
= 0,
(α2 η + α3 )
α2 R
0
U +
= 0.
(α2 η + α3 )
0

R +

(7)

Solving the system of ODEs (7), we obtain the following solution

ρ=

k6
,
(α2 t + α3 )

u=

(α2 x + k7 )
,
(α2 t + α3 )

(8)

where k6 and k7 are arbitrary integration constants. It may be remarked that the
state such as this, where the particle velocity exhibits linear dependence on the
spatial coordinate, has been discussed by Clarke [18], Pert [19] and Sharma et al.
[20]; Pert has shown that such a form of velocity distribution is useful in modeling
the free expansion of polytropic fluids, and is attained in the large time limit.

3. E VOLUTION OF W EAK D ISCONTINUITIES
The governing systems of equations can be written in the matrix form
Wt + AWx = 0

(9)

where W = (ρ, u)T is a column vector with superscript T denoting transposition,
2
while A is a 2 × 2 matrix with elements A11 = A22 = u, A12 = ρ, A21 = wρ . The
matrix A has the eigenvalues
λ(1) = u − w,
where w =

λ(2) = u + w

√
b2 + c2 with the corresponding left and right eigenvectors
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l(1) = [−w, ρ],

r(1) = [ρ, −w]T ,

l(2) = [w, ρ],

r(2) = [ρ, w]T .

(10)

The evolution of weak discontinuity for a hyperbolic quasilinear system of
equations satisfying the Bernoulli’s law has been studied quite extensively in the
literature [12, 15, 21]. The transport equation for the weak discontinuities across
the second characteristic of a hyperbolic system of equations (9) is given by
µ
¶
dW
(2) dΛ
(2)
l
+ (Wx + Λ)(∇λ )Λ + ((∇l(2) )Λ)T
dt
dt
+(l(2) Λ)((∇λ(2) )Wx + λ(2)
x )=0

(11)

where the coefficient matrix possesses two distinct eigenvalues λ(1) , λ(2) together
with four ¶linearly independent left and right eigenvectors, Λ = βr(2) and ∇ =
µ
∂ ∂
,
. For the system under consideration, Λ denotes the jump in Wx across
∂ρ ∂u
the weak discontinuity wave with amplitude β, propagating along the curve deter(2) originating from the point (x , t ). Now from equation (9) we
mined by dx
0 0
dt = λ
obtain the following Bernoulli type of equation for the amplitude β
dβ
+ l1 (x, t)β 2 + l2 (x, t)β = 0,
dt

dx
=u+w
dt

(12)

where
k3 k6
(α2 t+α3 )

l1 (x, t) = r
2

+

k3 k6
(α2 t+α3 )

2k1 γ(3−γ)k6γ−1
(α2 t+α3 )γ−1

+

"
5k3 +
l2 (x, t) =

k1 γ(γ−2)k6γ−2
(α2 t+α3 )γ−1

k1 γk6γ−1
(α2 t+α3 )γ−1

#

r
−

(α2 x+k7 )
(α2 t+α3 )

2(k3 +

k3 k6
(α2 t+α3 )

+

k1 γk6γ−1
(α2 t+α3 )γ−1

α2
(α2 t+α3 )

k1 γ(γ−2)k6γ−2
)
(α2 t+α3 )γ−1

with the initial conditions β = β0 and x = x0 at t = t0 . The solution of
β0 I(t)
(12) can be written in quadrature form as β(t) =
where I(t) =
1 + β0 J(t)

SYMMETRY GROUP ANALYSIS

161

Rt
Rt
Rt
0
0
0
exp( 1 −l1 (x(s), s)ds) and J(t) = 1 l2 (x(t ), t )exp( 1 −l1 (x(s), s)ds)dt . For
the functions l1 and l2 , given as above, we find that both the integrals I(t) and
J(t) are finite and continuous on [t0 , ∞). Indeed, I(t) → 0 as t → ∞, where
as J(∞) < ∞, implying thereby that when β0 > 0, which corresponds to an
expansion wave, the wave decays and dies out eventually, the corresponding situation is illustrated by the curve in Figure 1. The effect of magnetic field, which
enters through the parameter k2 , and β0 on the amplitude β̃ are shown in Figures
1-3, where β̃, t̃, and x̃ are dimensionless variables. We noticed that the presence of
magnetic field makes the amplitude of expansion wave decreases and decays fastly.
However, when β0 < 0, which corresponds to a compressive wave, the wave terminates into a shock after a finite time. In fact, there exists a positive quantity βc > 0,
such that when |β0 | ≥ βc , β(t) increases from β0 and terminates into a shock after
finite time, i.e., there exist a finite time tc given by the solution of J(tc ) = |β10 |
such that |βc | → ∞ as t → tc ; this means that when the amplitude of the incident
discontinuity exceeds the critical value in magnitude, the wave culminates into a
shock in a finite time; the corresponding situation is shown by the curve in Figure
2 with β0 < 0 and |β0 | ≥ βc . It is also observed that the presence of magnetic
field would make the solution existing for a longer time in the sense that it further
delays the shock formation. However, for |β0 | < βc , β(t) initially decreases from
β0 and reaches to minimum at finite time; the corresponding situation is illustrated
in Figure 3.
4. C ONCLUSIONS
Lie group analysis is used to obtain some exact solutions of nonlinear partial differential equations that describe one-dimensional unsteady simple flow of an isentropic, inviscid and perfectly conducting compressible fluid, subject to a transverse magnetic field. We obtained special exact solutions to the governing system
of PDEs. It is worth remarking that these solutions play a major role in designing, analyzing and testing of numerical methods for solving special initial and/or
boundary-value problems. The evolution of weak discontinuities in a state characterized by exact solution is studied. It is shown that a weak discontinuity wave
culminates into a shock after finite time, only if the initial discontinuity associate
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Figure 1: Behavior of β̃ with t̃ for β0 > 0 here k2 = 0 (dotted line), k2 = 0.5
(dashed line) and k2 = 1 (solid line).

Figure 2: Behavior of β̃ with t̃ for β0 < 0 and |β0 | > βc here k2 = 0 (dotted line),
k2 = 0.5 (dashed line) and k2 = 1 (solid line).
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Figure 3: Behavior of β̃ with t̃ for β0 < 0 and |β0 | < βc here k2 = 0 (dotted line),
k2 = 0.5 (dashed line) and k2 = 1 (solid line).

with it exceeds a critical time i.e. |β0 | > βc (see, Figure 2). However, when
|β0 | < βc and β0 < 0 or β0 > 0, in both the cases the wave decays eventually (see,
Figures 1 and 3). It is noticed that the presence of magnetic field enhances the decay rate of weak discontinuity and reduces the shock formation time as compared
to what they would be in the absence of magnetic field. It is also observed that the
presence of magnetic field would make the solution existing for a long time in the
sense that it further delays the shock formation.
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