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Andoet al. have proved that inequalife tr AP1 B4t - .. APk B3k < ty AP1TFPr Bt Fdk jg
valid for all positive semidefinite matricesi, B and those nonnegative real numbers

1,41, - - -, Dk, qr Which satisfy certain additional conditions. We give an example to show that
this inequality is not valid for all collections @, g1, . .., pr, g > 0. We also study related trace
inequalities.

Key words : Inequality; positive semidefinite matrix; log-convexity

1. INTRODUCTION

If A is a complex square matrix, then we write > 0 if A is positive semidefinite. The famous
inequality due to Lieb and Thirring reads as

trAB...AB =tr (AB)" <trA"B"

for all A, B > 0 and natural numbers. It has been of interest in the literature whether the trace of
some other word il and B in which each of the letters occutdimes can be bounded with A™ B™

from above andr (AB)" from below, see e. g., [11]. But in these estimates we need to consider
either a real part or an absolute value of the trace of a word, as the latter needs not be neither positive
[15] nor real [11, Remark 2.7]. Generally, Andbal. considered in [2] the inequalities of the form

Retr APLBR ... APk B% < tr Ap1+---+pkBq1+---+Qk, (1.1)
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wherek > 2is a natural number and, ¢1, . . ., px, gr. are real numbers. Moreover, here and through-
out the paper]||-|| will denote an arbitrary unitarily invariant norm. In [1], Ando and Hiai were
studying related inequalities of the form

”|Ap1 B ,,,ApkaIk’” < H‘AP1+...+PkB‘II+...+(Ik H‘ (1.2)

They showed that inequalities (1.1) and (1.2) are valid whenavet,, . . . , pk, ¢& are nonnegative
and satisfy some additional restrictions. They pointed out that the problems were subtle for general
P1, q1, - - - Py @ > 0 @and that they did not have any counterexamples. It is natural to ask what is
the complete range of validity of these inequalities. In this paper we find an example which shows
that neither (1.1) nor (1.2) holds for all nonnegativeq, . . . , px, g». Moreover, we will provide an
example which disproves an estimate in the other direction

k
tr (A < |tr AP*B® ... APk BO| |

p1+---+pg q1+---tag
k B k )

as well.

Trace inequalities of type (1.1) have also been studied in another context. For nonnegative real
numbers: andb and0 < ¢ < 1, their Heinz mean equal3;(a, b) = M Thesemeans have
been studied a lot in the literature and their fundamental property is that they interpolate geometric
and arithmetic mean in the following sense:

H (a,b) = Vab < Hy(a,b) < a;b — Ho(a,b) = Hi(a,b). (1.3)

1
2

In accordance with the definition for nonnegative real numbersdfd > 0 and0 <t < 1, we
setH;(A,B) = 1 (A'"'B' + A'B'~"). Several matrix versions of (1.3) have been established, two
of the most general can be found in [5, Corollary 1X.4.10] and [3, Theorem 2] which tell in particular
that

A+ B
latB3| < wamca, myn < || == o<e<t
In [10], Bourin asked whether a related inequality holds:
| AP BT 4+ BPA1|| < ||| AP+ + B[], A,B >0, p,q>0. (1.4)

In an attempt to answer this question positively, Hayajneh and Kittaneh [12] have conjectured that
A7 B + BPAT|| < [|[A"BY + ATB"||, A,B >0, p,q=0. (1.5)

They also proved a very special case: whief is the Frobenius norr - ||2, p = 1, 2, or 3, and
g = 1, then (1.5) holds. In order to prove (1.5), one may assumepthayy = 1 after considering
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AT-lm andBTiq insteadof A and B, respectively. Then a straightforward computation shows that in
the case of the Frobenius norm, (1.5) is equivalent to

Retr A'BITAI'B < tr AB, 0<t<1, (1.6)

which is a special case of inequality (1.1). Bhatia [6] has shown that (1.6) holds ivhgnt
< %. Recently Bottazziet al. [7] have proved that the inequality actually holds whenevbe-
longs to a vertical strip in a complex plane containing the inte[é/ai]. Moreover, they have found
a counterexample which shows that (1.5) does not hold far allt < 1if ||-|| is the operator norm.

