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Thenon-linear stability analysisof composite cylindrical panel subjected to concentrated in-plane mechanical and localized
thermad |loadings are reported here. The buckling of composite panel subjected to concentrated in-plane mechanical |oading/
localized thermal loading is solved in two steps asthe prebuckling stress distribution within the panel isnot knownapriori.
Inthefirst step, the semi-analytical expressionsfor the pre-buckling stresses within the composite cylindrical panel under
in-planemechanical/ thermal loadings are devel oped by solving in-plane el agticity/thermoel asticity problem. Subsequently,
using these in-plane stresses within the cylindrical panel, the governing equations for nonlinear stability of layered
composite panel are formulated using variational principle. The cylindrical panel is modeled based on Donnell’s shallow
shell theory considering higher order shear deformation theory and incorporating von-Karman geometric nonlinearity. The
Galerkin’s method is used to solve the non-linear governing partial differential equations. The influence of different types
of mechanica and thermal loadings, initial geometric imperfections, and radius of curvature on the postbuckling equilibrium

paths is investigated.
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I ntrodunction

Theclassical buckling problem of compositecylindrica
panel subjected to uniformin-plane mechanical loads
or uniform thermal loading over plate area is well
documentedin literature. However, studieson buckling
of composite panels subjected to concentrated in-
plane mechanical loading/localized thermal loading are
meagre. Dueto |localized heating source at the centre
of the panel or due to non-uniform exposure of the
pand to thermal loading T(X, y), the panel issubjected
to localized thermal heating with maximum
temperature at the centre and minimum temperature
at the support. Thishasbeenidealized as (i) localized
heating over central rectangular or circular regionwith
constant temperature within the region or (ii) dome
shaped heating T(X, ). Inthe present article, the non-
uniform mechanical loadings are modelled as
concentrated load and partial edge load. Recent
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devel opments have shown that under the action of
non-uniform mechanical in-plane loads, al three

components of stresses(o,,, 6,,, ©,,) are developed

within the plate/panel. Thus, the buckling and post
buckling problems of panel subjected to localized
thermal loading or non-uniform mechanical loading
involves two steps. In the first step, the prebuckling
stress distributions within the panels are evaluated.
Subsequently, using these stress distributions, the
governing stability equations for panel are derived
which are solved by Galerkin’s method in the present
article.

The numerous studies on the buckling and
postbuckling response of composite flat panel under
uniform temperature distribution over plan and
through thickness are reported in the literature
(Tauchert and Huang, 1987; Chen and Chen, 1989;
Meyersand Hyer, 1991; Singh et al., 1993; Singhaet
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al., 2001; Jones, 2005; Libtrescu et al. 2000, Ouniset
al., 2014). Birman and Bert (1993) and Girish and
Ramachandra (2006) traced the postbuckling
equilibrium path of composite cylindrical shell panels
subj ected to combined mechanical and thermal loads
(uniformtemperature risethrough the thickness) using
one term and multi term Galerkin’s method
respectively. Yang et al. (2006) reported the
postbuckling equilibrium path of functionally graded
cylindrical panel with temperature dependent
properties under thermomechanical loads within the
framework of differential quadrature method. In the
above papers, first, the panel was subjected to uni-
axial mechanical load and then uniform temperature
loading was applied. Dongyun et al. (2016) studied
the postbuckling behaviour of stiffened curved panel
experimentally and numerically (finiteelement method)
under shear and in-plane mechanical loadings. The
postbuckling response of composite cylindrical panel
(Pandaand Ramachandra, 2010) and sandwich panel
(Dey and Ramachandra, 2014) under parabolically
distributed edge loading was studied using multi term
Galerkin’s method. Authors used Ritz method for
evaluating the in-plane stresses within curved panel
dueto non-uniformloading.

Chen et al. (1991) used finite element method
to analyzethethermal buckling of compositeflat pandl
under tent-like non-uniform temperature distribution.
Mead (2003) used Rayleigh-Ritz method to analyze
the buckling and free vibration of free-freeisotropic
flat panel under non-uniformin-planethermal stresses.
Author expressed the stressfunctions as orthonormal
beam function and assumed that theflat panel isstress-
free at all the edges to calculate in-plane stresses.
Morimoto et al. (2006) evaluated the prebuckling
thermal stressdistribution within functionally graded
rectangular plates dueto localized thermalsloadings
by solving the thermoelastic problem. Using thesein-
plane stresses the governing equations for the plate
stability problem areformul ated which are solved by
Galerkin method to compute critical buckling
temperature.

From the literature survey, it is observed that
analytical expression isnot availablefor prebuckling
stress distribution within the layered composite
cylindrical panel subjected to in-plane concentrated
loading/localized thermal loading. In the present
investigation, the semi-analytical expressionsfor the

in-plane stresses within the layered composite
cylindrical panel due to non-uniform in-plane
mechanicd / thermal loadingsare devel oped by solving
the in-plane elasticity problem. Subsequently, using
thesein-plane stresseswithin the panel, the governing
nonlinear stability equations of layered composite
cylindrical panel are formulated in terms of

displacement (u-v-w) and rotation (¢, ¢, ) variables.

Using Galerkin’s method, the governing partial
differential equations satisfying the boundary
conditions are reduced into a system of nonlinear
algebraic equations. These equationsare solved using
Newton-Raphson method in conjunction with Riks
approach to trace the postbuckling equilibrium paths.
The effects of radius-to-width ratio, geometric
imperfections and different types of non-uniform
mechanical/localized thermal | oadings on the nonlinear
stability analysisof thelayered composite cylindrical
panel are examined.

