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An effort has been madein this paper to analyze a simple diaphragm supported single layer piezoelectric plate for el ectro-
mechanical loading by using mixed semi-analytica model developed by Kant et al. (2007). The mathematical model consists
of defining a two-point boundary value problem (BVP) governed by a set of coupled first order ordinary differential
equations (ODESs). The accuracy and effectiveness of the proposed model are assessed by comparing the numerical results
with available three dimensional (3D) elasticity solutions. Numerical results for different length to width ratio and for

various aspect ratios have been presented for future reference.
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Introduction

Study of smart structures consisting of composite
substrate with embedded or attached piezoelectric
patches has been an active area of research in recent
years. The coupling effect existing between elastic
and electric fieldsin piezoelectric material isusedin
various engineering applications. The direct piezo-
effect is used in sensors in electromechanical
transducersto infer the deformation in the material.
The converse piezo-effect is used in actuators for
controlling deformationsand vibrations by application
of appropriate electric potential difference. The
simultaneous use of sensing and actuating functions
of the piezoel ectric materialsis seen in the unmanned
space structures and aircrafts for which, a very
accurate analysisis essential.

* Author for Correspondence: E-mail: sspendhari @vjti.org.in

The mechanicsof sensing and actuating of smart
materialsplaysvery significant roleinthe anaysis of
controlled structures. A large number of theories,
analytical solutions and numerical model sare reported
for the analysis of such structures in the technical
literature. Ray et al. (1992, 1993) have presented
three dimensional (3D) exact solutions for e ectro-
mechanical loading, for asingle piezoelectric platein
cylindrical bending and for intelligent plate under
cylindrical bending. Heyliger (1994a, 1994b and 1997)
has obtai ned exact solution for an unsymmetrical cross
ply compositelaminate attached with singleand double
layers of piezoelectric material. Extensive work has
been done on response of piezoelectric material to
thermal loading as well. Noteworthy contributions
have come from Dube et al. (1996), Kapuria et al.
(199743, 1997b), Zhang et al. (2002), Sakthivel and
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Arockiarajan (2010), Moghadam et al.(2013),
amongst many. However, obtaining anaytical solutions
for laminates with alarge number of layers becomes
tedious. Hence researchers have focused their
attention on two dimensional (2D) analytical models
viz.classical plate theory (CPT) (Tiersten 1969;
Dimitridis et al. 1991; Crawley and Lazarus 1991,
Wang and Rogers 1991; Lee and Moon 1989; Lee
1990), first order shear deformation theory (FOST)
(Chandrashekharaand Agarwal 1993; Jonnalagadda
et al. 1994; Detwiler et al. 1995; Huang and Wu 1996;
Bisegna et al. 2001; Vel and Batra 2001; Wu et al.
2004) and higher order shear deformation theory
(HOST) (Ray et al. 1994; Kim et al. 1998).

The motivation for the present work has come
through the need of developing an accurate and
computationally inexpensive approach of analysis.
Thus, the semi-analytical mathematical model
developed by Kant et al. (2007) is reformulated for
displacement and stress analysis of a piezoelectric
plate under mechanical and electrical load. A
piezoelectric plate isformulated as atwo-point BV P
governed by a set of first order ODEs,

$y(@)= MDY+ p(2) @
in the interval —h/2 < z < h/2 with any half of the
dependent variables prescribed at theedges z= + h/
2. Here, y(2) is an n-dimensional vector of primary
variables, A(z) is an n x n elastic and electric
coefficients matrix and p(2) is an n-dimensional
vector of non-homogeneous (loading) terms. It is
clearly seen that mixed and/or non-homogeneous
boundary conditions are easily admitted in this
formulation.

Formulation

An all-round supported piezoelectric plate is
considered. The dimensions of the plate are; axb,
respectively inxand y directionsand thicknesshisin
z direction (Fig. 1). The plate is assumed to be

Fig. 1: Simply supported piezoelectric plate subjected to
electr o-mechanical load

subjected to transverse mechanical and electrical
loading at the top surface. Longitudinal edgesat x =
0,aandy= 0, b are assumed to be grounded to zero
potential.

