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In this paper, we obtain some growth estimates for Hardy-Sobolev functions of the unit ball. We
also give the representation of the spectra of composition opelEtoos Hg(Bn) and describe
the Fredholmness df,, equivalently.
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1. INTRODUCTION
For any points: = (z1, 29, ..., 2,,) @ndw = (w1, wa, ..., wy,) in C™, we denote
(z,w) = 2107 + 22W3 + ... + 2, Wy,

and

|22 = (z,2) = |a1]” + [22f” + oo + |2
Let B,, be the open unit ball i€", andS,, = dB,, its boundary. The normalized Lebesgue measure
onB,, andS,, will be denoted agv anddo respectively. Let (B,,) be the space of all holomorphic

functions inB,,.

For any3 € R, we consider the special fractional radial differential oper&drdefined on
H(B,) as

o0

RIf(z) = (1+ k) fu(2)

k=0
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wheref(z) = >y~ fx(2) is the homogeneous expansionfof

Given0 < r < 1and0 < p < +oo, we define
HY(B,) = {f € H(B,) | R’f € H"}

and the norm off in H§(B,,) is

1
Il = 1Rl = sup { [ [REp0pastc)}
0<r<1 Sn
then(Hg(IB%n), I| - ||Hg) is a Banach space called as Hardy-Sobolev space.

Forp = oo, we define the Hardy-Sobolev spakig” as
HY ={f|R°fe H*}.

Let ¢ be a self-map of3,,, the composition operatof’, for f € Hg(IB%n) is defined by
Cof = foo.
For any pointz € B,,, « € N™, by direct calculation, we have

=y = s { [ RIE00P0)

0<r<1

= s L[ asapteortao}

0<r<1

= )| n rc“da@)}é

1
= (1+ o))’ M2

where o
-1
Ma—/\clda o Lol
C(n—1+]af)l
Seteq(z) = W then{e, }nenn is the orthogonal base (Hg(IB%n). For any points: € B,
H2
B

andw € B, itis easy for us to get the reproducing kerneHg(]B% )is

Klw)= Y ealeal] = 3 G alin

aceN” aeN"

and

RBKZ — RP ﬂ — ﬂ
) =R T~ 2 T i
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Therefore,

2
1Kl = sup{ |RﬁKz<rw>|2da<w>}
s o<r<1 UJs,

Z rw
= d
s {13 et

n aeNn

= {/S D T \2do—<w>}

n aeN”

1

|22 w2 ’

= ———a—d

{/ Z 1+ |a[)2P M, o(w)
’n eN'I?

{z Cal 2
= *“do(w
T
aEN™ +|a| M
|Za|2 2
= X T |

For any pointz € B,,, we define the Mbius transform of,, as

[ NI

1
2

—2, a = 0;
va(z) =
a— Py(z) — S.Qa(2) 040
1—(z,a) ’ ’
whereS, = /1 — |a]?, P,( ‘ |2> and@, = I — P,. As we known,p, is an automorphism
of B,, and has the following propertles:
(PG(O) =a, gpa(a) =0,
1—al*)(1 — |2
a a = 1 —¢aq 2= (
Pa 0 pa(2) =2, 1 —|pa(2)] TEEATE

As general analytic function spaces, the Hardy-Sobolev spaces have very complex constructions
and the classical methods on classical spaces such as Hardy spaces or Bergman spaces can not be
applied to them directly. Naturally, to characterize the operators on these spaces are even more diffi-
cult. In recent years, there are a series of papers investigate these spaces. For instance, Tchoundja [1]
gives a characterization of Carleson measures for some Hardy-Sobolev spaces by means of Green's
formula. Cho and Zhu [2] show the relation and difference between Hardy-Sobolev spaces and holo-
morphic mean Lipschitz spaces in terms of fractional radial differential operators and integral opera-
tors. Ahern and Cohn [3] equivalently characterize the exceptional sets for Hardy-Sobolev spaces by
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the sets of Hausdorff capacity zero and the sets of Bessel capacity zero. The purpose of this paper is
to discuss more unknown properties about Hardy-Sobolev spaces and the composition operators on
them. Definitely speaking, we mainly answer the following three questions:

1. How fast does :Hg-function grow near the boundary?
2. Is there any way to calculate the spectra of composition operatdd%@n
3. When doeg’,, is Fredbolm?

