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In this paper, an analytical model has been presented for study of flexural response of functionally graded thin walled beam
incorporating first order shear deformation theory and Vlasov’s theory for thin walled beam. The material properties are
varied along the depth direction according to the power law distribution of volume fraction of mild steel and alumina.
Numerical resultsfor functionally graded thin beams under uniformly distributed vertical loading (for various span to depth

ratio) have also been presented.
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Significance Statement

The study presented provides an insight on the
behavior of thinwalled beams, whose materia varies
along the depth direction according to the power law,
under pureflexure. Thestudy incorporatesfirst order
shear deformation of the thin beams and hence
providesinformation on the nature of response of thin
beams made of functionally graded material whose
cross-sectional plane does not remain orthogonal to
thelongitudinal axis after deformation.

Introduction

Composite beams consist of two or more materials
of different mechanical properties joint together
through amechanical bond and are allowed to deform
asawhole. Though having significant applicationin
variousfields, they haveamajor drawback, the stress
concentration devel oped near the mechanical joint of
the different materials,induced due to the difference
in material properties. Henceanew techniqueto vary
the material propertiesalong the cross-section of the
structural element was first initiated by a Japanese
scientist in Sendai (Niino et al., 1987) which led to
theintroduction of anew class of materialsknown as

Functionally Graded Materialsor FGM. Continuous
variation of material as shown in Fig. 1 and Fig. 2,
eliminates the stress concentrations at the interface
layers. In addition, FGMs show high stiffness and
strength to weight ratios, high fractureresistance and
enhanced thermal properties. Generally, thevariations
are achieved through volume fraction, angle of
lamination, diameter, chemical composition of fibers
etc. (Birman, 2014).

The research community for the past decade
has shown interest in devel oping mathematical models
and finite elements so as to simulate the static and
dynamic response of thick and thin FGM beams, a
brief summary of which is given here. Chakraborty
et al., (2003) formulated a new exact finite beam
element which wasused to describe thethermo-elastic
behavior for the static, free vibration and wave
propagation studies in a beam. The element
calculations were based on first-order shear
deformation theory. Studies were carried out on bi-
material beamwith aninfused FGM layer, theresults
show that the response of FGM infused beam is
sgnificantly enhanced fromthat of individual materia
beams. The static studies show that the stress
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Fig. 2: (A) Continuous variation; (B) Stepped Variation,
(Miyamoto et al., 2013)

variation along the depth is smoothened out and the
behavior in wave propagation, in general, wasfound
to be average of the two constitutive materials that
the beam blends. Li (2008) developed a unified
approach to study the static and dynamic behavior of
functionally graded beams, the study has included
rotary inertiaand shear deformation. A singlefourth-
order partial differential equation was derived, the
solution of thispartia differential gaveall therequired
physical guantities. Reddy (2000) presented the
formulation, finite element model and Navier’s solution
for functionally graded rectangular plate. The
formulation took into account the thermomechanical
coupling, time dependency, and the von Karman-type
geometric non-linearity. Sankar (2001) obtained
eladticity solution for functionally graded simply
supported beams, using abeam theory that issimilar
to the Euler-Bernoulli beam theory. The Poisson’s
ratio is held constant through the thickness whereas
the Young’s modulus is varied exponentially along the
depth. Aboudi et al. (1999) presented a new higher-
order theory for FGM. Kadoli et al. (2008) studied
the static behavior of functionally graded beamsusing
higher order shear deformation theory. Strain
displacement relation involving the membrane,
bending, higher order displacement and transverse
shear strain were developed for thick beams.
Zenkour, (2006) studied the static behavior of a
functionally graded rectangular plate subjected to
uniform transverse load and under simply supported