Thecoupled e astic and electrical field equations
in piezoel ectric medium given by Tirsten (1969) are;

{o} =[Cl{e}-[e[{ E} 2
{D}=[el{ec}+[ 9N E} 3

Inthese equations, { o} isthe stressvector, { ¢}
isthe strain vector, { E} isthe electric field intensity
vector and { D} is the electric displacement vector.
Piezoelectric stress coefficients matrix [€] (Cady,
1946) and dielectric constant matrix [g] (Tzau and
Pandita, 1987) for a commonly used material like
PV DF bel onging to Rhombic group, Class 7 aregiven

by;

0 0 e
0 0 e,
[e]: 0 O esa gll 0 0
0 0 0| qld=|0 g, O
egs O 0 0 0 0
10 e, 0]
4

Equations (2) may be expanded as;
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where A = (1_V12V21 “VoVap “VaVis — 2\’12V 23V31)

Elagticity equilibrium equationsin 3D domain are;

0

90, Tyx+aTZX+BX=O
oXx dy 0z
8rxy+80y arzerB o
ox dy o0z ° ©)
ot, 9T, Jo

ﬂ “+B,=0
ox oy ¥ 0z 5

Where B,, By, B, are the body force intensities
inx, y, and zdirections respectively.

3D strain-displacement relations are;

L _ou
o oX Y9y oX
L ow
Yooy 0z OX 9
L o
‘0z “ 0z oy

And, 3D charge equilibrium equation (Maxwell,

in which, the materia stiffness coefficients Cij are
givenby;

C. = El(l_vzsvsz) - C. = El(VZl +V31V23)
11 A r 12 A

C.= El(v31 +V21V32> i _ Ez (1_V13V31>
13 A y 22 A

C44 = GlZ ; C55 = G13; Cee = st

1865)is;
oD, oD, 9D,
+ + =0 (10)
ox dy 0z

Equations (5), (6), (8), (9) and (10) have atotal
of 19 unknowns; U, V, W, €, €, €, Yyr Yy Vs T Oy
Tp Ty Ty T D, Dy, D, and ¢ in 19 equations.
After some algebraic manipulation of the above sets
of equations, a set of partial differential equations
(PDEs) involving only eight variables called primary
variables; u,v,w, s, 7, 7, D,and ¢ is obtained as;

u_(1) (&) _ow
dz \Cy) ® |Cy)ox ox

o _[1 ) 8|00 ow
0z Ceo) ” \Cy )0y oy
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a_Wz[ 9 )G +( G5 J D _[ 933C31+833831ja_u_£933C23 +ease32Ja_V
02 (Culs+€48s) ~ | Cxlnteyey C3055 + €565 ) X | Cy3035 + €355 ) OX
8_(]):( s )G _( C33 J +(033931_%3C31)a_u+(c33e32_933 32 ]_
az C33g33 + e33e3>3 ’ C33g33 + e\33e33 C33933 + e33e3>3 aX C33933 + e33e33 aX
aT_xz __ |:C _ (C13933C31 + %3C13%1) n (eﬂcsseﬂ ~ %1C31e$3)j| 0’u
82 H (C33 g33 + %3%3) (C33 g33 + %3%3) axz
_ _ \M13Y33a 21333 133532~ 313233 v
o _(Cu9xCot€uCrn)  (€xCuifr ~€uCin) , o | ¥*
P (Cuntenes) (Cobstexes) Joxdy a
o du_ { CisOss + € } 9o, _{Clsesg -,Cs, } oD
44 X
9y* | Cy0s + 555 Cy3035 + €585
e {C _(Co0Cis+eCat)  (8Cse8~€:Cu) , - } o'u
9z P (Cy0s + ety (CuOss+e48s) | 0xdy
_ { o (Cu0iCot8:Cu) (0Cue - %2032%3)} o
2 (C33933 + eSBe&'S) (C33933 + e&BeSB) ay
_ C azv _ C23g33 + %2%3 aGZ _ C23%3 B %2C33 aDZ + B
“ox® | CpuQu + C y
33 g33 %3%3 33933 + %3%3
ao-z _ asz _ aTYZ + B
dz  ox ody °
dD, (€597, (€ |97y (€8s %0 [ €uu 9%
=—| = | === + +0, |=—+ + —
0z (055 J ox (CGG oy C., Gu |55 Cq 922 e

Thedisplacement field and stressfield over the
entire domain, satisfying the boundary conditions
(BCs)at x=0,aandy = 0, b are expressed in the
form of double Fourier seriesas;

)=> Yu, (z)cosrm;sm my

u(x,y,z)= >, 2 - .