In section 2, we solve the question 1 and obtain some growth estimatH%@Bl;L)-functions. In
section 3, we give a definite answer for the question 2, that is, we will show the representation of the
spectra of composition operataf§, on Hg(Bn). In section 4, we describe the Fredholmnes€'of
equivalently.

2. SOME ESTIMATES ABOUT H§—FUNCT|0NS, (0<p<o0)

To obtain a growth estimate ftﬂg-functions, we need the following two lemmas.
Lemma2.1 — ([1]) Supposes andt be two positive real numbers such that 5 > 0, let
- Then the following conclusion holds:

1&) = Ty

(1) There exists a positive constatitsuch that

C
B8
IO T wes
and c
-8
RIS T

forall w € B,,.

Lemma2.2 — ([4]) Supposé < p < oo, f € HP(B,,), then

F(2)] < 2P| fllp(1 = |2]) 77
foranyz € B,.

For convenience, we simply denofe< g if there exists a positive constaét which doesn’t
depend on the essential parameters suchjth&t Cg. The following theorem tells us how fast an
arbitrary function fromHg grows near the boundary.

Theorem2.3— For 0 < p < co and0 < 3 < n/p, then for anyf € HE, we have

£l

IR7f(2)] < A= 27
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e 11
Hj
FACIIRS A= s

PROOF: For anyf € H%, we know thatR” f € H? and||R°f||, = £l then

< IR flp 1F 1z
RO E L N O )

because of the conclusion in Lemma 2.2. Consequently, it follows

IR f(2)

L Wl
L[~ (1 [P

@) = IRRZF()] S £l R
from the fact given in Lemma 2.1 @s< § < n/p. The proof is completed.
3. SPECTRA OFCOMPOSITION OPERATORS ONHg(]B%n)

From the definition introduced in section 1, we know that

HE(B,) ={f € H(B,) | R°f € H?}.

Obviously,Hg(]Ban) is a reflexive Hilbert space and the inner product in it is induced by

(Fahg = || R fRAgdo, f € H3(B,). g < HE(B,)

From now on, the inner product iH[%(IB%n) is simply denoted as§, ).

In this section, we are to compute the spectra of composition operatﬂg(m). At the begin-

ning, we give an equivalent characterization of the composition operatHrg(jEn).

Theorem3.1— Suppos€l is a bounded linear operator ng(IB%n). ThenT is a composition
operator oan(Bn) if and only ifT* K, is a reproducing kernel for any € B,,, whereK, is the

reproducing kernel of/3(B,,).

PROOF: If T is a composition operator oHé(IB%n), then there exists a holomorphic map

mappingB,, into itself such thai” = C,,. For anyf € Hg(]B%n), z € B, we have

(f, C:aKZ> = <Cg0f7 K) = Cs&f(z) = fop(z) = (f, ch(z)>>

which implies thatC7 K, = K.).

259
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Conversely, ifT"™* K, is a reproducing kernel, then for arfye H%(Bn), we have
Tf(Z) = <Tf7 Kz> = (fa T*Kz>'

SinceT™ K, is a reproducing kernel we know that there is a mamappingB,, into itself such
thatT*K, = Ky, then
Tf(z) = (f. Ky(z)) = f(&(2)).
Let fj(z) = z;, then
Tfi(z) = {f;; T"Ky(z)) = [i(0(2)) = ¢5(2),
thereforep; is a holomorphic function an@ = Cy. This completes the proof. i

Now, we turn to calculate the spectra ©Of,. Firstly, we decompose thH%(Bn). Suppose

Co = %, then {e,}aenn is the orthogonal base dfi}(B,). We arrange theleq }jq)— in
dictionary order. Set
He= \/ {"} k=0,1,2,..,
aeN" |a|=k

then{ea }|o|=r is the orthogonal base @f;, whose dimension is

(n+k—-1)(n+k—-2)-...-n

dim Hk = C?ﬁj%*k‘*l = ]{Z' )

andH3(B,) = @2 Hi-

TakeT is a bounded linear operator (ﬁ‘ﬁ(Bn) and let
Sk(T) = ((Tea, ) jal=|y|=k-

If T'= C,, then we denot&,(¢) = Si(C,). Secondly, we still need the following proposition.

