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We consider the algebra k[X?, XY, Y?] where characteristic of the field k is zero. We
compute a differential calculus, introduced earlier by the authors, by associating an alge-
braic spectral triple with this algebra. This algebra can also be viewed as the coordinate
ring of the singular variety UV — W? and hence, is a quadratic algebra. We associate two
canonical algebraic spectral triples with this algebra and its quadratic dual, and compute
the associated Connes’ calculus. We observe that the resulting Connes’ calculi are also

quadratic algebras, and they turn out to be quadratic dual to each other.
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1. INTRODUCTION

In noncommutative geometry, associated to a spectral triple (A, H, D) Connes defined a
differential graded algebra (dga) Q%,(A) in [3]. Here A is an associative algebra represented
on the Hilbert space H and D is an unbounded, self-adjoint operator with compact resolvent
acting on H, often called the Dirac operator. A dga specifies a differential structure on
an associative algebra, for which it is called a differential calculus. The dga €}, defined
by Connes is useful in many contexts (see Ch. 6 in [3]). There are other instances also
where differential calculus has been used in various noncommutative contexts for e.g. [10, 9,

1, 7] and references therein. To see applications of differential calculus in noncommutative
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geometry one can look at [4, 6]. While investigating the natural question of the behaviour of

% under the tensor product of spectral triples, Kastler-Testard could not reach a conclusive
answer in [5]. This question is then reinvestigated by the authors in [2]. Main outcome of [2]
is that €27, behaves nicely under the multiplication of spectral triples provided one restricts
attention to a suitable subclass of spectral triples. Note that to define Q}, one does not use
self-adjointness and compactness of the resolvent of D. Authors casted Connes’ definition in

a slightly more general algebraic framework in [2] which we recall now.

We consider the quadruple (A, V, D,~) where A is an associative, unital algebra over a
field k, represented on the vector space V, D € End(V), and v € End(V) is a Zs-grading
operator which commutes with A and anticommutes with D. We call it an even algebraic
spectral triple. It is proved in [2] that the collection g];e/c of even algebraic spectral triples is a
monoidal category and the dga €%, gives a covariant functor F : 5/’1;6/0 — DGA. Here DGA

—_~—

denotes the category of dgas over field k. Then a suitable monoidal subcategory Specg,, was
identified and main result of [2] is that F is a monoidal functor when restricted to S?e\c_;b It
is necessary to validate the nontriviality of the functor F when restricted to S?og:ub . For that
purpose authors constructed a faithful covariant functor G : gﬁe/c — S/p_gc;w and computed
F oG for two canonical algebraic spectral triples associated with compact manifolds and the
noncommutative torus. Note that for each algebraic spectral triple F o G gives a dga ie. a

differential calculus, and we call it the Connes-type calculus.

Goal of this article is two fold. On the one hand, we want to compute the Connes-type
calculus for a “purely algebraic” algebraic spectral triple which will strengthen the fact that
this calculus is actually computable. For that purpose we consider the algebra k[X?2, XY, Y?
with ch(k) = 0 and associate an algebraic spectral triple with it. We compute the Connes-type
calculus F o G and observe that it is not trivial. On the other hand, note that k[X?, XY, Y?]
can be identified with A := k[U,V, W]/(UV — W?) which is a quadratic algebra. We identify
its quadratic dual Ag, = k{a, B,7}/(a?, 32, ay + vya, By + vB,a8 + Ba + ~%). Then we
associate two canonical algebraic spectral triples (A, V, D) and (Agy, Vgu,d ) with A and Ay,
respectively. We observe that the Connes’ calculi Q%,(A) and Q$(Ag,) are also quadratic
(graded)algebras. Moreover, Q%,(A) and Q3(Aq,) are quadratic dual to each other. These
phenomena leads us to a series of open questions to be investigated, which we discuss at the

end.

Organization of this paper is as follows. In section 2 we recall the definition of Connes’

calculus, algebraic spectral triple and Connes-type calculus from [2]. Section 3 is devoted to
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the computation of Connes-type calculus for the algebra k[X?2, XY, Y?2]. Final section carries
the quadratic duality between the Connes’ calculi for the algebra A = k[U, V, W]/(UV —W?2)
and its quadratic dual Ag,.

2. PRELIMINARIES ON THE CONNES’ CALCULUS AND THE CONNES-TYPE CALCULUS

In this section we define the Connes’ calculus and recall few essential results from [2].

Definition 2.1 [2] — An algebraic spectral triple (A, V, D) over an associative k-algebra A

consists of the following things :
1. a representation 7w of A on the k-vector space V;
2. a linear operator D acting on V.

It is said to be an even algebraic spectral triple if there exists a Zg-grading v € End(V)
such that v commutes with each element of A and anticommutes with D. This is denoted
by (A,V,D,~). It will be assumed that .4 is unital and the unit 1 € A acts as the identity
operator on V. Associated to every algebraic spectral triple (A, V, D) we have the following

differential graded algebra due to Connes.