condition.Authors (Filippi et al., 2015 and Das and
Sarangi, 2016) studied the static response of FG beams
whereasauthors (Sinaet al., 2009; Thai and Vo, 2012
and Khan et al., 2016) have studied the static and
free vibration response of FG beams using various
refined finite element theories. Das and Sarangi
(2016) presented the modelling of FG beams on
ANSY S by considering the material to be consisting
of different layers of homogeneous material, inwhich
the volume fraction of different materials was
obtained from power law. Li et al. (2013) derived
analytical relations between bending solution for FG
Timoshenko beamswith those of homogeneous Eul er-
Bernoulli beam. Chen et al. (2015) studied theelastic
buckling and static bending of shear deformable
functionally graded porous beams. The study was
based on the Timoshenko beam theory. The governing
equation for buckling and bending behavior was
derived using the Hamilton’s principle. The influence
of variation of porosity distributionson the structural
performanceis highlighted, thisgave someimportant
insightsin the design of porosity to achieveimproved
bending behavior and buckling resistance. Kimet al.
(2016) studied thefunctional ly graded mono-symmetric
| and channel section beams modelled on Euler-
Bernoulli beam type and Vlasov’s thin walled beam
theory. Governing equations were derived by
minimum potential energy principle. Furthermore, they
considered three kinds of material distribution and
compared the results obtained for each case.

Even though thin beams are atype of beam, but
their mechanics is quite different from that of the
conventional rectangular section. Mitraet al. (2004)
developed a new beam element for arbitrary open
and closed thin walled beams. The study considered
elastic coupling, restraint warping and first-order
shear deformation. The beam element was found to
be super convergent and freefrom shear locking. Lee
(2005) studied the flexural response of laminated
composite | section beam using first-order shear
deformation. The study showed that the assumption
of normal stress along contour direction is more
accurate than that of free strain along the contour.
Now if composite materials are used in thin open or
closed sections, thisadds an irregularity in the beam
which leadsto ashift of neutral axisand shear center.
This shift may lead to a coupling of axial stress,
bending stress and torsional stress. Lee and Lee,
(2004) developed an analytical model to study the
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flexural-torsional response of laminated compositel
section beam using the classical lamination theory.
Pandey et al., (1995) presented an analytical study
for increasing the lateral buckling strength of
compositethinwalled open section beam by optimizing
the fiber orientation. Shadmehri et al. (2007)
presented the static and dynamic response of
composite thin walled beams made from single-cell
box subjected to coupled flexure and torsion.

The above literature shows that majorly FGM
hasbeen worked out for rectangular beams and plates
and that thin walled beams are yet to be fully
understood for FGM. In general, thin walled beams
show cases of warping and torsion-flexural coupling
which require additional governing equations to be
dealt with. The objective of this paper isto study the
flexural response of athin FGM beam incorporating
the first-order shear deformation theory. For doing
50, amathematical model hasbeen madein MATLAB,
and the results of which have been compared to the
results obtained fromABAQUS/CAE. The paper has
been divided into various sections which discuss the
kinematics of the model: the constitutive relation,
governing equation and one example of transverse
|oading has been presented to show the beam behavior.

Material Properties

The material properties are varied continuously
throughout the depth of the beam (asin Fig. 2(a)).
Thetop most layer being ceramic and the bottom most
layer being mild steel. The Poison’s ratio is kept
constant along the beam, as Poisson’s ratio for most
meaterialsliesbetween 0.35-0.5, hencevarying it would
not produce any significant changesbut only increase
the computational burden. The power law equation
which givesthe material property at any point of the
cross-section for FGM has been givenin Eq. (1)

2n+h

P(t) = (P(top) — P(bottom))* (

D
Where;
P(top) isthe property of material in top layer.
P(bottom) isthe property of material in bottom layer.

nisthedistance of point fromthe neutral axis, where
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Fig. 3: Shows the variation of young’s modulus of a mild
steel-alumina FGB along its thickness direction

material properties are to be calcul ated.
h is the depth of the beam.

p isthe power.

Kinematics

This paper has adopted twoco-ordinate systems (as
shown in Fig. 4.): one is the Cartesian co-ordinate
system (X, Y, Z), second isan orthogonal system (n, s,
z), where ‘s’ being contour co-ordinate which varies
alongthe profile of the section withitspoint of origin
‘O’ on the section, “n’ is in the thickness direction and
zaongthelongitudinal direction.

The beam model has been adapted from Lee
(2005) and has been presented briefly in the
subsequent sections. The basic assumptions for the
kinematics of thin-walled beamsare stated asfollows:

FAA

W U

Fig. 4: Co-ordinate system of functionally graded beam
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1. The mi.d-gurface of any thin wall does not v(n,s,2) = V(s,2) + N7, (6b)
deforminitsown planei.e. v,,=0.

