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Introduction

Magnetism is an ancient phenomenon, known to the
Greeks, who hailed from Magnesia. Aristotl e attributed
the first scientific discussion on magnetism to the
Greek Philosopher Thales, who lived in 600 BC.
Around the sametime the Indian Ayurvedic Sushruta
performed surgery with the aid of magnetic
implements. The ancient Chinese too knew about
magnetism in 200 BC in the form of minerals called
lodestones (now known as magnetite with the
chemical formulaFe,O,) that attracted iron. By 1100
AD, the Chinese employed lodestones as compass
needlefor the purpose of navigation. Today, weknow
that lodestones have aproperty called ferromagnetism.

A serious physics discussion on magnetism
started though by viewing the phenomenon asresulting
from a moving charge or an electric current. Thus,
only inthe early nineteenth century did scientistslike
Oersted, Ampere and Biot-Savart showed how
electric currentsyield magnetic forces (Semat, 1966).
The idea of putting magnetism on equal footing as
electricity was completed when Faraday
demonstrated, in 1831, that time-varying magnetic
fluxes through metallic coils gave rise to electric
voltages. Faraday alsointroduced the concept of fields
— an “Action at a Distance’ of an electric charge in
theform of an electricfield or of acurrent filamentin
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theform of amagneticfied (Jackson, 1975). Maxwell
(1860) then put these ideas on firm and elegant
mathematical formulation through a set of four
equations that are collectively caled the Maxwell
equations (Jackson, 1975). The latter are an
embodiment of theduality of €l ectricity and magnetism
— a time-dependent electric field causes a magnetic
field and conversdly, atime-dependent magneticfield
causes an electric field; electric and magnetic fields
are just the two sides of the same coin! It took the
world forty five moreyearswhen Einstein (1905), in
his remarkable endeavour to view space and time
from a symmetrical framework, revolutionized the
Galilean concept of inertid framesintermsof Lorentz
transformations that led to the special theory of
relativity. Amazingly, the Maxwell equationsturned
out to be L orentz-invariant, thus bringing the subj ect
of electricity and magnetism completely within the
realm of relativity and removing it fromthe shackles
of Newtonian classical physics (Jackson, 1975). The
further advent of quantum theory (1913-1930) through
the works of Bohr, de Broglie, Schroedinger,
Heisenberg, Dirac, and many others, established that
magnetism is essentially a quantum phenomenon
(Sakurai, 1985).

Itisthisessentiality of quantum theory, aswell
astheboundary-effects, in describing magnetism that



14

Sushanta Dattagupta

will occupy our attention in this paper. Because the
boundary of enclosure hasa special effect, our focus
will be the orbital magnetism arising from the
cyclotron motion of electric point charges such as
electronsdueto the presence of an external magnetic
field, but constrai ned to move within an enclosure (van
Vleck, 1932). Magnetism dueto the intrinsic spin of
the e ectron yiel ding paramagnetism, ferromagnetism,
etc., will beignored inthe present discussion. Instead,
we will concentrate on diamagnetism — the collective
effect of the orbital motion of a bunch of electrons,
assumed to be sufficiently far apart that their Coulomb
interactions can be neglected. We will aso ignore
effectsdueto the Pauli Exclusion Principle, sincethe
de Broglie wavelength of an electron is smaller than
the mean inter-electron spacing, at the dilution
considered. Thus, we shall employ Boltzmann
statistics, even when quantum effects are significant
(Huang, 1967).