Definition 2.2 — Let Q°(A) = @i, Q*(A) be the reduced universal differential graded
algebra over A. Here QF(A) := A® A%k A/K. The graded product is given by

A=
(Zaw@aw@ ®amk>< Ok/®lw®...®lw>
® (

k

> aok @ (@75 5%) @ amibor ® (D= bir)

kK

m—1

D (D ®TE D - .. @ T kit 1k © - - © Ty © (RFbine)

+(=1)"aorar, ® (DLyk) © (Si=obir’) -

for Y a0k @A ® ... Q Gmi, € Q™(A) and >, bow Qb @ ... R by € Q(A). There is a
differential d acting on Q®(A) given by

dlap@m ®...0a,) =1®we®a®...Q0a,, YajcA
and it satisfies the following relations

1. d?w =0 Yw € Q°(A),
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2. d(wiws) = (dwi)ws + (—=1)%9@) w1 dwy , ¥ homogeneous wy € Q°(A).
We can represent 2°(A) on V by the following
ﬂ(a0®ﬁl®...®@) = ao[D,al]... [D,ak] ; a5 € A.

Let Jék) ={weQF:n(w)=0}and J =P Jék). But J’ fails to be a differential ideal.
We consider J® = @ J*) where J*) = Jék) +dJ[()k71). Then J*® becomes a differential graded
two-sided ideal and hence the quotient Q%, = Q°®/J® becomes a differential graded algebra.

The representation 7 gives the following isomorphism,
Qb =2 n(QF)/n(dJEY) VE>1. (2.1)

The abstract differential d induces a differential d on the complex 07,(.A) so that we get
a chain complex (2%,(A),d) and a chain map mp : Q°(A) — Q% (A) such that the following
diagram
0 (4) —2- 03(A)
. L

QI (A) == Q5 (A)
commutes. This makes 27, a differential graded algebra and we call it the Connes’ calculus.

It is observed in [2] that the collection of even algebraic spectral triples (A,V, D,~) form
a category Spec (see Definition 2.4 in [2]) and it is a monoidal category (Proposition 2.6 in

[2]). Recall the following results from [2].

Lemma 2.3 [2] — There is a covariant functor F : g];e/c — DGA given by (A, V,D,~)
— Q%) (A), where DG'A denotes the category of differential graded algebras over a field k.

Following the same notation as in [2], let Specgsyy be the subcategory of gz;e/c objects

—

of which are (A,V, D,~) with v € w(A). This is a monoidal subcategory of Spec. Starting
with (A,V,D,v) € g’;_e/c one can consider the algebra (A @ A, ) where the multiplication

is given by
(a,b) * (a,b) = (aa@ + bb, ab + ba),
and

7 (a,b) — m(a) + ym(b) € End(V)
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represents (A @& A,x) on the vector space V. It shown in [2] that ((A & A,x),V,D,~)

—_

€ Specgyy, and we have the following result.

—_—

Proposition 2.4 [2] — There is a faithful covariant functor G : S'E_e/c — Specgyp which
Sends (A7V7D7’Y) to ((A@A7*>7V7D77>

Recall the functor F in Lemma 2.3. The main result in [2] is the following.

e~

Theorem 2.5 [2] — Restricted to the monoidal subcategory Specgyy of S‘E_e/c, the covari-

ant functor F : Specgyy — DGA is a monoidal functor.

—_—

However, it must be shown that the functor F restricted to Specy,, does not become
trivial. To prove nontriviality of F, authors have computed F o G : 3';56 — DGA for two
canonical algebraic spectral triples associated with compact manifolds and the noncommu-

tative torus in [2].
Definition 2.6 — For an even algebraic spectral triple (A,V,D,~), the calculus F o
G(A,V,D,~) is called the Connes-type calculus.

3. COMPUTATION FOR THE ALGEBRA k[X? XY,Y?]

The calculus FoG was computed for the compact manifold and the noncommutative torus in
[2]. In this section we do it for a “purely algebraic” even algebraic spectral triple and observe

that this is not trivial in this case also.

Let k be a field of characteristic zero and consider the k-algebra k[X?, XY,Y?]. Our
candidate for the even algebraic spectral triple is (.A = k[X2, XY, Y?, V:=k[X,Y], D, 7),

where D and ~ are given by
D(X™Y™) := amX™ 'Y 4 gnX"Y" ' a, B € k; (3.2)
YEXY) = €(-X,~Y); V€ € k[X,Y]. (33)

Here A is represented on the k-vector space k[X, Y] via the multiplication operator a —
M, . Since v? = Id, we have k[X,Y] = k[X,Y]even © k[X, Y]odq, where

E[X,Y]even := span{X™Y"™ : m + n is even},
E[X,Y]oqq := span{X™Y™ :m+ n is odd} .

Observe that D takes E[X,Y]even to k[X,Y]sqq and vice versa, and hence induces maps
D such that

499
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~ 0 D_
D p—
<D+ 0 )
where both D_ : ]C[X, Y]odd I k[Xv Y]even and D : k‘[X, Y]even - k[X7 Y]odd are given

by equation 3.2. Moreover, in view of equation (3.3), we can write

(1 0
Tl 1)
Observe that A = k[X, Y]epen as k-vector space.

Notation : A:=G ((A,V, 15, 7)) throughout the section.

Since the representation of A on V is faithful, we get JJ(A) = {0}. Observe that
[f), Mxmyn| = MB(men) , the multiplication operator on V. Let Mf[ = span{M,D+ M, :
K[X,Y]e — k[X,Y]s : a,b € A}, where k[X, Y]} = k[X, Y]even and k[X, Y]- = k[X, Y]oda-

Henceforth, for notational brevity, we always denote the multiplication operator M¢ by &.