Formulation

Kinematic Equations

Consider a composite cylindrical panel of length a,
breadth b, thickness h and composed of N orthotropic
layers of uniform thickness and subjected to non-
uniform in-plane mechanical and thermal loading as
shown in Fig. 1. Let the coordinate system of the
middle surface of the panel coincidewith x-y axes of
the cartesian co-ordinate (x-y-z) system and thelines
of principa curvature (1/R) of the middle surface,
and z coordinate is normal to the middle surface. In
the present study the governing equation of the
cylindrical panels is derived based on Donnell’s shell
theory considering higher order shear deformation
theory. The strains at a distance z from the middie
surface can be expressed as (Soldatos, 1991),

o a
€ K
EXX XX KXX XX
o a
€. =180 r+ 2K, r+ f(2){K
1% vy vy (2) vy )
’Y 0 K a
Xy Yy Xy Ky

Where €4, Egy Vyyr Koo Kyyo Koy,

a a a .
K Kyy, ny andyyz,\(XZ are membranestrains,

bending strains, additional bending strains due to
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additional changes of curvature and shear strains

respectively and can be defined as,
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Fig. 1: Geometry and non-uniform mechanical and localized
thermal loading for cylindrical panel

Here, u,vandw are the displacements at a
generic point that is ‘Z’ distance away from the middle
surface of the panels along orthogonal co-ordinates
X, y and z, respectively. u® v° and w° the
corresponding displacements of a generic point on
the middle surface, and ¢, and ¢, are the rotation of
cross sections initialy perpendicular to the x and y
axes, respectively. (-) , and (-),y denote the partial
differentiation with respect to x and y respectively. In
theequation (2), the von Ké&rman strain-displacement
(nonlinear strains) relations are used to account for
thedeformed configuration of the shallow cylindrical
panels with moderate displacements and small
rotations. The initial geometric imperfection w* (i.e
deviation of the middle surfacefromthe perfect pane!)
isassumed as,

¥ — ecos™ cos™Y
W' = ecos 2 cos b (6)
Where, eisthe amplitude of imperfection.

Governing Differential Equations

Thepartia differential equations governing the non-
linear stability of composite shallow cylindrical panel
subjected to non-uniform in-plane mechanical and
thermal loading in the cartesian co-ordinate system
are expressed in terms of in-plane force, moment,
additional moment and shear resultants respectively
using variation principleas,

I\AIXX]XM\‘IXY’y 0

NW’X+.PQW’Y 0

“(Nyy IR) My My My
+(,f{r"xxlil,x nyw,y),x (NWW,
Poox + Pyy -Q3 O

Py + Byy-Q% O

v NgW)ry 0 (7a-€)

Here,

Here, N, =N, n, (), i,j xvy) (8

In equation (8), n; and (nT)ij are the panel
internal stressresultantsdueto non-uniformin-plane
mechani cal/localized thermal |oadings respectively,
and N, jae the secondary stress resultants due to the

large deformation. Therefore, Nij are the resultant
cylindrical panel internal stressresultants. Mij and Pij
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are the moment and additional moment resultants

respectively, and Q2 and Qf are additional
transverse shear force resultants.

Theforce, moment, additiona moment and shear
resultantsare rel ated to membrane, bending, additional
bending and shear strains respectively, through the
constitutiverelations:

N = A% +Bk +Ck®— Ny )
M =B"¢°+Dk +Ex®-M; (10)
M2=C'g°+Ek +Fk®-M2 (11)
Q=Hy (12)

Where, panel stiffnessA, B, C,D, E,Fand H
are defined in terms of the transformed |amina

stiffness 6 as,

(A8, D) = f Q.,(lZZ )dz

= 2 j Q”(l,z z°)dz (i, j =1,2,6)

k=1z¢ 1

(Cy.Ey Fy) = I Q02 1(2)dz

-3 TQ,azt@t@d (=126

=lzcq (13)
h/2 __

j Q”f(af(adz
z “'a if @1 (2dz (i,j=45)
k=1 z

Where, N isthe number of orthotropic layers. In the
above equations (9)-(11), thermal force

NT ={(Npw (Nr)yy (Np)y ),

moment M7 ={(My), (My),, (My),,}, and

thermal

additional thermal moment M2 =

{(M?)xx (M7),, (M?)xy} resultants are related
to transformed thermal expansion coefficients

T

la ={ocxx Oy ocxy} by therelation,

(N7, Mr,M7)

-3 TQa@zf@)T(xy.29d @

k=171
Here, a,,, a,, and o, are defined as,
0L, = 0L, COS”0 +01,SiN%0

— 2 2
0L, =04, SIN"6 +0, 086
Oy = 2(0 — 0ty

(15)
)SinB coso

where, 0 is the angle between x-axis and fiber
direction. o, and o, are respectively the coefficients
of thermal expansion in the principal material axes1
and 2. In the present case, the therma moment and
additional thermal moment resultants

(M; =M2
temperature rise though the panel thickness. Itisalso
assumed that there is no heat exchange between the
panel and the surroundings. Using equations(8)-(12),
thenon-linear governing partial differential equations
of the layered composite cylindrical panel are
expressed in terms of displacement (u°, v°, w®) and
rotation (gbx, ¢y) variables, the details of which are
giveninAppendix A.