Having laid down the scope of this overview
the plan of the paper isasfollows. Inthe next section
weshall recapitul ate the basi ¢ classical mechanics of
cyclotron motion in terms of the Lagrangian and the
concomitant Hamiltonian (Goldstein, 1980). A striking
featurewill bethe occurrence of avel ocity-dependent
potential, another ubiquity of orbital magnetism.
Because our interest isin the collective behaviour of
electrons we will also recollect the thermodynamic
definition of the macroscopic magneti zationinterms
of thefree energy and how thelatter can be computed
from an underlying partition function of statistical
mechanics (Huang, 1967). Next,we will familiarize
the reader with exactly what the enigma of
diamagnetism is, thus inter alia bringing to the fore
the role of the boundary (Peierls, 1979; Dattagupta,
2010)). The subsequent section is devoted to a
guantum statistical treatment (Landau, 1930) that
cleverly by-passes the issue of the boundary. The
boundary thoughisthereand what it doesis el aborated
upon next, through an elegant quantum mechanical
formulation (Darwin, 1931) in which the effect of the
enclosureissimulated by a contrived two-dimensional
parabolic well, normal to the direction of the applied
magneticfield, inwhichthe electrons are constrained
to move. The Darwin method does not take recourse
to the degeneracy factor of Landau as it treats the
full two-dimensional problem. Yetitisinstructiveto
do away with the ‘artificial’ parabolic well and
consider theoriginal problem and closaly examinethe

sensitivity to the boundary. This was done by van
Vleck (1932) who formulated the underlying
Schroedinger equationin cylindrical coordinatesand
demonstrated how the quantization of the angular
motion very naturally leads to the degeneracy factor
and wherethedifficulty inthedirect calculation of M
lies. Theresultant anaysishel psddlineate the particular
contribution of the boundary to diamagnetism and
further illuminatesthe Landau result. Our concluding
remarks are presented in the last section.

Classical Mechanics and Thermodynamics of
Cyclotron Motion

Classical Mechanics

The Lorentz force on an electron of charge ‘—€’ and
mass m due to the combined presence of an electric

field E, and amagnetic field B — both taken to be
space-timeindependent, isgiven by (Goldstein, 1980).

£ =-e[g +(vxB) )

Throughout we will take B to be along the z-
axis of the laboratory frame. Notice already one
peculiarity of the ‘magnetic force’ — it is velocity-
dependent! Such vel ocity-dependenceisunknownin
the parlour of Newtonian physics unless one
encounters friction, such as in the Stokes force on a
ball falling under gravity through aliquid medium. In

theabsenceof B the force is “‘conservative’, derivable
from the gradient of a potential —ep(r), (¢ =

&+ Jy +kz)-

But because of the presence of the magnetic
terma “‘generalized potential” will have to be introduced
(Goldstein, 1980). Consequently Eq. (1) isgeneralized
to

_ o d o

F=-V,0(V) +(E)Vv¢(r V), )
where,

0(F,V) =—ap(r) +§(v.l\(r)), 3)

c being the speed of light and A(r) the position-
dependent vector potential such that its curl yields
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the constant magnetic field. Because V x y (I')) is
identically zero, % (') beingan arbitrary scalar field,
the vector potential A(F) enjoys ‘gauge-freedom’
whichimpliesthat to A(r) onecanadd grad V()
without altering the physical field B. The gauge-

freedom allows several choices for the A-field, the
two mast prominent ones being (Tonomura, 2000)

(@) Thesymmetric gauge, inwhich

Am:(‘??f’)’ ()
and

(b) TheLandau gauge, in which

which can be obtained from Eq. (4) by adding to it

B
grad V(Txyj . It can be easily verified that either of

these two choices leads to, via Egs. (2) and (3), to
Eq. (1) for theforcewhich, of course, would haveto
be gauge-independent.

With the aid of the generalized potential the
Lagrangian can be written as

L=%m?.?—¢(F,V)_ (6)

The corresponding Lagrange eguations then
yield the Newtonian equation of motion:

m%:F, (7

asexpected. Indeed the choi ce of generalized potential
in the Lagrangian in Eq. (6) is dictated by the
requirement that Lagrange equations must lead to
the equation of motion, asgiven by (7).