Lemma 3.1 — w(QL(A)) = M] @& M.

5 (¢ 0\ _ 0 D_b—aD_
"\o b Dia—bD. 0 ’

1/ 1 . . . . 0 é—D*n
elements of 7(Q2'(A)) are linear combinations of 2 x 2 matrices of the form

PROOF : Since

gDy 0
with &,n,& 7" € A. This proves that W(QI(AV)) C My @ M{. To see equality observe that

o o) PN D)= ™)

for all a,b,ad’,b' € A. O
Since both Dy and D_ are given by equation (3.2), henceforth we simply write D when
no confusion arises regarding domain of D, and D_. For similar reason we write M instead
of M. Now define
: My — k[X,Y]oga ® A
aDb — (aD(b), ab)

Lemma 3.2 — The map

o= EB%: MidM; — k[X,Y]oqa @A D K[X,Y]oaqa ® A
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gives a k-linear bijection.

PROOF : Since aDb = a[D,b] + abD and [D,b] = Mp), we have »_a;Db; = 0 implies
> a;D(b;) =0 and > a;b;D = 0. Since D(X) = o we have > a;b; = 0. This shows that @
is well-defined. Clearly @ is injective and R(®) C k[X,Y]oga ® A. To see surjectivity first
observe that @ : aD1 — (0,a) for any a € A. Now choose any X™Y" € k[X,Y]oqq. Then

Case 1l : m even and n odd.
XmDY™ 1 &, (B(n + 1) XY™, XMyl
Case 2 : m odd and n even.
X" IDpXy™ & (qxmoly 4 g+ 1) XY™, XMy
and use the previous case to subtract the term aX™ 1Yt

Since ®:=® & by definition, we are done. U

Lemma 3.3 — The following action

f 0
0 AX™MY" a, XY D) = (fX"Y", fa, gX"Y?, gb)
g

(XY™, a, X'Y®, b). (
0 ¢

f 0> — (aD(g/) +mengl’ ag/’ bD(f/) —i—XTYSf/, bf/)

gives an A-bimodule structure on the k-vector space k[X,Y]oqqa @ A @ k[X,Y]oqq ® A.
PROOF : Define
0 0
(f ) (XY a, XTYS, b) = ((f ) B UXTY a, XY, b)) :
0 g 0 g

for f,g € A, where ® isin Lemma 3.2. It is clearly a left module structure induced by that

on Qb(ﬂ) Now one can check that

(g 0) (X™MY™ a,0,0)=(fX™Y", fa,0,0),
g

0
(g ) (0,0, X"Y*, b) = (0,0,gX"Y*, gb).
g

Similarly for the right module structure we define
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(XmYn a XTYS ) (f/ 0> :(I)(Ql(XmYn a XrYs ) (f, O))
0 g/ 0 g/

for f,¢g' € A, and one can check that it is equal to the following

"0
(XmYn? a’ 07 O)' <{) /> = (aD(g/) + XmYngl’ag,’ 07 0)’
9

[0

(0,0, X"Y*, b). (0 /) = (0,0,bD(f") + X"Y*f' bf) .0
g

Lemma 3.4 — m(Q%(A)) = My & My, where My := span{aDbDc : k[X,Y] —
kE[X,Y]: a,b,c € A}.

PROOF : Elements of w(Q2(A)) are linear combinations of matrices of the form
§DnDC¢ 0 . : -

with &,n,(,& 7', € A. This proves that 7(Q%(A) C May & Ma.

( 0 ¢DyDC U n (©°(A) 2 2

To see equality observe that

o PN DEE D)0 aonne)

for all a,b,c,ad’,V,c € A. O
Define

&)3 MQ — ki[X, Y]even ©® k[Xa Y]odd @ A
aDbDc — (aD(b)D(c) 4+ abD?(c),aD(b)c + 2abD(c), abc) .

Lemma 3.5 — The map
D=0 PD: Ma® My — K[X, Y] D AD KX, Y] D A
gives a k-linear bijection.

PROOF : Note that
aDbDc = MaD(b)D(c)+ab[D2,c] + MaD(b)c oD + Mgpco D?.
But [D?,c] = Mp2(ey ® Map() o D. Hence,

aDbDc = M, p()(e)+abD?(e) B Map®v)et2abD(c) © D @ Mape © D

This shows that & is well-defined. Clearly @ is injective and
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R(&)) - k[X’ Y]even @ k[X7 Y]odd @ A= k[X’ Y] @A

To see surjectivity first observe that ®:aD1D1 — (0,0,a). Now choose any X™Y™ €
E[X,Y]odq- Then

Case 1 : m even and n odd.
XmDY"™ D1 & (0, B(n + 1)X™Y™, XMy
Case 2 : m odd and n even.
X" 1DXY™D1 2 (0,aX™ Y™ 4 B(n + 1)X™Y™, XYL

and use the previous case. This says that k[X,Y]oqq ® A C R(é) Finally, choose arbitrary
XY™ € k[X,Y]even . Then

Casel: m=n=0.