=0) are zero due to uniform

In-Plane Elasticity Problem

In this section, semi-analytical expr onfor thein-
plane pre-buckling stresses (o, 0,, and o ) within
thelayered composite shallow cylln rical panel under
concentrated in-plane mechanical and localized
thermal loadings are devel oped. For localized thermal
loadings, the temperature distribution is assumed to
be symmetrical about the co-ordinate axes and
uniform across the thickness for ease of analytical
development for the in-plane prebuckling stress
expression within the cylindrical panel. Since the
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applied in-plane loading is not uniform, all three
components of stresses exist within the composite
cylindrical pandl. These stresses have been computed
by solving the plane dasticity problem and satisfying
thein-plane stressboundary conditionsfor mechanica
loads and i n-plane displacement boundary conditions
for localized thermal loadings.

Thedifferent distributions of in-planemechanical
loadings adopted in the present case along an edge of
the panel are,

2

1 y
R(y) = ﬁeXp[_c_z] for concentrated load:;

-2 9+iisin_nnd0032rmy ; :
dlb Sm b b | for partial load;

=1 for uniformload (16)

Here, c is the intensity of concentrated load
whose value depends on numerical study and disthe
width of partial edgeload.

Thetemperature distributions over the panel for
different types of nonuniform heating are,

Full heating: T(X,y) =T

V |x<a/2 and |y|<b/2 (17)
Dome profile heating:

T(x,y) =Ty cos(n x/a)cos(n y/b)

V [{<a/2 and |y|<b/2 (18)

Central circular heating:

T a |y<vr?-x°

and || <r
T(x,y)=
0 a rP-x*<lyjsb2 19

and r <|x|<a/2

Central rectangul ar heating:

T, a [x<ay2
and |y|<hy/2

0 a af2<|{<a2 (20
and by, /2 <|y| < b/2

T(xy)=

where, T, T, T, and T, arerespectively the uniform
temperaturerisethroughitsthicknessfor full heating,
dome profile heating, central rectangul ar heating and
central circular heating. r is the radius of circular
heating and, a, and b, are respectively the sides of
the central rectangular heating area.

(a) Stress distribution within the cylindrical panel
under in-plane mechanical loading:

Inplane stress equilibrium equation (in the absence of
thermal loading) in terms of stress function (®) for
compositecylindrical panel are obtained using strain-
compatibility conditionsand are,

4 4p 94

a a—(D+(2a1 +agp) J +q q;_o
2274 2+ 386 ox2ay? 1 oy (21)

Here, the compatibility equation is written in
terms of xy coordinates instead of R¢ coordinates as
the shell panel is shallow. Airy’sstressfunction (®) is
defined by

%D ’o o
Mo =~ ™ = " oxay (22)

L] n - L]
2 %4 aXZ
where, a; istheflexibility coefficient of thelaminated
panel, and can be obtained using the following
equations,

1

Q; Ay e AL A, A |
B, 8y Ay = Ax An A (23)
Qg g g As Ao Pes

Airy’s stress solutions is assumed in terms of
series as,
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O(x,y) = il i (y) coS(B; %)

3 5(90050,3) + Roy? (24
j=

where, Bi :ZI_TE, ej :2£
a b
Substituting the above solutions in the inplane
stress equilibrium equation (21) and equating the
coefficients of cos(3x) and cos(ﬁj y) results in two
ordinary differential equations in r(y) and sJ(x)
respectively,

d4r' d2r.
a1 d;/gy) — (22, + agg)Bi” d;gy) +aB; 1 (v) =0
d*s; (x) d2s; (%)
J 2 j 4 _
a2 a —(2a2 +8g6)0 | 0l +a0;7s;(X)=0

(25)

Substituting r,(y) = exp(Ax) and s](x) = exp(Ax)
in the above equations, the functions r;(y) and sJ(x)
are computed by considering the symmetry condition
about x and y axes (i.e r;(y) = r,(-y) and sj(x) = sJ(—
X). Thus,

i (y) = Ry cosh(Bi1y) + R 2 cosh(B;2y)
Sj (X) = Sjp cosh(B j1X) + Sj cosh(0 %) (26)

Substituting the expressionsfor r, (y) and sj(X)

in equation (24), the expression for Airy’s stress
solutioniswritten as,

2 [Rycosh(Bipy) +
D(x,y) = El{az cosh(Bioy)
- {SleOSh(ejlx)+

sz COSh(ej2X)

}COS(BiX)

}cos(e,- y) + Roy? @)

j=1

The inplane stress resultants are obtained by
substituting the stress function (equation (24)) in
equation (22). Thus,

- Zcos(ﬁix{mcoshm.ly)ﬁ.l ]
i=1

+R 2008(B; oY) Bi 2>
sh(0 ; 28
S1cosh(8 {1X) ]912+2F?o (28)

) ElCOS(e 1Y) [+S 200sh(8 j2X)

=~ Zoosp et I
i=1

+Rzcosh(Bi2Y)
Szcosh(8 10617 J (29)

+>, cos(@;y) )
j=1 +§,c0sh(65X)0 |2

e = io:Sin(BiX)Bi (Rlsmh(ﬁilwﬁil j
i—1

+Rosinh(Bi2Y)Bi2

= SaSinh(©100 j1 &

CINOCY
+Elgn( iy) J[+stinh(ej2x)ej2J

The coefficients, Ry R Sjl, S12 inexpressions
N, (X, y), nyy(x, y) and nxy(x, y) are determined using

stressboundary conditions, whichisdefined as,

Ny (i%, y) =R(y), nxy(x,igJ =0,
nxy(i%,yj=0, nw(x,igjzo (31)