Associated with L is the Hamiltonian defined
by (Goldstein, 1980)

| o8]
—

H=r.p-L=F—=-L (8)
r

QU

where p isthe canonical momentum. Using Egs. (3)
and (6) we obtain

I TP SRR S
H—Zm(p+eA/C) e (r). ©)

The canonical momentum p isrelated to the
so-called ‘kinematic’ momentum by

Pun =MF = (p+eA/c). (10)

It is interesting to observe that the Poisson
brackets of the different Cartesian components of
the kinematic momentum do not vanish. This has
important conseguencesin quantum mechanics aswill
appear below.

Thermodynamics

In the presence of a magnetic field the first law of
thermodynamics is modified as (Bhattacharjee and
Banerjee, 2017)

dQ =T dS = dE + P dV — BdM, (11)

where, Qistheheat, T thetemperature, Stheentropy,
E the internal energy, P the pressure, V the volume
and M the magnetization. It may be noted that the
macroscopic magnetization is an extensive variable
likethevolumeV unlikethe magnetic field B, which
like the pressure P, is an intensive variable. In the
theory of phasetransitionsM, V, S... (divided by the
total volume) are called density variables, as they
undergo changes across phasetransitions, while B, P,
T arecalled thefield variableswhich remain the same
for co-existing phases (Griffiths, 1974). The
magnetization M plays the same role as V, while B
plays the same role as —Pl. Given this we may
introduce the “‘enthalpy’ € as

e =E-BM. (12
Correspondingly, the Gibbsfreeenergy Gis

G=E-BM-TS, (13)
and hence,
dG=-SdT-PdV-MdB, (14)

which leads to the defining equation for the
magnetization:
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M = ~[(9GIOB)] ;.- (15)

In order to reflect on this point it is useful to
rewrite the law of thermodynamics in Eqg. (11) as
(Bhattacharjee and Banerjee, 2017)

T dS=d: +PdV + MdB. (16)

The enthalpy ¢ isthe average (indicated by
angular brackets below) of the kinetic energy plus
the generalized potentia energy, thus

g=< (pkin)z 12m+o (1, p,) > (17)

Note, however the intriguing fact that < is not
the average of the Hamiltonian: <H>, asis usually
the case. Instead (cf. Eq. (9))

<H>=FE, (18)
where,
<H> =Tr {H exp [-H/(kT)1}/Z, (19)

Z being the canonical partition function:
Z =Tr{exp [-H/ (kT)]}. (20)

Thesymbol Tr denotesanintegral over the phase
space of coordinatesand momentain classical physics,
whereas it implies a sum over all eigenstates of the
Hamiltonian H in quantum physics. It may benoted
that because the pressure P and the volume V do not
play any roleinthepresent discussion on diamagnetism
thereis no difference between the Gibbsfree energy
and the Helmholtz energy, the latter being directly
related to Z. Because of EQ. (14) and the fact that

G =-kT log (2), (21)
itisclear that
_ <3_H __9E
M=-138/" "B (22)

Diamagnetism — The Peierls View

Peierlscalls diamagnetism one of the “surprises in
theoretical physics’ —Why (Peierls, 1979; Dattagupta,
2010)? The answer is embedded in the simple (non-
rigorous) argument given bel ow.

A point charge under the Lorentz force of a
magnetic field B movesin acircle. Since amoving
charge constitutes an electric current | the consequent

magnetic moment would be given by (Semat, 1966)
u=1m (32 (23)

where, the radius a of the circle can be derived by
bal ancing the centripetal forcewiththe Lorentz force,
thus

a= (mvc)/(eB) = v/(wy), (24)

vbeing thevelocity of the orbiting electronand (w).=
eB/mc is the cyclotron frequency. The current I, on
the other hand, is the amount of charge circulating
under onerevolution, and hence

| = —ev/(27a). (25)
Combining with Egs. (23) and (24), wefind
K =-m (V)2 c/(2B). (26)