Proposition3.2 — Suppose is a holomorphic map mapping frol, into itself which satisfies
©(0) = 0. Then according to the above decompositiomﬁé’(Bn) = @iy Hi., C, has the following

form
1 0 0 0
Co=| = x  Sa(p) O
* * * S3(¢)



COMPOSITION OPERATORS ON HARDY-SOBOLEV SPACES 261

relative to the baséea }o—(aas,....a,)eNn» WhereSy () isaCk | xCF | -matrix whose entries
satisfying

n

T T (-

a=(a]), jorledl=y, iy le]l=ay P

PROOF: Sety = p1p2...¢05. Sincep(0) = 0, theny; can be written as

n

©i(z) = Z (?;'Z(O)zZ +9i(2) (1=1,2,...,n),

i=1
where each term of the Fourier series/of z) has at least degree two. Therefore, it is not difficult to
find that
(Cp2®,27) = (p,27) = 0

foranya = (a1, ag,...,ay) € N" andy = (71,72, ..., 1) € N™" with |a] > |v|. If || = |v], then

we have
(Cpz®,27) = (9, 27) = (P12, 27)
_ N ey N~ On S
<[i:1 95, (0)z; + 1(2)] ...[1:1 92 (0)z; + ¥n(2)]%, 27)
_ T Ip; A (AN Y
= <j]_[1[i1 27 (0)2i +1;(2)]%, 27)
n Q5 n agp
= (JID_ckl 67;(0)21-]‘”1"’“[%(@]’%’0
j=1k=0 i=1 "
n n 890 N
= (IR 55 @2
j=1i=1 "
= <H{P > [073(0)4]6“3},%
I=E T lad|=ay
09 o
= | > {T] 15201732, 2)
a=(]);_1, foiledl=vi, iy ladl=a; W1
. 8(101' oa,j 2
= > o,
O‘:(O‘Z)n,j:v ?:1 ‘O‘g\:’hﬁ 1 \aﬂ:aj =1
Thus
095 o
(Coeasey) = > [1GH™

a=(ed), " loll=vi, I, lal|=a; BI=1
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which implies that

1 0 0 0
x  S1(p) 0 0
Co=| = x  Sa(e) O
* * * S3(¢)
under the basée,, }.cn» and this finishes the proof. O

Now, we give the main results of this section.

Theorem3.3 — Supposep is a holomorphic map mapping froi, into itself which satisfies
©(0) = 0. Then

o0

op(Cp) = |J o(Sk())-
k=0
PROOF: It is easy to see that);~, o (Sk(¢)) C 0,(C,) from the Proposition 3.2. To complete
the proof, we just need to show thaf(C,,) € Uz—, o(Sk(¢)). Supposex € o,(C,), then there
is a non-zero functiorf € Hg(Bn) such that(C, — X\)f = 0. According to the decomposition of
HE(IBSH), we can findf; € H;(j = 0,1,...) such thatf = @72, f;. Letl = min{j|f; # 0}, then
f= @?iz f; satisfyingf; # 0. Consequently, by Proposition 3.2, we have

1—A 0 0 0 0
* Si(p) = A 0 0
(Co =N f = * * Sa(p) — A 0 0 =0,
* * * S3(p) — A ... 11,

and(S;, (¢) — N fi, = 0,i.e. X € UpZ, o(Sk(v)). Thereforep,(C,) C Upeyo(Sk(y)) and the
proof of this theorem is completed. O

Theorem3.4 — Supposep is a holomorphic map mapping frof, into itself which satisfies
©(0) = 0. If Cy, is a compact operator oﬁg(Bn), then

o(Cy) = | o(Sule)) | 10,1}
k=0

PROOF: Itis easy to get thdt);~ , o (Sk(¥)) U{0,1} C o(C,) from the conclusion in Theorem
3.3. On the other hand, X € o(C,,), without loss of generality, we assume thag 0, 1. SinceC,,



COMPOSITION OPERATORS ON HARDY-SOBOLEV SPACES 263

is compact, then\ € 0,(C,,). By using the Theorem 3.3 again, we obtain that | J,—, o(Sk(¢)).
The proof is completed. a

Corollary 3.5 — Suppose is a holomorphic map mapping froBy, into itself andzy € B,, is a
fixed point ofy. If C, is a compact operator oﬁﬁ( n), then

U Sk Sozo O‘POSOZO» U{()?l}v

whereyp,, is the Mobius transform oi,, defined in section 1.