Satisfying the boundary conditions results in
simultaneous equations in terms of the unknown
coefficientsas,

B S‘”“%
Ri= (;2] o N2 (32)
Bir ) gpp PiaP
e.
0. S|nhLa
Sy =- iz —2st
J 911 sinhej—la (33)
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BiZ(COSh Bigh E‘Z coth szsinh—ﬁizzbjﬂz
i1
0:b . sza
w 0 cos—— | 0.,sinh—=—1
(2§22 T 2 g (3
- : . . j2
a j=1 .hejla . ejla
Sn ? —szsthlz
0i.a 6- 0 a
ejz[cosh 12 12 coth i sinh—— Oi2 ]sz
2 8 2
. . 5b
5 2 = Bizcos% BilsthITZ|3
HElg=—| 2|y —2 -
(b) 0 (bl}::l o Biab . Bib N2
SNh=== | =Biosinh—=14
(35)
Ro = b/2(ﬁ( ) dy (36)

p’o

b/2 .
Here, 1= 2[0 R(y)cos®;y) dy;
1 = 2[2"?cosh(8 ;) cos(B; x) dx;

1, =2[3"?cosh(8 %) cos(B;x) dx;

b/2
I3 =2 “cosh(Bj1y) cos(6;y) dy;

14 = 2J¢ 2 cosh(B;,y) cos(®; y) dy.

Solving the above simultaneous equations, the

unknown coefficients, R, R, §;, §, aredetermined.

Now, the explicit expression for stress distribution of
layered composite panel under non-uniform
mechanical loading are computed using equations
(28)-(30).

(b) Stress distribution within the cylindrical panel
under localized thermal loading:

Thetemperature distribution over partial rectangular
and circular regions are expressed over the complete
domain of the panel by using Fourier seriesas,

T(XYy)= 2 Jz f,, cos(B; X) cos(®; y) 3

where,

_ 16T } (cos(Bix)sin(ej\/rz—xz)) dx

for rectangular heating at the centre.

f; = ;LbG[l-Rz sin(f;a,/2)sin(®;b,/2)

for rectangular heating at the centre.
2i - 2]-Dn

B~ @O o (@i-Dm

a b

Now, the thermal force resultants N{ =

{(NT)XX (Nr)yy (NT)Xy} inequation (14) can be

expressed in terms of in-plane temperaturedistribution
as,

T - N 2‘4121 flj COS(B X) COS(G y) (38)
i=1j
where, Ng={N_11 N_21 N_31} is termed as
coefficient of thermal forceresultantsand is,

7 —
Ne=3 | Qadz (39)

1z

Tz

In-plane stress equilibrium equation (presence
of thermal loading) in terms of Airy’s stress function
(P) isderived using strain-compati bility conditionsand
are defined as,

9*® 9*®d a4c1>
azzyJr (23, + agg) X2y a:L1
0%(N 0%(N 82(N )
=ay, ( E)Xx+a12 ( )xx > Yy
oy ox? ay
82(NT)yy 82(NT)xy

+tay W ~ g6 X0y

(40)
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In the above equation, (N;)xy is zero due to
symmetriclaminated compositecylindrical pandl. The
general solution ®(x, y) of equation (40) has two
components: complementary solution ® (X, y) and

particular integral ®,(X,y),

D(X,y) = Pcs(X, Y) + Py (X, Y) (41)

Following Morimoto et al. (2006), the
complementary solution isassumedinterms of series
asl

Des(X,Y) = z r,(y) cos(B; X)

+ ilsj (X)cos(;y) (42)
J:

Substituting the above complementary solutions
in the in-plane stress equilibrium equation (40) and
equating the coefficientsof and resultsintwo ordinary
differential equationsin and respectively,

d*r(y)
dy*

2d r(y)

Ay — 5 — (22, + 8g) B

+a,PB;r (y) =0
d*s; (X)

d’s;(%) (43
B — DIV (43)

— (23, +3g)0 | ? )

+af,*s;(x)=0

Substituting r,(y) = exp(Ay) and s](x) =exp(Ax)
in the above equations, the functions and are
computed by considering the symmetry about x and y
axes (i.e., r(y) = r;(-y) and s](x) = sJ(—x). Thus,

i (y) = Ry cosh(B;,y) + R, cosh(B;,y)
S; (X) = Sj; cosh(B,x) + S;, cosh(B,X) (44)

Substituting the expressions for r,(y) and sJ(x)
in equation (42), the expression for complementary

solutioniswritten as,

Ds(xy) =X

i=1

+R, cosh(B;,Y)
- {Sjlcosh(ejlx)
+
j=1

{Rl cosh(B;1Y) }COS(BiX)

(45)

9.
+S;, cosh(ejzx)} cos0;Y)

Theparticular integral of equation (40) iswritten

Op (X, y) = —é 21 fi; cos(pB;x) cos(6;y)

(aizN_ll + a22N_21)Bi2 + (ailN_11+ alzN_21)9j2
aZZBi4 +(2a, + aGG)Bizejz + allej4

(46)

The in-plane thermal stress resultant due to
localized thermal |oadingsis obtai ned by substituting
the stress function (equation (41)) in equation (22).
Thus,

o ) cosh(B. 2
(nT))O(:ElCOS(BiX)[Rlco (Blly)ﬁll J

+Rcosn(B;,Y)Bi,"
- Sac0sn(6 ;) 2
- 2 cost;y) (+52005h(9 j zx)je |
+.§1 il f;; cos(B;X) cos(6; y)ejz
I=1]=