Thisis patently aridiculous answer asit is not
only independent of the electron’s charge but is also
indicative of adivergenceasB—0. Thefdlacy inthe
above estimatefor |1, aswas pointed out by van Vleck
(1932) and Peierls(1979), liesinthefact that it counts
only those orbitswhose centresliewithin theenclosure
(see Fig. 1). However, there are electrons, near but
within the boundary, whose centres fall outside the
enclosure. Thisis especially true of those electrons
under very small magnetic fields whose paths are
almost straight because aisinversely proportional to
B (See Eq. (24)). These boundary electrons, though
small in number, can cause ahuge contribution to the
magnetic moment, especially for low magneticfields,
asisevident from Eq. (26). They form a counter ‘edge
current’, opposite to the direction of circulation of the

asees
O O
O

o O

Q/ﬂﬁ\ﬁ\/ﬂg
AN,

Fig. 1
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cyclotron orbitsin the bulk of the enclosure (Fig. 1).
Asitturnsout, intheclassical limit of what isfully a
guantum problem, the edge contribution exactly
cancelsthe bulk contribution. Thus, we arefaced with
anintriguing situation in which theboundary or surface
effects cannot be ignored, even for a macroscopic
thermodynamic quantity such as the magnetization.
Normally the surface-to-bulk ratio of the number of
electronsisproportional to (N)c3) and unlessoneis
dealing with anano-system, thisratio goesto zero for
aninfinitely large N, thetotal number . Therefore, in
the so-called thermodynamiclimit, the boundary should
not matter — but not for diamagnetism!

One way to circumvent the boundary issue, as
was demonstrated by van-Leeuwen (1921), was to
recognize that in order to cal culate the macroscopic
magnetization one ought to resort to Z, and then
compute M via Egs. (14) and (21). The partition
function Z is not as sensitive to the boundary as the
underlying phase space integrals smply end at the
boundary. Thisis not trueif one follows the route of
Eq. (22) and differentiates inside the integrals and
then carriesout theintegrations. Hence, when treating
diamagnetism, differentiation and integration do not
commute! Thissubtle point will befurther elaborated
upon, in the quantum calculation of M, in Sec. 6.

van Leeuwen however encountered another
roadblock in cal culating the magnetization from the
classical partition function. Recall that the latter is
given by (cf. Eq. (20)).

z= jap[—E—T}f rd°p, 27)

where, the Hamiltonian H isgiven by Eq. (9). Because
theintegrals over the momentarun over all spacethe
dependence on the magnetic field can be obliterated
by achangein theintegration variabl es. Consequently,
the partition function becomesindependent of B and
hence the magnetization, being the derivative of the
free energy with respect to B, vanishes. This result,
now called vanLeeuwen’s theorem, has given rise to
acurious remark: The phenomenon of diamagnetism
doesnot existin classical physics (Huang, 1967)!

The Landau Treatment

Despite the van Leeuwen result, diamagnetism as a
phenomenon does, of course, exist though it isoften

masked by paramagnetism. However in cases where
there are no unpaired electronsin the outermost shells
of atoms such asin Bi, diamagnetism emerges asthe
dominant magnetic response. Came Landau to the
rescue — he argued that one has to employ quantum
mechanicsto explain the effect. Theanalysisrunsas
follows (Landau, 1930).

Keeping only the magnetic field terms in Eq.
(9) the Hamiltonian for two-dimensiona motioninthe
XY-plane normal to B and in the Landau gauge (Eq.
(5)), reducesto

H = (U2m) [(p,)? + (p, + exBlc)7, (28)
which, in differential form, can bewritten as

H = - (1/2m) (W/2m)? { (919x)?