As mentioned before, in the papers [11] and [12] some inequalities of the type (1.1) were studied.
For example, for ald, B > 0 andp, ¢ > 0 we have

2
tr (Aszj) < tr ABPAB < tr A2BPH4. (1.7)
In fact, [9, Theorem 1.2] and [8, Theorem 1] give even stronger version of the second inequality:
tr Af (B) Ag (B) < tr A% f (B) g (B)

for nonnegative nondecreasing functiofisand g. In Section 3, we will generalize (1.7) in two
different directions.

There is another interesting question posed by Bourin in [10]. Motivated by results on subaddi-
tivity, he asked whether we have

| APt + BrHa|| < H’(Ap + BP)3 (A7 + BY)(AP + BP)3 (1.8)
forall A, B > 0 andp, g > 0. Again, it suffices to check if
A+ Bl < || (4" + B (A1 4 B+ BYY|, 0<e<, (1.9)

holds. Hayajnehand Kittaneh showed in [13] that the answer is affirmative in the case WHeis
either the trace norr- ||; or the Frobenius norr- ||2. However, after examining the proof, one sees
that at least for these two norms it is natural to seek a stroger inequality. Indeed, for the trace norm, the
left-hand side in (1.9) equats (A + B), while the right-hand side equais(A + B) plus additional
termstr A'B'~! +tr AI~t B!, In the case of the Frobenius norm, we get quite a few additional terms,
see [13]. In the last section we propose what we find a natural candidate for the strengthening of (1.9)
and give positive results in the cases of the trace and Frobenius norms. The general problem remains
open, but a recent result of Audenaert [4, Theorem 3.1] yields as a corollary a weaker version of (1.8)
which reads like

[| 47+ + BPH||| < [I(AP + BP)(A? + BI)]|.
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For anyn x n matrix A denote its eigenvalues by; (A), arranged such thak, (A)| > ... >
|An (A)]. The vector of eigenvalues\; (4),..., A, (A)) will be denoted by\ (4). We use the
standard notation for majorization, see e. g., [5, Chapter Il]. For veatoss (z1,...,z,) and
y=(y1,...,yn)Withzy > ... > 2, > 0andy; > ... >y, > 0 we write

T <wlog Y

k
<[ k=ton

Such a majorization implies a weak majorlzatlmrkw y, that is

k k
Z gZy], k=1,...,n.

w:h

2. INEQUALITIES OF TYPE (1.1)AND (1.2)

We start the section with the example which shows that (1.1) is not valid for all collegtions . . .,
Pk, Gk = 0.

Example2.1 : Let

76 0 0 20 -—-14 13
A=10 0 0 and B= | —14 2880 3100
0 01 13 3100 3380

Then we haved, B > 0 and

tr AYBAB* = 7608677695167720100 > 7566365725138281700 = tr A°B°. (2.1)

Remark2.2 : Example 2.1 shows that (1.6) does not hold for matrites3® > 0 andt = 7.
However, we haven’t been able to answer the following natural question.
Question2.3 : Is the |nterva[4, 4] themaximalone on which the inequality (1.6) holds?

Corollary 2.4 — If A andB are as in Example 2.1, then

HA%BAB%
2

5 5
HA§B§

2

In particulay (1.2) does not hold for all collections, q1, . . ., px, g > 0.
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ProOF: It is well-known that for any two matrice¥ andY” of appropriate sizes we have

tr X*X +trY*Y

Itr X*Y| <
2

By applyingthis equality forX = A3B3 andY = A>BAB> we get
2
HA%B% + HA%BAB%
2

2
2

ltr AYBABY| = |tr X*Y| <

2
Sincetr A°B® = HA%B% , Example2.1 now yields
2

2

) HA%B% + HA%BAB%
< 2

2 2 ’

2
2

i

whichimpliesthe required result. O

Example2.5 : Let

and D = 2 6 6

4
C=10
0 -2 6 15

S = O
o o O

Then we have”, D > 0 and

tr (C3D?)? = 52607744 > 25527680 = tr C5 DCD’.