{(a12N_11 + aZZN_Zl) Biz + (asuN_11+ aizN_m)sz}
anBt + (28, + aGG)BiZGjZ + a119j4

(47)

' cosh(B.
(), = —ZCOS(B. )(Rlco (Biry) JBiZ

+R,cosh(B;,Y)
S1c0sh(8,,%)8 1,2 }

+3 cos(;y)
! Lszcosh(e 12X00,,°
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+2 X 0; [ 02
%El i COS(B X) cog(l y)B| Sjlsmh(ejlx) Cos(ejy)(aﬂe;_aﬂejll
_ _ _ o j1
{(312 Ny + a5, N21)Bi2+(a11N11+a12 NZl)ejz} +j§1 9.2
Bt + (28, + aGG)Bizejz + allej4 +S;, sinh(6 ;,x) cos(9; Y){a_ue;_ aiZGjZ]
j2
(48) i
- sinh(B.,Y)B; + 2 > f,B; sin(B; ) cos(0;y)
(Nr)y =:2 in(B;x)B; (Rl e J EVER
i=1 +R,sinh(B;,Y)Bi, (2 — 5
S,sinh(6 X0 [(anazz — 3, )Ny Bi” + ay486 Ny 0 |
S iy _
+Elsl n©;¥)0, (4.5129 nh(6 .zx)ejz) +(2," — By8p) + 1,365 N216j2] (50)
anB* + (28, + aes)Bizejz + ailej4
+zl 21 fi; Sin(B;x)sin@©;y)B;0;
= J_
{(a:I.Z Ny, +a,, 21) B’ (311 11+a12_)ej2} Vi(x y) =
aZZBi4+(2a12+a66)Bi26j2+a119j4 _ ,
(49) R cos(f; X)S'nh(&ly)(azz E aizBilJ
> il
For the case of thermal loading, the in-plane Zi B, 2
displacements are zero at the boundary. Therefore, +R, cos(Bix) sinh(B,Y)| ax - B —a,Pi,
in-plane displacements are obtained by substituting L 12 .

the in-plane thermal resultants

((nT))O(,(nT)W,(nT)Xy) and thermal forces

stress

((NT)XX, (Nt)yys (NT)Xy) in strains expression

(equation (9)). Integrating strains expression, thein-
plane displacement are expressed as,

u’(x,y) =

By

R, sin(pB;x) cosh(B;,Y) (aﬂT— a3, J

i=1

p;

2
+stin(six)cosh<ﬁi2y>(anﬁi—alzﬁiJ

0,
Sj1c0sh(® j;x)sin(® y)(azz 0 — a0, ]
j

6 2
+S;, cosh(®;,x)sin( y)(a22 0 -0, J
j

+§‘, 2 f;;0; cos(B;x)sin(®;y)

_11_
[(auazz - aiZZ)N_Zle i ? 4 azzaeaN_mBi ?
(2" — a8y, + a12a66)N_1:LBi2:|
aZZBi4 +(2a, + aGG)Bizejz + a:L19j4

(51)

The coefficients, R, R, Sjl, SJ2 in expression
u(x, y) and v(x, y) are determined using immovable
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edge boundary conditions, u® =0, V% = 0. Satisfying
the immovable edge boundary conditions results in
simultaneous equations in terms of the unknown
coefficientsas,

bB. 2
cosh 2'1(311 Bél _aizﬁij
RZ__ I2 Rl
bB. . 52
ey
@ 0.,
cosh‘l[a n 6}
. 2 22 Oj Y .
§ comaejz[a ejzz—aie] "
22 Y
2 Gj y
_ﬂ & B'_lz_a1 B gn%
b 1 Bi 2 2
Gj(BiZZ B|12) bBi;
(B|1 +6j2)(Bi2 +912) 2
Bil : bBil j
(Bi12+ej2)snh > cos
b,
cosh _
BIZ bBZ th BIZCOS J F\)l
(B.z +6 )c;oshz'2

: ap;
+i2=1fij[3,sm 5
[(3113-22 —a5," )Ny Bi% + 25865 N, j ?
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[(311322 - alZZ)N_Zle i 2t azzaeeN_zlﬁiz

+(8,” — ayag, + a12a66)N_116i2] _o ()
aZZBi4 +(2a, + a66)Bi26j2 + a1191'4

Solving the above simultaneous equations, the

unknown coefficients, Ry R %1, §2 aredetermined.

Now, the explicit expression for thermal stress
distribution of layered composite panel under non-
uniformthermal loading are computed using equations
(47)-(49). Subsequently, suing these stress
distributions, the governing equationsfor shalow shell
panel stability are formulated in displacement and
rotation variableswhich aregivenin Appendix A.

Solution Technique

Boundary Conditions of the Problem

Inthe present investigation, simply supported boundary
conditionsare considered inthe out of planedirection
of the cylindrical panel. The movable edge in-plane
boundary conditions are assumed for mechanicd |oads
and immovable edgein-lane boundary conditionsare
assumed for thermal loading. Thefollowing two sets
of smply supported boundary conditions are assumed
for cylindrical panel,

M ovable edge boundary conditions:

NXX=v°=W°=PXX=¢y°=MXX=O
at x=-al2, al2
=0, =Py =M, =0 (56)
at y——b/2, b/2

wW=N,, =w’=

Immovabl e edge boundary conditions:

W= v =w=Ry=0,"=My =0
at x=-al2, al2

=W’ =¢,> =Py =M, =0 (57)
at y——b/2, b/2

To satisfy the above simply supported boundary
conditions, the following sets of displacement fields
are assumed in the Galerkin’s method.