V(X,Y,2)= ZZV (z)smTcosm;y

w(x,y,z)= EEW (z)sm—XsmnTEy
a b
ru(x,y,z)zzzlrm(z)cos?sin%
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T,(XY,2)= ZZTWn(z)sn—cosmgy p(x,Y,2) 22 Porm (Z smmnTsm m;y
. MmX . nuy
c,(x,y,2)= 6 ,m(Z)SIN——sin—= nn
%2 a b (x,2) ZZ%W(Z)SH—SHT)’ (13)

D,(xy,2)=Y Y Dm(z)sin%sin% (12)

The transverse mechanical load and applied
electrogtatic potential, assuming thelongitudinal edges
to be grounded with zero potential, are expressed as;

dumn (Z)

dv (z)

[
( )W (Z) ( 55 J o (Z) ( C55
m (e )(m

S R R P L e

0,Cs, + €556, J (%) v (2)

Substituting Equations (12) and (13) and its
derivatives into Equations (11), a set of first-order
ordinary differential equations (ODES) involving
primary dependent variables u, v, w, o, ' Typ T D,
and ¢ isabtained as;

J(%}pmn(z)

dW (Z) ( 3C31+333%1J )u (Z)+(
Css0ss €55 " Cys0s5 €535
( J zm ( ) (—J Dzmn (Z)
Ca 933 + %3%3 Ci303; + €565

33e31

d¢ (z) (
{esrian

|
33933 + %3%3

& 31J )urm(z) (
33933+%3e33

33e32

e33 32J( jv (Z)
33g33 +e3;3e$3

#j Dzrnn (Z)
33933 + %3%3

(Z)
—am_ - C
[ t (CyyUs +€585)

13933C31 €4 13%1) + (%1C33%1 - %1C31%3) m’n 2 _C nm ? u (2)
(Css0x +€x8) a’ “Uor )

Cia0Cor +Ciss) | (uCaro ~:Cos)

(Cs0ss +€5€5)

!
Jets
{

13933+931%3J ) (- [
Cay0 + €485 o

mnm 2
+C — |v.,(2)
(Css0ss +E85) ““}( ab j
1333,3_%1 ) D (Z)+ B
33933 + 833%3
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dT yzmn (Z) _ [(C _ (C23933C32 + %3C32%2) + (e3>2c33e32 B %2032%3
dZ - 22

(C33933 + %3%3)

)5 e

(Cia0as +€5€85)

{Clz ]

(Cx0s +€485)

% = (%)rm(z) + (%)r yam (2 + B,

(013933(:32 + %1023%3) N (%2C33%1 - %2C13%3) iC }( mnr JU 2
(CaOntesen)

B ( Cr0xt€,€, j(ﬂjc (2)- (
CxOs+€585 )L D ) 7

23%3

S "G 33)( jD (2)+B,
33933+%3%3

dDzmn(Z)_ i e24
m —(CSJ( " ) (z){ceﬁj( . jryzmn(z)

| &s8s mn® ) (€8,
H Css +gllJ[ a’ J-l-( Cee

Equations (14) represent the governing two-point
BVP in the domain -h/2 < z < h/2, with stress
components known at the top and bottom surfaces of
the plate. Solutions of above equations are obtained
using numerical integrationinthicknessdirection. The
approach to solving BV Psin equations (14) isby first
transforming theseinto aset of initial value problems
(IVPs) - one non-homogeneous and n/2 homogeneous,
then alinear combination of one non-homogeneous
and n/2 homogeneous solutions is obtained so as to

B
I
EMX M i ibe EMZ

n=

2 C12
=1

n

5ol
s
Z%CM(
=%
|

@+ Cu jvrm(z)}

O
Il

n

O
Il

i e, av.,, (z)

oW L u (D)- clz(%jvm(z)wm

Jim@=Ca T @

- du (z) B m
21 elS ( a jwmn(z) gll( a

(%j (2)- gzz[ j (z)}smTcos%

2 2 14
' gzzJ[ma—fﬂq)m(z) o

satisfy the BCsat z= + h/2, leading to a system of
n/2 linear algebraic equations. Then/2 unknowns X,
X5, X, (Table 1) at z = - h/2 are then determined. A
final numerical integration gives the desired values.
Availability of efficient and accurate ODE numerical
integratorsfor IV Pshe psin computing reliablevalues
of the primary variabl es through the thickness.