We finish the section with two propositions which both generalize (1.7).

Proposition2.6 — LetA, B > 0 andp, ¢ > 0. Then we have
2
A (AB™)” <wiog A (ABPAB?) <wiog A (42BPT1).

In particular,

p+q

2r
tr (AB?) <tr (ABPABY)" < tr (A?BPT9)"
forallr > 0.
PROOF: Itis enough to show that
ptq\ 2
A (AB™) < (ABPABT) < (A2B7) (2.2)

andthenwe can apply a standard argument using antisymmetric tensors, see e.g. proof of [5, Theorem
IX.2.9]. There is nothing to prove jf = ¢ = 0, so assume thatt ¢ > 0. Let us first prove the second
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inequality in (2.2). After multiplyingA and B with the same positive scalar, if necessary, we may
2 2
assume thak; (4?BP1?) = 1, thatisBP*? < A2, Then we have3? < A" i+a and At < B,
SO
A1 (ABPABY) = A, (B%ABPAB%) <\ (B%A%B%> <1
asdesired.We proceed with the proof of the first inequality in (2.2)] K| is the operator norm, then
we have

N e R et

Because3 "' AB"" is Hermitian,the latter is not larger than

HB%AB% g H(B%AB%) (B%AB%>H N\ (B%ABPAB%> — M (ABPABY). O

Recallthatpositive functionf is log-convex iflog o f is convex and that this condition is stronger
than convexity.

Proposition2.7 — Let A, B > 0. Then the functiory : [0, c0) X% [0, 00) — [0, c0), defined by
f(p,q) = IBIABPABI||, p,q € [0,00),

is log-convex.

PROOF: Letpi,p2,q1,q2 € [0,00). Then

f (pl —;p27 Q1 ;%) _ H‘B<11+(12 ABPI;I)Q ABq1+<12

< m (BqlAB 3 ) (B ; ABq2>

P1+tpP2 q1+492

becauseB =2 AB" 2 AB™2™ is Hermitian. By settingX — B AB% andY = B'Z AB® in
Caucly-Schwarz inequality

XY < VIXXHIIY Y= = VXX Y=Y (2.3)

[5, Theorem 1X.5.1], we consequently get

/ (““’2 ‘“”2) < T T e aa),

2 ’ 2
as desired. O

Remark2.8 : Proposition 2.7 is a generalization of (1.7), because it tells in particular that for
p,q > 0, the function

f(rs) = H(B%)SABTA (B%)s

= tr AB" AB?
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is log-convex on the line segmefit(1 — ¢) (p+ ¢) .t (p +¢)) : 0 <t < 1}. Since it is symmetric
with respect to the middle of the segmefe?, 2549), it attains minimum there, while it attains
maximums in the edge® + ¢, 0), (0,p + q).

3. ANOTHER BOURIN QUESTION

In this section we will propose our candidate for the strengthening of (1.9). In order to justify our
choice, we will first prove a reverse inequality. Fix arbitratyB > 0 and denote

F(t) = (A" + BY)2 (A" + BY)(A'+ BNz, 0<t<1.
Notethat 7'(¢) and F'(1 — t) are unitarily equivalent for everyc [0, 1].
The following proposition was proven in [3], but we present a different proof here.
Proposition3.1 — For anyj > 1 andt € [0, 1], we have

Aj(E(t) < 2Xi(A+ B) = X(F(0)) = A (F(1)).