Displacement fieldsfor movabl e edgeboundary
conditionsare,

i J e X

U,,Sin cos| ——
mz_lnz_:l m ( a ) ( b
i

=Y Zancos(mn )

m=1n=1

b
W = EI‘, Ej‘,Wmn cos(rm;jcos(mj
m=1n=1 a
Oy = IE zj‘, Kmnsin(chos
m=1n=1 a
- i
Oy=2% ¥ Km cos(?)sin

m=1n=1

Displacement fields for immovable edge
boundary conditionsare,

. iJ . [ 2mm X
=22Umn8m(

m=1n=1

§Ij }J)ancos(mn )Sm(Znny)

m=1n=1 b
W = EI‘, Ej‘,wmn cos(mn jcos(mj

m=1n=1 a b

d 2mn x ny (59)
b 3 2w 5o )
by = 2 2 K cos(mx)sin(zmy)

m=1n=1 a b

Where, m and n denote the number of half
wavesin x and y directions. The resulting algebraic
equationsafter the Gal erkin projection of the nonlinear
governing equations are solved using Newton-
Raphson method in conjunction with Riks approach
to trace the post-buckling equilibrium path.

Results and Discussions

Tovalidate the present formul ation, the postbuckling
equilibrium paths of layered composite cylindrica pane
under uniform uni-axial compressiveloading and full
thermal loading over the panel are compared with
literature and ABAQUS results in Fig. 2a and Fig.
2b. It is observed from these figures that the
postbuckling equilibrium path obtained for in-plane
mechanical loading compareswell with that of Girish
and Ramachandra (2006) and the equilibrium path
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Fig. 2A: Postbuckled equilibrium paths of a three layered
symmetric cross-ply [0/90//0] simply supported
composite cylindrical panel (a/b = 1, a/h = 50, R/a =
5) under uniform uni-axial in-plane loading
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Fig. 2B: Postbuckled equilibrium path of a four layered
symmetric cross-ply [0/90/90/0] simply supported
e a/b = 1, b/h = 100, R/b =

10) under full thermal loading

for thermal loading comparesfairly well with that of
ABAQUS results. Here, N, and T, are the critica
buckling load and of a shallow panel and critical
temperature of aflat panel respectively.

Following material properties are used for
validating the postbuckling equilibrium path of
cylindrical panel under in-planemechanical / thermal
loading.

After validating the formulation, some new
resultsfor postbuckling equilibrium paths of composite
cylindrical panel subjected to different types of non-
uniformin-plane mechanical and thermal loadingsare
presented in this section.

Following material properties are used in the
present study:

E11/ E,, =25 G, =G; =05E,,
G, =0.2E,,, v;, =0.25,
o, =0.1x10"°, o, =0.2x10"°

tracing the postbuckling equilibrium paths of cylindrical
panel under in-plane mechanical loading.

(i)

for

E,/E, =20, G, =G, =05E,,
G,, =0.2E,, Vi, = 0.25,
o, =0.1x10°, o, =0.2x10°®

tracing the postbuckling equilibrium paths of cylindrical
panel under thermal loading.

(if)

for

The postbuckling equilibrium paths of the
cylindrical pandl aretraced for threetypes of in-plane
mechanical |oadings: concentrated, partial and uniform
load. To trace the thermal postbuckling equilibrium
paths, two sets of thermal loadings have been
considered. In the first set, four cases of the partial
central rectangular heating have been considered.
Thelength and width of heating region for four cases
are,

Casel: a,/b=Nh,/b=0.25
Case2: a,/b=h,/b=0.50,
Case3: a,/b=Nh,/b=0.75,

-~

~ & Uniform load e
|b;' = Pum.ul load (d/h =f]_5i_J] ."I Y ,-'“-/ ,‘_\'_I-\’-*
~ - - - -Partial load (d'b =0.25) i X / )
é 54 -----Cocentarted load (¢ =1/100) ; i $ ,
= ; : /
- ! Pt
. L' /
S iy
£ o \
=
-
22 DL B
% T R
‘:‘.“: 1 s &
] - = e S =
E 0f—mmemniioe r s
=)

_1 T T T T T

-05 04 -03 -02 -01 0.1 02 0.3 0.4 05
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Fig. 3A: The dimensionless stress distribution ( ¢ XX ) for a

composite panel along line x = 0 for different
nonuniform in-plane mechanical loadings
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Fig. 3B: The dimensionless in-plane thermal normal stress
((67) =(01)./(07)5,) distribution for composite

panel along line x = 0 for four cases of partial central
rectangular heating
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Fig. 3C: The dimensionless in-plane stress (O ,y)

distribution for a composite panel along line x = 0
under concentrated in-plane mechanical loading
for different aspect ratios

Case4: a,/b="h,/b=1.00.

In the above four cases, width of the panel (b)
is kept constant and the area of heating region

(A =a,xhy) isvaried.

Inthe second set, four different types of thermal
heating have been considered over square plate. They
arefull heating, dome profile heating, central circular
heating and central rectangular heating. The radius

b
of circular heating (r) is taken as >/2 and side for
rectangular heating is a;/b = 0.50 and b/b = 0.50.