2. Transverse and warping shear strains are w(n,s,z) = W(s,z) + Ny, (6¢)

assumed to be uniform throughout the cross-
section.

Using the first assumption we can express the
mid surface displacements o and v interms of pole
displacementsU, V inthex, y directionsrespectively
and the polerotation angle ¢ as;

u(s,z) = U(2)sin® — V(2) cosd —q(9)®(2) (2a)

Vv(s,2) = U(z) cosO +V (2)sin® +r(9d(z) (2b)

The mid surface shear strains can be defined

Y =Y (2)Sin6 =y 3, (2) cosd +q(SyJ (2) (38)

Ve =Y (2)C0s0 =y, (2)Sin6 +1(s)y, (2) (3b)

From continuum mechanics we get;

W(s,2) = W(@) + X ¥, () + V¥, (X) +0 (9, (x)

(4a)
du

Yy =Y % (4b)
, dv

lIJX :’sz —E (4C)
do

Yy =Yo r (4d)

Where, ¥, ¥, and ¥  are the rotation of the
cross-section along x, y and zrespectively and w(s) is
called warping function and is defined as;

w(s) = ?;rds (5)

The displacements of any arbitrary point along
the thickness direction are defined as;

u(n,s,z) =uf(s,2) (69)

Where, v, and y, represent the rotation of

the transverse normal about the s and z axis,
respectively and n is the distance of the point in
consideration from the mid-surface. The transverse
normal rotations are defined as;

_ Jdu

V=% K
_ du .

V,=-o= ¥, sinb -\, cosb —q¥,, ()

Srain

The strain at an arbitrary point in the cross section
can be represented as.

€4 = &4+ NK, (99)
€, =€, +NK, (9b)
Yo =Vg TNKg (9¢)
Y nz zy_nz +nK_nz (9d)
Where,

(oI

S s

.o

2 9s

_ 0y,

K.=

®  3s

_ 0V,

K. =

2 9z

_ 281172+81|Ts
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K. =0 (10a-10f)

All other strains are identically equal to zero.
Now, by substituting Egs. (2),(3),(4)&(7) into Eq. (10)
we get;

52:82+x1<y+y1<x + 0K, (11a)
K, =k, sin® -k, cosd — gk, (11b)

Where KS,KX,Ky.KSZ andk, denotethemid-

surface axial strain, curvaturesin x and y, twisting
curvature and warping curvature respectively and can
be expressed as;

ed =W (12a)
2 dz
dv

Ky =—= (12b)
dz
Y dz
d¥

Ky =— (12d)
dz
do

Kg=—"7-Y (12¢)

Energy Equations

Strain energy of the beamis given by:

1
SE. = EXJ.\I/.‘. (c £7104 s +0 Y nz)dV (13)

Theassumptionthat theo, = 0 shall befollowed
inthispaper asit produces better results compared to
the assumption e, = 0, asinferred by L ee (2005) for
laminate composites and Kim et al. (2016) for
functionally graded materials.

Substituting Eq. (9) in Eq. (13) and then taking
the variation of the equation so obtained, we get;

5SE. =~ x[ (N,5e2+ M5
S ._Exg( e, + M Sk,

+M, 3K, + M3k, + M Bk,

+M 0k, +V, Oy )?Z +V, 8y Sz
+T8y2)dz (14)
Where, L isthe length of the beam and N, V,,
Vy, M, M, M, and T arethe axial force, shear force
inx andy direction, bending momentsin thex- and y-
directions, warping moment, torsional moment and
warp torsion respectively and are defined asfollows

N, = [o,dA
A

My = [o,(x+nsin®)dA
A

M, = [o,(y—ncosO)dA
A

M, =[o,(® —ng)dA
A

M, = [ no,dA
A

V, = [ (04 cos +5,,sin6)dA
A

Vy

/{(csysina -G, cost)dA

T= ,{ (erz —Qo nz)dA (15&-15h)

Principle of minimum potentia energy statesthat
oIl = 0, where IT = SEE. + Work done by externa
forces (W ona) therefore;

extern

1t 0
Exg(NZSEZ +M, Sk,

+M, 3k, + M3k, + M dxk,
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+M Sk g, +V, 87 O + Vv, By 32

+(Ty 2 )dz+8 W, = O (16)

Constitutive Equation

Thein-plane stress-strain relation for the FG beamis
givenasfollows:

MR
oo | 0 om| lve (17)
The out of plane stressisgiven by,

0., =GN XY, (18)

The Poisson’s ratio is kept constant through the
depth of the beam as for ceramics and metals the
Poisson’s ratio is in the range 0.28-0.32, and hence it
variation along the depth would hardly differ but will
only add to the computational burden.