PrROOF: The mapr — z®, x > 0, is matrix concave fob < s < 1, see [5, Chapter V]. Hence,

A+ B S>A5+BS
2 - 2 ’

whichyields
A*+ B <275 (A4 B)°.

We apply this equation twice and get

N(F() < 24 ((A'+ B3 (A+B)' ™ (A + BY)?)
= 2t ((A+B)%(At+3t)(A+B) )
< atolty, ((A+B) = (A+ B (A+B)'T t) — 2\ (A+B). 0

The last proposition tells that the functioy(£'(¢)) has maximums at = 0 andt = 1. In
particular, for every unitarily invariant norm, the functigjti’(¢)|| has maximums at= 0 andt = 1.
This brings us to a natural question.

Question3.2 : Do functions\;(F(t)), j > 1, or || F(t)|| have a minimum at = 1? Moreover,
are they convex or log-convex?

Since);(F(1 —t)) = A\j(F(¢t)) foranyj > 1 andt € [0, 1], the convexity condition is indeed
stronger than the condition about having minimum at % But the latter condition is stronger than
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(1.9). Indeed, if we sej(t) = H‘(At + Bt |||, then||A + B|| = g(1) and||F (3)|| = ¢ (3). But
we haveg (1) < g (1), because — g (t) is a decreasing function g, 1], as was shown in [14].

We will consider the question about log-convexity for the trace norm and the Frobenius norm.
When doing that, we will need the following proposition.

Proposition3.3 — LetA, B > 0 anda, b, ¢, d € R. Then the function

F(t) = H‘AatJchbt+dAat+c

is log-convex on the region of its definiteneSs.

PrROOF: Note that ifA and B are invertible, therD; = R. If A (resp.B) is not invertible, then
[ is defined only wheret + ¢ > 0 (resp.bt + d > 0). In these cased); is either an interval or a
point or an empty set.

For everyt € Dy setX,; = B3 Aatte andsupposehat D, contains at least two points, say
ands. We also havé$® € Dy, soone can computel® s +¢B3° +9 4¢5° +¢ which is a hermitian

matrix. Thus,
f (t ; 3) _ H‘Aa%ﬁ-cBb%-ﬁ-dAa%-&-c < H‘Aat-i-cBbt;S-i-dAas-i-c _ H‘X:XS’H’
which is by (2.3) bounded from above Ry|[| X; X [[[[| Xz Xs|| = \/f (t) f (s), asdesired. o

In the sequel we will need an obvious fact that a positive power of a log-convex function is log-
convex and a well-known fact that the sum of two log-convex functions is log-convex.

Corollary 3.4 — LetA,B > 0,p > 1, anda, b, ¢, d € R. Then the function
t— tr (Aa”CB””d)p, 0<t<l, (3.1)

is log-convex on the region of its definiteness.

PrROOF: By Proposition 3.3, the function from (3.1) igeth power of log-convex function

at+c at+c

t— HA 5 Bbt+dAT

p

Theorem3.5— Function
t—[[F@),, tel0,1],

is log-convex fop € {1, 2}.
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PrRooOF: We have
[F@)]l, =tr (A+ B) +tr (AtBl_t) o+ tr (Al—tBt)
and

IF@) |3 = tr (A+B+A'B" + B'A)’
— tr (A+ B)?+2tr (A+ B) (A'B"' + B' A 4+ tr (A'B'! 4 BtAlY)?
= tr (A+ B)* +2tr A Bt 4 2tr A>'B! 4 2tr B1Ht A
+2tr B2t AL + tr (AtBl_t)2 + tr (Al_tBt)2 + 2tr AB,

so the claim follows from Corollary 3.4. O
Corollary 3.6 — Functions
t — tr (Al_tBt + AtBl_t) , te0,1],

and
tistr (A+ B+ A'B"" + B'A™)? | te(0,1],

are decreasing of9, 5] andincreasingon 1, 1].
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