{[2lshad] e

It is evident from Eq. (29) that p, commutes
with H and is therefore a good quantum that can be
expressed as Zﬁqy. This prompts an ansatz for the
Schroedinger wave function as

1 (xy) = explia, Y] ¥ (x), (30)

where, the x-dependent wave function satisfiesjust a
one-dimensional Schroedinger equation, which is
familiar in the context of aone-dimensional quantum
harmonic oscillator (Sakurai, 1985):

— (172m) (h/2m)? (d2b(x))/(dx? )
+(M/2) (w)? (x+X)? V() =X\ (9. (31)
Here,

X = q,(hc)/(2weB), and X is the energy
eigenvaluewhich, for aone-dimensional oscillator, is
givenby

N=( +%) (hw,)/2m, ] =0,123,... (32

Simple as it looks, Eq. (32) has a caveat — it is
derived from solving the equation of a “displaced’
harmonic oscillator, the centre of motion of which
(given by — X), can however take innumerably large
number of values corresponding to the allowed values
of a,. This meansthat for each j we can have alarge
number of quantum states, each of which corresponds
to the centre of the cyclotron orbit being found
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anywherewithin thetwo-dimensional areaof the XY-
plane given by S. The consequent degeneracy ) is
roughly given by thetotal number of cyclotron orbits
that can be accommodated within the area S. A
pictorial description of how free (i.e., for B = 0)
electron states coalesce into discrete Landau levels
giving riseto the degeneracy factor ), independent of
the level-index j, is shown schematically in Fig. 2
(Huang, 1967). Hence,

n = S[2r(8)?, (33)

where, the so-called ‘magnetic length’ £ is given by
the *quantized’ cyclotron radius. From Eq. (24),

(©)? =mn. (W2m)/(eB), (34)

where, we have replaced (mva) by the Planck
guantum (h/2x)! Thus

n = eBY(hc). (35)

Interestingly, because (BS) isthe magnetic flux
¢ through the area S, ) can be expressed astheratio
of two fluxes: (¢/¢,), wherethe quantumof flux ¢, is
defined by

dq = (hc)le. (36)

We are now al set to calculate Z. From Eg.
(20)

Z={nSexp [- ( + %) (hw/2rkD]}N, (37)

N being thetotal number of electrons. Carrying

out the summation over j wefind
Z = {(hc/2eSB) Sinh [hw /4nkT)]}N. (38)

The Helmholtz (or the Gibbs) freeenergy G is
then (cf. Eq. (22))

G = NKT{log(hc/2eSB)
+log [Sinh (hw /4TKT)]}. (39)
Finally, themagnetizationisgivenfrom Eq. (15)

M = (ehN/4rmc) {4nkT/hw,)
— Coth (hw/4mkT)}. (40)

Evidently,intheclassicd limit, inwhich thePlank
constant goesto zero, M vanishesin accordance with
the Bohr-van Leeuwen result. The Landau treatment,
therefore, craftily skirts around the boundary issue
by dealing directly with the partition function. The
role of the boundary is amplified in the scheme
presented bel ow.

The Darwin Method

Asmentioned earlier Darwin introduced a parabolic
potential well which constrainsthe electron motionin
two dimensions, in order to simulate the boundary
effects(Darwin, 1921). Ignoring theelectric field and
adding the parabolic term, the Hamiltonian can be
obtained by modifying Eq. (9), inthe symmetric gauge
of EQ. (4), as

H = (L2m) (p,2 + p,?) + (M/2).(w)? (x* + y?)
- we (Y P —XP)/2, (41)
where,
W = [(we)? + (w/2)F Y2, (42)

In what follows we will provide a different
scheme from Darwin’s and work out first the equations
of motion. Introducing avariable C defined as

(=x+iy, (43)

the Hamilton’s equations for canonical coordinates
and momenta can be combined to yield

(d/dt)? € + w (d/dt) €+ (wg)* ¢ =0, (44)

the solution of which reads



Cyclotron Motion and the Enigma of Orbital Magnetism — What Does The Boundary Do? 19

() = (V2w). ((t = 0) { (v - w/2) exp

[t (w+w/2)] + (w+w/2) explit (w-w )]}
+i(1/2w). (O], - o £exp [t (w+w/2)]