DXYD1 & 0,0y + 8X,XY),

DIDXY & (208,2aY + 26X, XY).
Case 2 : m even and n even.
X"DY2DY™ & ((n? + n)BX™Y™, 2(n + 1)FX ™YL Xy 2
Case 3 : m odd and n odd.
X"YDY"1DY? &, (2820 XY™, (n + 3)BX ™YL, XY 2.

Since =0 & ® by definition, we are done. O

Lemma 3.6 — w(dJ}(A)) = k[X,Y] & k[X,Y].

PROOF : Elements of m(dJ}(A)) looks like
2_[D;pa+gb][D,pe + qf] such that 3 (pa+ ¢b)[D,pe+qf] =0,

10 00
where p = (1+7)/2 = (O 0) and ¢ = (1—7)/2 = <0 1) are the projections onto the

eigenspaces of 7. Expanding the commutators and simplifying we get that arbitrary element

of m(dJ3(A)) looks like

Z abD? — aD?b 0 . S aDb =" abD
s.t. .
0 a't'D? — a’ DV S a/Db=Ya't'D
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Clearly ® <7T(dJ(} (.Z))) C k[X,Y]®k[X,Y] (® of Lemma 3.5). To fulfill our claim we first
show that arbitrary (aD?(b),2aD(b),a’D?(b'),2a’ D(V')), such that the condition of equation
(3.4) holds, can generate k[X,Y] ® k[X,Y] where a,b,a’,b’ € A. Since the condition of
equation (3.4) is symmetric in a,a’ and b,0, let o’ = b = 0. Note the following facts :

(1) m,n even.
XMY2D1DY"™ — XmD1DY"*2 &, (“252(2n + 1) XY™, 45X ™Y "),
(2) m,n odd and n # 1.
XY DIDY™ ! — X™y"DIDY? & ((n? +n — 2)B2X™Y ™, 2(n — 1)BX™Y ).
(3) moddand n=1.
X"y DIDY? — X™Y3D1D1 & (262X™Y,48X™Y?).
(4) m even, n odd and n > 3.
X"DIDY"™! + X™yiD1DY" 3 — ox™y2p1py"—! &, (832X™y "1 0).
(5) m odd, n even and n > 4.
X™YDIDY"™ + XY D1DY" 4 — 2x™y3p1pYy"—2 &, 882Xy 10).
(6) m odd, n even and n > 4.
X" 1D1DY" + X" y4p1py™* —2x™'y2p1py"2 & (882X ty"=2 ().
(7) m >4 even.
DIDX™ + X*D1DX™ 4 — 2x2D1DX™2 &, (8a2X™2,0).
(8) m even.
X2D1DX™ — DIDX™2 &, (“202(2m + 1)X™, —4aX™ ).
(9) m>1 odd.
X" 1p1DX3Y — X" D1DXY & (602X™Y + 4afX™ 4a XY

(10) a(Y2D1D1 — D1DY?) +23(D1DXY — XY D1D1) 8, (0, 43%X).
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Check that in all these cases condition of equation (3.4) is satisfied. Now choose arbitrary

X™Y™ € k[X,Y]. Then either m + n is even or odd. We have the following cases.
Casel: m =mn=0 : This follows from (8) — (10).
Case 2 : m even and n > 2 even : This follows from (6).
Case3: m > 2 even and n =0 : This follows from (7).
Case 4 : m odd and n > 3 odd : This follows from (5).
Case 5 : m odd and n =1 : This follows from (9) — (1) — (7).

These five cases capture the subspace k[X,Y]eypen of k[X,Y]. Finally, to capture k[X,Y]od4

we have the following cases.
Casel: m=1,n=0 : This follows from (10).
Case2: m >3 odd and n =0 : This follows from (8) — (7).
Case 3 : m even and n > 3 odd : This follows from (1) — (4).
Case4: m even and n =1 : This follows from (1) — (7).
Case 5 : m odd and n >4 even : This follows from (2).
Case 6 : m odd and n =2 : This follows from (3).

Thus we have k[X,Y]cven ® k[X, Y]oag € R(®) Le. k[X,Y] C R(®). Similarly, one can

do with @ = b =0 and this justifies our claim. (]
Proposition 3.7 — Q2 (A) = A A.
PrOOF : Combine Lemma 3.5 and 3.6. U

Lemma 3.8 — The action

f0 70N o rad bt
(0 g) '(“’b)‘(o g,> = (fag', gbf")

gives an A-bimodule structure on the k-vector space A @® A.

;o ol O oo,
(O g) .(a,m._@((o g) P <,b>>,

for f,g € A, where ® is in Lemma 3.5. This is clearly a left module structure induced by
that on QQD(JZ ). Now one can check that

PROOF : Define
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(f 0) (a,b)=(fa,gb).

0 g

Similarly for the right module structure, we define

A _1(, 0
wor(? 2)omo(oen (1 1))

for f',¢' € A, and observe that it is equal to (ag’,bf’). O

Theorem 3.9 — For the algebra A = k[X?, XY,Y?], the Connes-type calculus is given
by the following

KX, Y] @ kX, V)5 if n=1,
Q%(ﬂ) = JAB A;if neven,
kX, Y]oad ® k[X,Y)oaqq; if n > 3 odd.