Fig. 3A and Fig. 3B, show thedimensionlessin-
plane normal stress distribution for a four layered
cross-ply [0/90/90/0] shallow cylindrical composite
panel (a/b = 1, a/h = 100) under different types of
nonuniform mechanical in-plane loadings and four
casespartial central rectangular heating respectively.
The normal stresses due to nonuniform mechanical
|oading/l ocali zed heating are made dimensionl ess by
dividing it by stresses corresponding to uniform in-
planemechanicd loading/full heating. Thedistributions
of loadings are only different but thetotal load applied
iskept the samefor all types of mechanical loadings
while cal culating the prebuckling stress distribution.
The total heat supplied for each case of central
rectangular heating is the same. Therefore, the
uniform temperature rise through the panel thickness
for four cases can be related by,

TRl _h_ 9TR3 — TR4

16 4 16 1

where, Tg), Te,, Tg, and Ty, are temperature rise
through the panel thicknessfor case 1, case 2, case 3
and case 4 respectively.

As per St. Venant’s principle, the applied loading
must diffuseinto astate of uniform stress away from
the boundary. It is well known that the stress
distribution becomes uniformfor the case of uniform
mechanical loading and full thermal heating for square
composite panel. However, the prebuckling stress
distribution become uniformonly for panel with higher
aspect ratio (a/b > 9) under nonuniform mechanical
in-planeloading (Fig. 3C).

The postbuckling equilibrium paths are
represented as aplot of dimensionlessin-plane load
(N / Ny Or T/T,;) against dimensionless out-of-
plane displacement (w/h) at the centre. In Fig. 4, the
postbuckling equilibrium paths for simply supported
four layered symmetric cross-ply [0/90/90/0]
compositecylindrical panel (a/b=1, b/h=100, R'lb=
10) subjected to concentrated in-plane loading are
traced considering different number of termsin the
displacement fields. The converged result for
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equilibrium path isobtained for displacement fidldwith

u, v, w, ¢, and ¢ The
subsequent results are reported with four terms in
the displacement fields. In Fig. 5, the postbuckling
equilibrium paths of simply supported four layered
symmetric cross-ply [0/90/90/0] compositecylindrical
pand (a/b=1, b/h=100, R’b=10) isgivenfor various
typesof inplaneloading distribution. Here, N,  isthe
critical load of panel under concentrated loading.
Bifurcation buckling is observed for panels under
uniformloading only. Bifurcation point is not observed
for other |oading cases as non-uniformloading induces
compressive stress as well tensile stress within the
panel. The tensile stress in the unloading direction
causes the panel to deflect out-of-plane as soon as
the load is applied due to curvature of the panel. In
all cases snap through buckling is observed.

InFig. 6, the postbuckling equilibrium paths of
simply supported four layered symmetric cross-ply
[0/90/90/0] compositecylindrical panel (a/b=1, b/h
= 100) subjected to concentrated inplane loading is
given for different radius to width (R/b) ratios. It is
observed from the figure that thelimit point and snap
through behaviour exist for panelswith R/b < 10. For
higher radius to width ratios the postbuckled
equilibrium path shows hardening type of behaviour.
The influence of initial geometric imperfections on
the postbuckling equilibrium path of asimply supported
four layered symmetric cross-ply [0/90/90/0]
compositecylindrical panel (a/lb=1, b/h=100, R'lb=
10) under concentrated in-planeloading is presented
inFig.7.

Itisobserved fromthefigurethat the bifurcation
buckling does not occur in case of perfect pand sunder
concentrated in-plane mechanical loading. Snap
through behaviour is observed due to initial inward
(+ve) imperfections (0.01h, 0.05h, 0.1h) and for small
magnitude of outward (—ve) imperfection (-0.01h).
The panel deflects outward for higher amplitude of
outward imperfections (-0.05h, —0.1h) and shows
hardening behaviour.

The influence of load ratio
(No =+ Nyy /Ny onthepostouckling eailibrium

path of a simply supported four layered symmetric
cross-ply [0/90/90/0] compoasite cylindrical panel (a/
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Fig. 4: Postbuckled equilibrium paths of a simply supported
composite cylindrical panel under concentrated in-
plane loading
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Fig. 5: The effect of different types of nonuniform in-plane
loadings on the equilibrium path of a smply supported
composite cylindrical panel

b =1, b/h =100, R/b = 10) under concentrated in-
planeloadingispresentedin Fig. 8. Theload ratiois
defined astheratio of compressive/tensile edge load
in the y-direction to compressive edge load in the x-
direction. Here, compressive loading is taken as
positive and tensile in-plane loading is taken as
negative. It isobserved fromthe curvesthat the panel
deflectsin the inward direction for all negative load
ratios. Also, for small positivevalue of load ratio (N,
=0.01, 0.015) the panel deflect intheinward direction
and exhibit snap though behaviour, and for higher value
of load ratio (N, = 0.025) the panel deflects in the
outward direction and shows hardening behaviour.
After limit point the load carrying capacity of shell
panels (Figs. 6, 7 and 8) initially decrease due to
decrease in curvature of the deformed panel. After
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Fig. 6: The influence of radius-to-width (R/b) ratio on the
equilibrium path of a simply supported composite
cylindrical panel under concentrated in-plane
loading
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Fig. 7: The influence of geometric imperfections on the
postbuckling equilibrium path of a simply supported
composite cylindrical panel under concentrated in-
plane loading

flattening of shell panel, it develops curvatureinthe
opposite direction which results in increased load

carrying capacity.