— exp [t (v — w 2]} (45)

Thisharmonic oscillator like solution suggests
that there exist two characteristic frequencies

Ve S W WI2, N =W - w2, (46)

Physically, the two frequencies represent
clockwise and anticlockwise circulations of the
el ectron with respect to the direction of the magnetic
field. Quantizing the motion governed by Eq. (45) we
may write the energy eigenvalue as

e=(h2r) [, (, +U2) +~_(_+12)], (47)

where, bothj, andj_arepositiveintegersrunning from
Otoinfinity. Naturally the partition function now isa
product of two independent sums over the quantum
numbersj, andj_:

Z={3j,exp - [T, (j, + ¥)/2rkT].
Sj exp—[hT_(i_+ %) 12x KT}V, (49)

Carrying out the summationsover j, andj_, we
find

Z ={[2Sinh (WY /2=KT)].
[2Sinh (WY /27KT)]}-N. (49)

The result in Eqg. (49) is in agreement with
Darwin’s.

Becausewe areeventually interested inthelimit
of vanishing parabolic well (w,—0), wewrite

Ny~ Wer 1~ [(we)]. (50)
From Eq. (49)
Z~(z,.z)N, (51)

where z_ is the pure ‘magnetic’ contribution to the
partition function (per particle) and z, isthecontribution
arising fromthewell (i.e., the boundary), given by

z.=[2 Sinh (hw /47kT)] ™,
Zy={h[(w)? (2w kT)]} . (52)
The Helmholtz free energy isthen

Fig. 3:

G =NKT{log[2 Sinh(h w 47KT)]
+log[h (w)2(27KTw ]}, (53)

where, the last term may be viewed to be entirely
due to the boundary.

Interestingly, w, does not have any influenceon
the magnetization asthelatter isgiven by aderivative
with respect to the magnetic field. Thus M is again
obtained from Eqg. (40), the Landau answer!

Diamagnetism a la van Vleck

Imagine the enclosureto beacylinder of radiusR in
whichthemagneticfieldisapplied a ong theaxistaken
to be the z-direction (Fig. 3). We are concerned with
the motion in the plane normal to the axis defined by
theradial coordinate and the azimuthal anglew. The
corresponding Schroedinger equation can bewritten
as (van Vleck, 1932)

(h2/8mm2)

[Epa e

s H)or

—

|—

v (p.6)=0, (54)
which, by afurther transformation:
b(p.0) = x(p) [exp (il6), (55
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(I being positive and negative integers) can be
decomposed as

—~(h?/8mm?)[(d/dp)2+ (dlpdp) — (I/p)?
~(Mw 8) p?] x(p) = [e = (hwl/4m)] X (o) (56)

Here ¢ is the energy eigenvalue which gets
shifted thus

e’ = [e - (hw/4m)}. (57)

Interestingly, Eq. (57), read with E’ as the energy
eigenvalue, isidentical to anisotropictwo-dimensiona
harmonic oscillator in the x- and y-directions with a
common frequency (w/2). Suchan oscillator isknown
to have quantized eigenvalues as (Sakurai, 1985)

e’ =(n, + %) (hw/4~) + (ny +%2) (hw/4r), (58)

where, each quantum number n_ or n, runs over all
positiveintegers. Given that the left hand side of Eq.
(56) is symmetric under the interchange | — I, ¢’
can be re-expressed as

er=(2n+]1 |+ 1) (hw4r), (59)

wheren, like n, andn , isapositiveinteger. Theactual
eigenvalue can then be constructed from Eq. (57) as

€n1 = @n+[1]+1+1) (hw/4x). (60)

Evidently, for| >0,

£ = 2(n+ +1/2)(hw/4r), (61)
wheress, for | <0,

e = 2(n+ %) (hw/4). (62)