PROOF : The n = 1 case follows from Lemma 3.2 together with the observation that
A = Ek[X,Y]even. Lemma 3.3 shows that this is an A-bimodule isomorphism. The n = 2
case follows from Proposition 3.7 and Lemma 3.8 shows that this is also an A-bimodule

isomorphism. Note that

2 2
0 0 0 1 1 0 0 O 0 1 0 O (00
0 1 0 0 0 0 0 1 0 0 1 0 0 0
(3.5)
00\ (1 o0 01\ (1 0 0 0\ (o 0 00
01/ \o o 00/ \o o 1 0/ \o 1 00

These matrices play a crucial role to compute Q7 (A) for all n > 3. Let

(E[X, Y even®k[X, Yoga)" = (E[X, Y ]even ® k[X, Y]oaa) P - - - B kX, Yeven ® k[X, Y]oaa) -

r times

Assume that

nex ((k[X7 Y}even @ k[X7 Y]odd)r @A)2 5 Zf n=2r even,
(" (A)) = (3.6)
(k[X, Y]odd @(k[X, Y]even D k[XaY]odd)r @A)2 s if n=2r+1 odd.
Lemma 3.2 and 3.5 give the n = 1 and n = 2 cases respectively. Now for n > 3 use

induction, and equation (3.5), together with the fact that
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O(A) = Q' A) @g...... ® o Q'(A) .

n times

Recall from Lemma 3.6 that

N 10 00
T(dJ}(A)) = k[X,Y]@(O 0)+k[X,Y]®<0 1)

EX,Y] @ k[X,Y]

12

whereas, Lemma 3.2 says that

(' (A)) = (k[X,Y]oddeaAm(g ;)HHX’Y]M@A)@(? 8)

>~ EK[X,Y]®k[X,Y]

because A = k[X,Y]epen. This proves that TI'(dJ&(./Z()) >~ 7(Q}A)). Now we claim that
ﬂ'(ngL(.Z)) >~ 1(Q"(A)) for all n > 2. Recall Lemma 2.11 from [2], which says that for any
even algebraic spectral triple (A, V, D, ), with v € 7(A), we have [D?, a] € n(dJ3(A)). It is

then easy to prove that

|
—

T(@dJ) =) 7404 Q") Vn>2,

i

I
o

by writing down any arbitrary element of w(dJ}') and then passing D through the commu-
tators from left to right. Since in our case w(J2(A)) = w(dJL(A) = 7(Q'(A)), we are done.

Hence,
Qp(A) = m(Q(A))/m(Q 7 (A)).
Finally, equation (3.6) gives us

~ k[Xv Y]odd S k[Xa Y]odd; if n odd,
Qp(A) =
AP A;if neven,

for all n > 3, and this completes the proof. O
4. DuaLiTy OF THE CONNES’ CALCULUS

Recall the definition of a quadratic algebra and its quadratic dual [8]. The k-algebra k[X?2, XY, Y?]
studied in the last section has another viewpoint. This is the co-ordinate ring of the singular

variety UV — W?2, hence a quadratic algebra. One can observe this by sending U — X2,V
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Y2 and W — XY. In this section we observe two things. Firstly, the Connes’ calculus for this
algebra and its quadratic dual are also quadratic algebras, and secondly these two Connes’

calculi are also quadratic dual to each other. Here also ch(k) = 0.

Proposition 4.1 — The quadratic dual of the quadratic k-algebra A :=k[X,Y, Z]/(XY —
Z2) is the noncommutative k-algebra Ag, := k{a, 3,v}/(a?, B2, ay +~a, By +783, aB+ Ba+
2
7).
PROOF : Let V = kX ® kY @ kZ be the k-vector space of dimension 3. Consider the
following subspace of V&V

I=span{X QY —-Z@Z, XY -Y®X,X®Z-ZX,Y®RZ-ZY}CVaV.
Let (I) be the ideal in T'(V), the tensor algebra of V, generated by I. Then the quadratic
algebra T'(V)/(I) is the algebra A. We denote the basis {X,Y, Z} of V by {e1, e2, e3}, whereas

{e], e5, €5} denotes the dual basis of V*, and let (., .) be the pairing between V and V*. Then
{eij =ei®ej: 1 <14,5 <3} is the basis of V® V. With this notation,

I = span{eiz —e33, €12 — €21, €13 — €31, €3 — ez} C VR V.

Let I+ C V* ® V* be the orthogonal complement to I with respect to the natural pairing
(v1 @ v, v] @) = (v1,v7)(v2, V)

between V. ® V and V* ® V*. For any § = 3 aje]; € I+ (here e;; = e ®ej) we have
> aije;‘j, n) = 0 for n € {e12 — es3, e12 — €21, €13 — €31, €23 — es2}. This gives us the

following
Q2 = 33 = Qi1 ; (13 = Q31 ; 23 = (32

Hence, & = aja(efy + €5, +eis) +aiz(es +e5y) +aos(eds +e5y) +arref; + anes,. Letting

el = a,e5 = [3,e3 =y we get
[t =span{a@pB+Ra+707, a®@y+7®a, BRY7+7Q 83, a®a, &} CV V"

Hence, the quadratic dual of the quadratic k-algebra A := k[X,Y, Z]/(XY — Z?) is given
by

Adu =

k{a, 3,7}
(02,32, ay + yo, By + B3, af + fa++2)
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and this is a noncommutative k-algebra. U

Now we associate the following canonical algebraic spectral triples with A and Ag, re-

spectively.