Fig. 9 showsthe postbuckling equilibrium path
of a four layered cross-ply [0/90/90/0] simply
supported compositecylindrical panel (a/b=1, b/h=
100, R/b = 10) under four cases of partia central
rectangular heating. In the figure, T is the critical
load of theflat panel under full heating. Dueto thermal
loadings the biaxial compressive stresses are
devel oped within the heating region which causesthe
panel to deflect outwards and hence curvature of the
panel is increased which results in hardening
behaviour. Thetemperaturedeflection curveisamost

20
E.i'
16 N, 7/\w/‘
124 _7\/ Ny
5 Ny
;_’i
< 0.015
o B 0.025
=" 0.8+ )
0.0
0,05
0.4 -1
I 0.2
= Limit point N=-04
0-0 T b T 1 ¥ T T T T

04 02 00 02 04 06 08 1.0
w/h

Fig. 8: The influence of load ratio (N,) on the postbuckling
equilibrium path of a simply supported composite
cylindrical panel under concentrated in-plane

loading
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Fig. 9: Influence of four cases of the localized thermal
loading on the equilibrium path of a simply supported
composite cylindrical panel

linear for the case of full heating and it becomes
nonlinear for localized heating.

Fig. 10 showsthe postbuckling equilibrium path
of a four layered cross-ply [0/90/90/0] simply
supported compositecylindrical panel (a/b=1,b/h=
100, R/b = 10) under different types of thermal
heating. Here, T isthe critical load of the flat panel
under full heating. It isobserved from thefigure that
the panel deflects in the outward direction due to
compressi ve stress within heating region in both the
directions. Thisresultsin hardening type of behaviour.
It is observed from the figure that the panel deflects
inthe outward direction for all the cases of localized
thermal loadings.
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Fig. 10: The influence of different types of nonuniform
heating on the postbuckling equilibrium path of a
simply supported composite cylindrical panel
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Fig. 11: The influence of radius-to-width ratio on the
equilibrium path of a simply supported composite
cylindrical panel under localized (a/b = by/b = 0.50)
central rectangular heating

The influence of radius to width ratios on the
postbuckling equilibrium path of asimply supported
four layered symmetric cross-ply [0/90/90/0]
compositecylindrical panel (a/b= 1, b/h=100) under
partial central rectangular heating (/b =b,/b=0.50)
ispresentedinFig. 11. Here, T isthecritical load of
theflat. It is observed from the figure that the panel
deflects in the outward direction due to biaxial
compressive stresses within heating region. The
equilibrium path of the flat panel is symmetrical as
shown in the figure under localized thermal loading.
Hardening behaviour of composite panel increases
with decrease of radius to width ratios.

Conclusions

In this article for the first time, semi-analytical
expressionsfor thein-plane stresseswithin thelayered
composite cylindrical panel due to non-uniform in-
plane mechanical/localized thermal loadings are
developed by solving the in-plane elasticity/
thermoelasticity problem. Subsequently, using these
prebuckling stress distributions, the governing
nonlinear stability equations of panel are derived.
Panels are modelled based on Donnell’s shallow shell
theory considering higher order shear deformation
theory and incorporating von-Karman geometric
nonlinearity. These are solved using Gal erkin method.

It is observed that for nonuniform in-plane
mechanical |oading the prebuckling stresses become
uniform only for higher aspect ratio. The localized
thermal heating induces all three components
prebuckling stresses within the panel. In case of
localized heating, both and are compressive within
the heating region and stresses suddenly drop and
become tensile outside the heating region and they
gradually become zero at theboundary. Themagnitude
of tensile stress decreases with the increase of
localized heating area. Whereas in case of non-
uniform mechanicd |loadingistensileat somelocations
of the panel and there is no sharp change in the
magnitude of stressasinthe case of localized thermal
loading. Bifurcation buckling isnot observed in case
panel s subjected to non-uniform mechanical |oadings
due to tensile stresses developed in the unloaded
direction. Thetensile stressin the unloaded direction
causes the panel to deflect out-of-plane as soon as
theload isapplied dueto curvature of the panel. Under
thermal loadingsthe panel exhibit hardening type of
equilibrium paths due to in-plane stress distribution
within the panel. Due to biaxial compression under
thermal loading, the panel initially deflects outwards
(-ve direction) and hence curvature of the panel is
increased which resultsin hardening behaviour. Under
concentrated loading, snap through behaviour is
observed duetoinitial inward imperfections and for
small magnitude of outward imperfection. The panel
deflects outward for higher amplitude of outward
imperfectionsand shows hardening type of behaviour.
The deformation of the panel is sensitive to the type
of mechanical |oad applied and magnitude and direction
of initia imperfections.
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Appendix A

Non-linear governing partial differential equations of
symmetric cross-ply composite cylindrical panel in
terms of displacement (u°, V%, w®) and rotation

(4, y)variablesaregiven below:

AUSx * ey (A2 Aes)Vy
+LI AJ__L (Woxx W*xx) A66 (Woyy nyy )} Wc;(
+( Ay W AGGVV,Oyy)WTx (A2 Pes)

(W WSy + WSy W W) #y
“ox” (Mxx Ny (Mr)yxyy O
(Ao + Age)uSy  PesV  AoaV3y
HAgs (W W) App(WSy Wy s
H(AoWox AWy )Wy (A Agg)

(A-2)

(W(;V‘/Oxy * "&W,*xy W,*X"‘/,Oxy)

Thxyx " (n'l')xyx Nyy.y (nT)yy,y 0
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