It remainsnow to work out the partition function
Z, which evidently involvestwo separate summations:
oneover nand the other over . However, thelatter is
not an unrestricted one, asiselegantly argued by van
Vleck (1932). Note that | isthe quantum number for
the azimuthal angular momentum, which can be
written in terms of the kinematic angular momentum
minus aterm arising from (rxA) (cf., Eq. (10):

(h1)/27 = (rxp,,,) ~(r X A),Jc = m{ [x (dy/dt)
= y(dx/dt)] - (w/2) (x* +y?)}. (63)

Onthe other hand, the classical cyclotron motion
can be represented by

X (t) = x,+aCos(wl/2),y (1)
=y, +asSin(wl)/2, (64)

where, X, and Y, arethe coordinates of thecentre
of the cyclotron orbit (See Fig. 3). Thus

(hl)/2r = (1/2) M, (22— d?), d2= ()2 + (Yo)2.
(65)

Now, positivevaluesof | would requirethat d <
a, which, however, can be satisfied for a miniscule
number of orbits, especially for appreciably large
magnetic fields (cf. Eq. (24)). Therefore, we shall
ignore|>0in the summation for Z.

Thus, from Eq. (65),
|1]=[r(mw)/h]. R? = B.S/(hcle) = (¢/d,),(66)

where Sisthe area of the cylinder (Fig. 3), ¢ isthe
total flux threading the cylinder and ¢, is the flux
guantum (cf. Eqg. (36)).

We are now all set to compute Z:

-1
Z= 5010 SnmoEXP ~ [(0 + 1/2) huoJ(2rkT)]

= (6l6y). X Exp — [ (n + %) hw/(2nkT)], (67)

whichagain yields the Landau answer given in Eq.
(38). The route to this result further clarifies the
meaning of the degeneracy factor m introduced earlier.

Once again thedirect cal culation of the partition
function circumventstheticklishissue of the boundary.
Tofinally addressthisquestionweturn, following van
Vleck, to adirect calculation of M

dk, /dB = pg(2n+ 1| +1 + 1), (69)

where, | (= eh/4r mc) isthe Bohr magneton. Using
Boltzmann stati stics the macroscopic magnetization
isgiven by

M=—pg N.<(@n+]1]+] +1)>

=g N{X2 (2n + 1) Exp - [E  /KT1}/ Z,
’ (69)

where, the partition function Z is given in Eq.(67).
Surprisingly, acomputation of Eq. (69) leads to just
the second term in Eq. (40) of the Landau answer!
Thecatchis, now the contributionsfromtheterms| =
- “infinity” to — ¢/, cannot be omitted. Keeping the
latter in thereckoning the additional contribution from
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the surface (indicated by the subscript S) can be
written as

Mg = +{Z,, [dEg), /dB]
Exp — [(eg), /(KT)I} Z, (70)

where, we have retained the same Z in the
denominator of Eq. (70) asthelatter may be assumed
to beimmuneto boundary effects, as L andau showed.
Here Egistheenergy of the boundary €lectrons. Now
thetrick isto convert the derivative with respect to B
to aderivativewith respect to | and replacing the sum
over | by anintegral over |. Thus

2[dEg), /dB] {.....}
[d (%)[d(ss)n,l /dil{..}. 1)

Thequantity (dI/dB) iscal culated from Eq. (65);
(dI/dB) ~ - ¢/, (72)

where we have replaced (&% — d? ) by — R% The
limits of the integral over | in Eq. (71) are from —
‘infinity” to — o/d,. Whileitisdifficult to estimate the
surface contribution (eg),,, the ideais to rewrite the
integrand asatotal differential and then computethe
contributionsfrom the end pointsof theintegral. The
final result is just — (NKT/B) times Z, and hence

M, = NKT/B, (73)

whichisjust thefirst termin Eqg. (43). We have now
been able to disentangle the surface and bulk
contributions to the magnetization and resolve the
guestion of why in classical physics the two terms
simply cancel each other.
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