(I) Consider a derivation D : k[X,Y, Z] — k[X,Y, Z] which takes 1 — 0, X — XY
Y and Z — Z. Observe that D preserves the ideal Z := (XY — Z2) C k[X,Y, Z], and hence
induces an well-defined derivation on A := k[X,Y, Z]/Z. Let V denotes the k-vector space
A. The algebra A acts on V via the multiplication operator a — M,. The tuple (A,V, D)

forms an algebraic spectral triple.

(IT) Consider a derivation 0 : k{«, 8,7} — k{a, 3,7} which takes 1 — 0, +— a, 3 +— (3
and y — 7. Observe that § preserves the ideal J := (a2, 32, ay+~ya, By+706, af+Ba+~?) C
k{a, 3,7}, and hence induces an well-defined derivation on Ag, = k{a,3,7}/J. Let Vg,
denotes the k-vector space Ag,. The algebra Ay, acts on Vg, via the multiplication operator

a — M,. The tuple (Agy, Vgy,d) forms an algebraic spectral triple.

We are intended to compute the Connes’ calculi Q% (A) and Q3(Aqgy), and we will see
that both Q%,(A) and Q$(Ag,) are also quadratic k-algebras. Furthermore, it turns out that
09 (A) and Qf(Aqg,) are also quadratic dual to each other.

We first consider the algebraic spectral triple (A,V, D). It is easy to see that arbitrary
element a € A is a k-linear span of elements of the form [U*VJ/W] with 4,5 > 0. Since D
is a derivation, [D, M,] = Mp, for all a € A. Henceforth, for notational brevity, we will
always denote the multiplication operator M, by £ throughout this section.

Lemma 4.2 — QL(A) = A/k.

PROOF Observe that J§(A) = {0}. Hence, QL = 7(Q!) by the isomorphism in (2.1).
Notice that D([UVIW]) = (i + j + 1)[U'VIW]. Hence O}, C A/k. To see equality observe
that D(zg [U'VIW]) = [U'VIW]. O

Lemma 4.3 — Q%(A) = {0}.

PROOF : Note that 7(92?) = span{aD(b)D(c): a,b,c € A} C A.

Case 1 : Tt is easy to see that [U'VIW] € 7(Q?) except for i = j = 0. Consider U‘W
for i > 1. Then w = [U']d([W]) — =5d([U'W]) € J§(A) and w(dw) = i[U'W] € 7(d.J}).
Similarly [V/W] € n(dJ}). Since m(dJ}) is an A-bimodule, we get [U'VIW] € 7(dJ}) except

fort=45=0.

509
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Case 2 : Consider ' = [W]d([W]) — 1d([W?]) € J}(A). Then 7(dw') = [UW] € 7(dJ}).
Since m(d.J3) is an A-bimodule, we get [U'V7] € m(dJ3) for all i,j > 1.

These two cases show that m(Q?) C m(dJ}), and hence Q% = {0} by the isomorphism in
(2.1). O

Lemma 4.4 — Q' (A) = {0}, Vn > 3.

PROOF : Note that for all n > 2

O =0'@u...... @4 O
n t%@es
Now for all n > 3 we have
Q") = 7(Q" 2 0?%)
= 7 Q"_2)7r((22

IN
)

C w(Q"2.J%)
C w(J")
=7 ng_l)

Here the last inclusion follows from the fact that J® is a graded ideal in Q°®. Hence
Q% (A) = {0}, Yn > 3 by the isomorphism in (2.1). O

Proposition 4.5 — For the algebraic spectral triple (A, V, D) we have
1. QOD(.A) =A,;
2. QL(A) = A/k;

3. Q1 (A) = {0}, Vn >2.

PROOF : Observe that JJ(A) = {0}. This gives case (1). Now combine Lemma (4.2, 4.3,
4.4). O

Hence, for the algebraic spectral triple (A, V, D) the Connes’ calculus is given by Q%,(A)
=A@ A/k. The algebra structure on 2}, is specified by

(a0)(b,0) = (ab,0) ; (0,a)(0,b) = (0,0) 5 (a,0)(0,b) = (0, ab)
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for all a,b € A, ie. (a,b)(z,y) = (az,bx + ay) in QF,.
Now we will concentrate on the algebraic spectral triple (Agy, Vgu, 0 ).

Lemma 4.6 — J := {[B"a"v*]: m,n € {0,1}; k € NU{0}} generates Aqg, as k-algebra

i,e. any element a € Ag, can be written as finite linear combination of elements from 7.

PROOF : If a3+ Ba+~? =0 and ay +ya = 0 then v?a = ay? and hence for all m > 2,

a™B = —a" " (Ba+77)
— am_z(ﬁa—i—*ﬂ)a— am—l,)/Q
= o™ B0
Hence, if m is even then o™B = Ba™ and if m is odd then a™f3 = —Ba™ — o™ 142,

When we impose the relation Gy +v3 = 0 then we get 5"a = af" for even n. Hence we have

a™B = pa™, ¥V m even, (4.7)
0"« = af",V n even, (4.8)
amB = —pfa™ —a™ 12 Y m odd. (4.9)

Equations (4.7) and (4.8) imply that
a™p" = "™ except for both m and n odd.
For m odd and n > 3 odd,
a"F = e
= N (=Ba™ —a™ ) by (4.9)

— _ﬂnam . ﬁnflamfl,yQ‘
Hence, we have

m gn —gBma™ — grtam™ 142 both m,n odd
[0 =
8™ ;5 otherwise.