Secondary variables may be expressedinterms
of primary variablesas;

(), d%(z)}s.n mx .y
dz dz a
Mim(2) , d¢mn(2)}Sirl rrzxgn ny

dz 2 dz b
mx __ ney
CcOS——Ccos—=
a b
Mmx . noy
7)  coOS——sin—=
)¢mn( )} 3 b (15)
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Numerical Investigation c
For the validation of the semi-analytical formulation, % 3 % § % % 3
numerical investigation is carried out on a simple S 2 E 5 5 5 2
diaphragm supported, singlelayer, square PV DF plate
with aspect ratio a/h = 10. Material properties are gl & & 8 3 8
depicted in Table 2. Two cases of loading are N I
considered as below; i R SR iR -
1. Plate is subjected to mechanical load £ Sl SE SE L8 8 8 o
+
1l S i} i 3 3 8 o
p(xy)= posin(n—x)sin(ﬂj with p, = 1 at the Sl
a b 0 > . N - < . >
. . . . 8 ST T > Y X
top surface with no electric potential applied at top T -
and bottom faces. Such a plate is referred to as = S N N N N
‘sensory plate’. S| 8 8 R 8 8
2. Plate is subjected to electric potential 49 8 o 5w
> > > > > > 3
¢(x,y)=¢09n(n—x)9n(n—yJ with ¢, = 1 at the
a b ° g % % %
top surface with no electric load at the bottom face % % % % z
and top and bottom faces are traction free. I i &
Longitudinal edges of the plate are held at zero
potential. Such a plate is referred to as ‘actuating g -
plate’. g g
X
The results obtained in both the cases are © i °° °°
compared with the exact solutions given by Heyliger % c
et al. (1994b). The through-thickness variation in s g §
displacements and stresses are shown in Figs. 2t0 5 R
for sensory plate and in Figs. 6 to 9 for actuating <
plate. Also, the numerical values of these quantities § g
at salient points are given in Table 3. The solutions & f 6 o o o £
obtained from semi-analytical formulation arein good .
agreement with the exact solutions, which showsthe g % c
accuracy of the present devel opment. " 3 §
N < o o o o o X
Additional parametric investigation has been % £ T % )
carried out to study the effect of various parameters a |e E £ £ T &
on thetransverse deflection w of the mid-plane of the % g @ @ g 5 @ "
plate. First, a/b ratio of the plate is varied keeping g |9 o A
mechanical and electrical loading intensities constant. % 3 7 3 7
It isobserved that in both sensory aswel| asactuating 2 % % z % %
plate, w initially increases rapidly (Fig. 10) with s g e 2 & & 0
increase in a/b and around a/b = 4, converges to a 3 e e 7 e e %
constant value. There onwards, increasein a/b ratio E T _ 8 8 B
has no effect on transverse deflection w. % % §> % % %
Further, for asguare sensory plate, aspect ratio : . 5| o 4 o o o X
s= a/hiscontinuously increased and variation of w o | g =
under constant mechanical load is observed (Fig. f_% % § @ o o < w i
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06 z/h

ux10%m)

-10 -5 10

-0.4

-0.6

——Semi-analytical O Exact

-10 =5

vx104%(m)

10

-0.6

O Exact

——Semi-analytical

Fig. 2: Through thickness variation in a PVDF sensory plate in (a) in-plane displacement u, (b) in-plane displacement v

Table 2: Properties of PVDF (Heylinger et al. 1994)

E, 237 GPa
E, 23.2GPa
E, 10.5GPa
G, 2.15GPa
G 4.4GPa
G 6.43GPa
Vi 0.154
Vis 0.178
Vo 0.177
e, -0.01 C/n?
e, -0.13C/r?
e, -0.14 C/m?
s -0.28 C/rr?

enles 125

€0, 11.98

€540 11.98

11(a)). It is seen that for thick and moderately thick
sensory plates, transverse deflection increases slowly
and non-linearly. However, for thinand very thin plates
i.e. beyond s = 80, transverse deflection increases
rapidly and linearly. Transverse displacement (w) for
the actuating plate under constant electric potential
initially increasesrapidly inthick platesasshownin
Fig. 11(b) whilefor moderately thick and thin actuating
platesit remains almost constant.