PROOF: Sincez is a fixed point ofp, we havep(zy) = 2o, then
Pz © 9 0 020 (0) = 9z 0 P(20) = ¥z0(20) = 0.
By Theorem 3.4, we know that
0(Cp.y0p0024 ) G (Sk(pzy 00 0 02)) | J{0,1}.

Further,¢., is the Mobius transform of,,, theno(C,) = (C. opo,.,) and this proves the
corollary. O

Example: If C, is a compact operator ng(IB%n) satisfyingy(0) = 0 and %ﬁ]( 0) =01 #j),
then according to the Proposition 3.2, we know thaty) is a diagonal matrix which has diagonal
entries

)
{H aif "ok

i,7=1
In this case, by Theorem 3.4, itis not difficult for us to obtain that

7(Co) =GO (G20 (2RO € 27,5 = 1.2, e} 0.1}

In fact, if the Jacobi matrix op at 0.J-¢(0) is lower triangular, we can see easily that®l(y)
are lower triangular and’, has a lower triangular form, moreover, the diagonal entrieS;¢f)
consist of all the possible-times products of the diagonal entries&fy(0) in this case. Thus

o(Sk(@)) = {AA = (M dn), @ €N oy =k},

where ); is an eigenvalue ofc¢(0) for i = 1,2,...,n. This implies thatr,,(C,,) consist of all
the possible finite products of the eigenvalues/of(0). For general cases, #f-¢(0) is not lower
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triangular, then we can transform it to be lower triangular by some unitary transformation, that is,
we can find a unitary matrix/ such thatl/ Joo(0)U~! is a lower triangular matrix and set =
Uogpo U~1, we can obtain a similar conclusion holds in this case. Further, if there exists a point
zp € B, such thaty is a fixed point ofp, then we can see that= . cpop., ando(Cy) = o(C,,).

Thus we just need to discuss the spectrunCgfwhich satisfies)(0) = 0. Obviously, a similar
conclusion holds, too.

At last, we will show an important property of the compact compaosition operatofﬁgtﬁﬂn)
which plays a significant role in calculating the spectra of compact composition operators.

Theorem3.6— Supposey is a holomorphic map mapping froBy, into itself. IfC,, is a compact
operator onHé(IB%n), thenyp has a fixed point if3,,.

PROOF : Suppose{\;} is an increasing positive sequence and— 1 ask — oo. For any

w € B, write pr(w) = p(Ayw), then{p;} be elements of the ball algebra Br. By the Brower

fixed point theoremy,, has fixed points iB,,. We may assume that;, is a relative fixed point of

or(k =1,2,...), thatispi(wy) = wi, € B,. Without loss of generality, we suppose that — a as

k — oo. Thereforep(a) = a. To complete the proof, we only need to show that< 1. Otherwise,
if |a| =1, then\yw, — a € 0B,,. Since

Kyow, —w

[ R 22

in H3(B,,) andC;; is compact orH5(B,, ), we have

1CEE | 2
_
58w [ 113

Note
HC:;K)\kwk HH?3 = HKL,D(/\kwk) HHE3

and
%24 L

(A |wi]?
IKeouunllaz {2 aenm %}2 _ {ZaeN”m

) (X
HKAW’“”H?f {ZaeN" ({(J,-\kojfgﬂM } 2 aeNn (1+ﬁyu|})k2ﬂMa

12,

we get
Z lwg]?
aeN" (1+|a])2P My

0
Qw2
2 aeNt Tl
ask — oo, which implies thawy| < |A\ywy| ask — oco. However,0 < A < 1, which is a
contradiction. Thereforey is the fixed point ofp in B,,. O
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Combining this conclusion with corollary 3.5, we can compute the spectrum of any compact
composition operator OHE(IB%n).