Now impose the relations a? = 3% = 0 to observe that J generates Ag, as k-algebra. [
Lemma 4.7 — Q}(Agqu) = Agu/k-

PROOF : Observe that J§(Ag,) = {0}. Hence, Q} = 7(Q) by the isomorphism in (2.1).
Notice that §([8™a"y*]) = (m+n+k)[f"a"y*]. Hence O} C Ay, /k. To see equality observe

that §(;argl0ma™*) = [B7mam ). s
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Lemma 4.8 — Q%(Aq,) = {0}

PROOF : Clearly 7(Q?) C Ag, and only the k-linear subspace of Ag, generated by
{1, , 3,7} intersects 7(Q?) trivially. We prove that (i)87*, k > 1 (ii)ar®, k > 1 (iii) Bar*, k >
0 and (iv)y*, k > 2 all lie in 7(dJ}) i,e. 7(Q2) C w(dJd).

(i,ii) Let w = 28d(y) — d(By) € Q' Then 7(dw) = 23y € w(dJ}). Similarly replacing 3
with « and using the fact that 7(dJ3) is an Ag,-bimodule we get (i) and (ii).

(iii) Let k=0 and w = Bd(a) + 3d(aB) + 1d(+?) € Q. Then 7(dw) = Ba € m(dJ}). For
k > 1, choose w = £ Bad(v*) — Bd(an*) € QL. Then m(dw) = (k + 1)Bar* € n(dJ}).

(iv) Let w = ad(B) + Bd(e) + 3d(v*) € Q'. Then 7(dw) = —? € w(dJ}) and hence
ke m(dJ}), Yk > 2.
Since Q% = 7(Q?)/7(dJ3) (see 2.1) we are done. O

Proposition 4.9 — For the algebraic spectral triple (Agy, Vau, d ) we have
L Q3(Agu) = Adgu;

3. QM Ag) = {0}, ¥n > 2.

PROOF : Observe that JJ(Ag,) = {0}. This gives case (1). In view of Lemma 4.8,
Lemma 4.4 is true when we replace D by . Now combine Lemma (4.7, 4.8, 4.4). (Il

Hence, for the algebraic spectral triple (Agy, Vau,d) the Connes’ calculus is given by
Q3 (Adgu) = Agy ® Agy/k. The algebra structure on Qf is specified by

(a,0)(b,0) = (ab,0) ; (0,a)(0,b) = (0,0) ; (a,0)(0,b) = (0, ab)

for all a,b € Agy, i,e. (a,b)(z,y) = (az,bx + ay) in QF.

Theorem 4.10 — Consider the quadratic k-algebra A = k[X,Y,Z]/(XY — Z?) and
its quadratic dual Agy, = k{a, B,7}/(a?, 3%, ay + ya, By + 783, aB + Ba + +2). Then, both
the Connes’ calculi Q% (A) and Q$(Ag,) are also quadratic k-algebras. Moreover, these two

Connes’ calculi are quadratic dual to each other.

PROOF : To observe that both the Connes’ calculi are quadratic algebras, note that
Q3 (A) = A®A/k is generated by {([X],0), ([Y'],0), ([Z],0), (0, [X"]), (0, [Y"]), (0, [Z']) }. Now
([X1,0) € A® A/k can be identified with [X'] € Q% and (0,[Y"]) € A & A/k is identified
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with [D,[Y']] € QL. Then in Q%, ([X],0)(0,[Y"]) = [X'][D,[Y"]] € Q, which is equal to
[(X'Y'] = [Z')? in QL = A/k. Thus ([X],0)(0,[Y’]) = (0,[Z]?) € Q%,. Similarly,

0,[Y'D([X1,0) = [D,[Y[X]

D, [YX'N) = [Y'][D, [X]
= D(Y'XT) - [Y][X]

= VX [V'X]

— (27

= (0,2,

[
[

in Qf. Let
V= span{([X],0), ([Y],0), ([Z],0), (0, [X"]), (0, [Y"]), (0, [Z'])}.

The relations among the generators of Q%,(A) is given by the following subspace of T'(V)

I = span{ ([X],0) @ ([Y],0) = ([2],0) @ ([2],0), ([X],0) ® ([Y],0) = ([Y],0) ® ([X],0),
([X1,0) © ([2],0) = ([2],0) ® ([X],0), ([Y],0) @ ([2],0) = ([Z],0) @ ([Y], 0)
([X1,0)® (0,[Y"]) = ([2],0) @ (0, [2]), ([X],0) ® (0,[Y"]) = (0, [Y]) @ ([X],0)
([x1,0)® (0,[2']) = (0, [Z']) & ([X],0), ([Y],0) & (0,[2"]) = (0,[2']) @ ([¥], 0)
(0, [1]) @ (0, [ma]) }

for nj,n5 € {X',Y’, Z'}. The multiplication rule among the generators of Q%,(.A) is described
by the following table.