Parametric studi es have been performed to study
the effect of gradual incremental mechanical loading
on transverse deflection (w) for sensory plate for
various aspect ratios (a/h) and reported in Fig. 12(a).
The effect of gradual incremental electric load on
transverse deflection (w) for actuating platefor various
aspect ratios (a/h) has been studied and depicted in
Fig. 12(b). These figures show that the transverse
deflection (w) varies linearly both in sensory and
actuating plate with mechanical as well as electric
load for all aspect ratios.

Concluding Remarks

A simple and efficient semi-analytical formulationfor
the analysis of simply supported single layer
piezoel ectric plate has been presented in this paper.
Formulation consists of a two-point BV P governed
by a set of linear coupled first-order ODES with the
assumption of trigonometric variation of all variables
alongin-planedirection. Theformulationisfreefrom
any simplifying assumptions in the thickness
direction.The stresses and displacements are found
simultaneously and with same degree of accuracy,
which is a unique feature of the present model. The
results obtained by present formulation are in good
agreement with 3D elasticity solutions given by
Heylinger et al. (1994). Also, additional parametric
study for different length to width ratios, for various
aspect ratios and for variable mechanical and electric
loading conditions have been presented, which could
be useful forfuture reference.
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Fig. 3: Through thickness variation in a PVDF sensory plate in (a) in-plane normal stress o,, (b) transverse normal stress o,
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Fig. 4. Through thickness variation in a PVDF sensory plate in (a) in-plane shear stress 7,
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——Semi-analytical

i8]
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O Exact

Fig. 5: Through thickness variation in a PVDF sensory plate in (a) induced electric potential ¢, (b) transverse electric

displacement D,
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Fig. 6: Through thickness variation in a PVDF actuating plate in (a) in-plane displacement u, (b) transverse displacement w
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Fig. 7. Through thickness variation in a PVDF actuating plate in (a) in-plane normal stress o,, (b) transverse normal stress o,

06 |z/h 06 | z/h

0.4 0.4

0.2 0.2

Ty (N/m?) T X107 (N/m?)
0
-0.023 -0.022 -0.021 019 -0.018 -20 20
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Semi-analytical O Exact Semi-analytical O Exact

Fig. 8: Through thickness variation in a PVDF actuating plate in (a) in-plane shear stress Tyy (b) transverse shear stress T,
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Fig. 9: Through thickness variation in a PVDF actuating plate in (a) applied electric potential ¢, (b) transverse electric
displacement D,
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Fig. 10: Variation in mid-plane transverse deflection w for various a/b ratios of (a) PVDF sensory plate, (b) PVDF actuating
plate
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Fig. 11: Variation in mid-plane transverse deflection w for various a/h ratios for (a) PVDF sensory plate, (b) PVDF actuating
plate
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Fig. 12: Variation in transverse deflection win PVDF square plate for various aspect ratios due to variation in (a) applied
mechanical load intensity, (b) applied electric potential intensity

Table 3: Displacements and Stresses in Simply Supported
Square PVDF Plate

Quantity  Positionalong  Sensory plate  Actuating
thickness plate
u(m) -0.5h 6.839E-10 -1.015E-12
0 0.015E-10 -2.99E-13
0.5h -6.843E-10 —-1.224E-12
v(m) -0.5h 8.725E-10 —9.925E-12
0 0.098E-10 -9.121E-12
0.5h -8.564E-10 —9.908E-12
w(m) -0.5h 62.48E-10 -1.066E-11
0 62.82E-10 0.0183E-10
0.5h 62.95E-10 0.1493E-10
o V) 0 0.1126 0.4884
o, (N/md)  -0.5h -52.0549 0.0167
0 -0.0196 -0.0393
0.5h 52.2683 0.0256
o(N/m?)  —0.5h -7.185 -0.0133
0 0.0162 -0.0221
0.5h 7.2475 -0.0215
UZ(N/mz) 0 0.4997 —-0.0001443
rxy(NlmZ) -0.5h 3.144 -0.0221
0 0.0229 -0.019
0.5h -3.1123 -0.0225
T NImM) 0 3.9034 0.0003
ryZ(N/mZ) 0 0.7782 -0.0003056
DZ(C/mz) -0.5h -1.066E-11 -1.101E-10
0 -1.28E-11 -1.127E-10
0.5h -1.493E-11 -1.207E-10
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