4. FREDHOLMNESS OF COMPOSITION OPERATORS ng(ID))

In this section, we are going to investigate some other properties of composition opera‘tlgrﬁmo
asn = 1. LetD be the open unit disk i€, andT = 9D its boundary. From section 1, we know that
the reproducing kernel oHé(]D)) is

o0

Z (1+m)28

0

and
o |2m
1Kl =3 1+m T
m:O

which has the following properties:

Proposition4.1 — For anyz € D, the following proposition are true:

LK. g > 1

2. HKzHHg is an increasing function fge;

3.Ifp < % then for any point € D, we han\KZHHg is uniformly convergent on any compact
subset oD andllﬁm ”KzHHg = oo. If 3> 3, then for any point € D, we haveHKZHHg < 0.
z|—1

The following conclusion gives some equivalent descriptions about the Fredholmness of compo-
sition operators ot 3(DD).

Theorem4.2— Suppose < % andy is a holomorphic map mapping frobinto itself. IfC, is
the composition operator ng(ID)). Then the following are equivalent:

(1)  is a disk automorphism;
(2) C, is invertible;
(3) C,, is a Fredholm operator.

ProOF: Clearly,(1) = (2) = (3), we just need to prove th&3) = (1). Suppose thg83) holds,
we notice thatp is not a constant function. Otherwise, the co-dimensiofioMmust be infinite from
the fact that the closure of the range(f consist of just the constant functions, which is contradicted
with the Fredholmness af,. Now, we claim thatp is a bijection orD.
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Firstly, © is one to one. Assume thatis not one to one of, then there exist pointsand(’ in
D with ¢ # ¢’ such thatp(¢) = ¢(¢’). LetV andV’ be open neighborhoods ¢fand(’ in D satisfies
thatV V' = (), then the setV = (V) [ ¢(V’) is a non-empty open set singeis analytic and
not constant. And we can find a sequefeg} in W with z,, # z if k& # [. Suppose€{(x} is the
sequence iV and{¢} } is the sequence i’ such that, = ¢~ (z,) NV and¢, = ¢~ (z) OV’
respectively. Let;, andKé.k be the reproducing kernel gt and(;.. Then for anyf & Hg(D), we
have

this shows thati¢, — K € Ran(Cy). But since{K. — K} is independent, we have that
dim[Ker(Cy)*] = dim[Ran(C,)]* = oo, which contradicts that'; is Fredholm. Thusy is one to
one.

Secondly,y is onto asg < % In fact, if (D) # D, thenD () 9[x(D)] should not be empty.
Suppose: € D () 9[p(D)], that is we can find a sequenfg,.} C D such that(y| — 1 andp (i) —
a ask — oo. Sincea € D, we know that

ICoK G, = Kallgz = [ Kpc) — Kallgg — 0

K .
ask — oo. Setgy = m then|lgillz = 1, ICS K¢, |13 is bounded an |K§;HH2 — Oas
3 5

k — oo. Therefore,
HC;KCk ”Hé

1C3 gkl = 2 —
P = TR

ask — oo. Since(Hg)* = Hé andC,, is a Fredholm composition operator, there is a bounded opera-
tor T and a compact operatéf on /3(DD) such tha'C}, — K = I. Consequently|T'C};(gs.) HHE, —
0 from the fact thaﬂC;ngHg — 0, which induces that

1K gi + gsll s — 0 (4.1).

SinceK is compact andgy } is a bounded sequenceH@, we know that{ K g, } has a convergent
subsequence, without loss of generality, we may assumé khat} converges tg in Hg then{ gy}
converges to-g by (4.1). However, it is not difficult to check thd,} — 0in H2, we getg = 0
anngkHH; — HgHHg = 0 ask — oo, which is contradicted with the fact thﬁngHé = 1 for any
k € Z™. Hencey is onto whens < % The proof is completed. O

FP. 1
Question How about the case &> 57?
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