(x1,00 | (¥L,o) | (12,00 | (O,[x] | (0.7 | (0,[2])
(IX1,0) | ([X%,0) | (XY],0) | (IXZ2),0) | (0,[X™]) | (0,[2"]) | (0,[X"Z"))
([Y1,0) | (IXY],0) | ([¥2,0) | ([YZ],0) | (0,(2"]) | (0,[¥"]) | (0,[Y"2))
([20,0) | (X2],0) | ([¥Z],0) | ([2%,0) | (0,[X'Z) | (0,[¥"Z)) | (0,[2"])
(0, [X) | (0,[X7]) | (0,[2") | (0,[X'Z")) 0 0 0
O, | (0,[27) | (0,[Y?]) | (0,[y"27) 0 0 0
(0,[27) | (0,[X'2) | (0,[y"Z") | (0,[Z') 0 0

Since I € V ® V we see that Q},(A) is a quadratic algebra. Similarly, Q%(Aq,)
= Agu @ Aau/k is generated by {([e], 0), ([8],0), ([v],0), (0, [a]), (0, [8]), (0, [y'])}. Let

V™ = span{([a], 0), ([8],0), ([4], 0), (0, [&']), (0, [8), (0, [7']) }-
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The relations among the generators of Q$(Ag,) is given by the following subspace of T'(V*)

I = span{([a],0) ® ([a],0), ([6],0) & ([6],0), ([a],0) ® ([+],0) + (1], 0) @ ([, 0) ,
(181,0) ® ([7],0) + (7], 0) @ ([8],0) , (], 0) ® (0, [e]) , ([8],0) ® (0, [5) ,
([, 0) @ ([81,0) + (5], 0) @ ([a], 0) + ([+],0) @ (7], 0), (0, [€]) @ (0, [n]) ,
([a],0) ® (0,[v']) + (0, [v'])) @ ([a], 0), ([8],0) @ (0,[']) + (0, [v']) @ (8], 0),
([e],0) & (0,[5) + (0, 8]) @ (], 0) + (7], 0) @ (0, [Y']) }

The multiplication rule among the generators of Q$(Ag,) is described by the following
table.

| | ()0 (18], 0) (7],0) | o) | 0B 0,[])
(o], 0 0 ([aB],0) ([a7],0) 0 (0, [a'8) (0, [a'~])
(181,0) | ([8al,0) 0 (1841,0) (0,[8'a)) 0 0,[8'7')
(710) | (=[aa],0) | (=[67),0) | (~[aB+Bal,0) | (0,~['v]) | (0,~[87]) | (0,~[a'8 +Ba))
(0, [a)) 0 (0,[a'8) 0, [@'v]) 0 0 0
0,[8) | (0[] 0 0,18 0 0 0
0,0') | ©,~[aYD) | 0,-[87) | (0,~[a'8 + 8] 0 0 0

Since I C V* @ V* we sce that Q5(Agy) is a quadratic algebra. Check that I=1t
in V* ® V* with respect to the natural pairing between V ® V and V* ® V*, ie. T is the
orthogonal complement to I. This proves the duality between the Connes’ calculi 2%,(.A) and
Q3 (Agu)- O

CONCLUSION AND REMARK

In this article we investigate a particular quadratic algebra. This investigation leads us to
the following series of open questions.

e Is the Connes’ calculus of a quadratic algebra always a quadratic (graded)algebra?

e If not, can one classify the quadratic ideals J in T'(V) such that the Connes’ calculus

of the quadratic algebra T'(V)/J is a quadratic (graded)algebra?

e Suppose the Connes’ calculus of a quadratic algebra A becomes a quadratic (graded)algebra.

Is it then always the case that the Connes’ calculi of A and its quadratic dual Ag, will
also be dual to each other?

e If not, can one classify all such quadratic algebras for which this happens?



10.

DIFFERENTIAL CALCULUS ON A QUADRATIC ALGEBRA

REFERENCES

T. Brzeziriski and S. Majid, A class of bicovariant differential calculi on Hopf algebras, Lett.
Math. Phys., 26(1) (1992), 67-78.

. P. S. Chakraborty and S. Guin, Multiplicativity of Connes’ calculus, http://arxiv.org/abs/

1402.5735, arXiv:1402.5735 [math.QA] (submitted).

. A. Connes, Noncommutative Geometry, Academic Press, Inc., San Diego, CA, 1994.

M. Dubois-Violette, Lectures on graded differential algebras and noncommutative geometry,
in: Y. Maeda, et al. (Eds.), Noncommutative Differential Geometry and its Applications to
Physics, Kluwer Academic Publishers, 2001, pp. 245-306. Shonan, Japan, 1999.

. D. Kastler and D. Testard, Quantum forms of tensor products, Comm. Math. Phys., 155(1)

(1993), 135-142.

. J. Madore, An introduction to moncommutative differential geometry and its physical appli-

cations, Second edition, London Mathematical Society Lecture Note Series, 257, Cambridge

University Press, Cambridge, 1999.

S. Majid, Classification of bicovariant differential calculi, J. Geom. Phys., 25(1-2) (1998), 119-
140.

. A. Polishchuk and L. Positselski, Quadratic algebras, University Lecture Series, 37, American

Mathematical Society, Providence, RI, 2005.

. P. Podles, Differential calculus on quantum spheres, Lett. Math. Phys., 18(2) (1989), 107-119.

S. L. Woronowicz, Differential calculus on compact matrix pseudogroups (quantum groups),
Comm. Math. Phys., 122(1) (1989), 125-170.

515