(A By Dy]=iQy[1 n n’ln (9
whereA;;, B;;, and D; denote the extension, coupling

and bendJing stiffness’s, respectively.

This paper has considered the material
distribution asshowninFig. 5.

Ceramic (Alumina)

Mild Steel

Fig. 5: Material distribution along the thickness

Theexplicit expressionsfor A, B, and D, are;

h
Ay = (Eceramic + PE s )(mj (20a)
1 1
B,=| ——|(E - —E h?
11 (p+2 2(p+1))( ceramic metal)
(20b)
[ 1 1 1
12 4(p+1) p+2 p+3
(Eceramic - Emetal ) h3 (ZOC)

[Ass Bes Dgs|= 1_X[An By, Dy
1+v
(20d)

Where; h denotes the thickness of the beam
and p isthe power of gradation.

Governing Equations

Consider a transverse uniformly distributed load g
acting along y direction on the beams, then the work
done by this external load is expressed as,

L

8 Weyterna =~/ 0B Vdz (21)
0

The corresponding governing equations obtained
from the weak form are,

z

dN
dz

X

dv
dz

@

dM+T)
dz
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M,
=V
dz y
dM
y
Yy
dz X
dM,,
=T-M 22a-22
dz t (22a-229)

Substituting Egs. (15) and (17) in Egs, (22) and
then rearranging and uncoupling the degrees of
freedom, we get,

d’w

0
dz?

Ell

d’u d¥
Ees —+—Y1=0
d22 dz

d’v d¥,
+
d22 dz

(23a-230)

For beamin flexurethe Egs. (23c) & (23e) shall
be used. By careful inspection, it can be seen that
these equations are the Timoshenko beam equations
(Hague, 2016).

0.5h

v | T v
T

Fig. 6: Cross-sectional view

Theindividual expressionsfor thinwalled beam
asshowninFig. 6 are asfollows,

En= A11b
E - A11b3
22 12

Egs = (A1172 -2Bjy+ Dll) b

e 12

Ess = D66b
Ey7 =Eg = Aeeb

3

> Aggb
Egg = Aggby "'—12 (24a-249)

Where, ¥ denotes the distance of the neutral
axisfromthe half depth axisand is given by;

(25a)

:
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Ye = 2 Ay (25b)
M ethodol ogy

In order to calculate the analytical results based on
the system of differential equations (Eqgs. 23athrough
23g), a MATLAB code was prepared which can
formulate the results based on user defined material
and geometric characteristicsfor different loading and
boundary conditions. Thelogical flow of the code has
been presented in the form of aflowchart as shown
inFig.7.

START

Enter Material Characteristics
and power law gradation
constant

'

Enter beam cross-

section and length

'

Enter Loading
and boundary

v
Calculation of A;;, B..D..E:

1] ] 1
Solving Eqgs. 23a through 23g using
boundary conditions

'

END }

N ————————

and y,

Fig. 7: Flow chart of analytical model

Results and Discussion

In the numerical model, a thin functionally graded
rectangular section has been considered to investigate

the effects of power law on the flexure response of
the beam considering first order shear deformation.
A thin rectangular section has been taken so as to
mimic the response of aweb in | section. Asweknow
from previous studies that in pure flexure the major
load is taken by the web for | section through shear
and the flanges contribute very lessin the response.
So, for a preliminary check as tohow accurate the
model is, this study has been conducted. Thebeamin
considerationisof length L=1.5m, depth h=0.1mand
width b=0.005m, and materialsvaried in the thickness
direction are aumina(E, = 320.7GPa) and mild steel
(E,,, = 210.7GPa). The cross-section of the beam is
asshown in Fig. 6. The variation of depth of neutral
, ; ‘ ... phasbeen
showninFig. 8. For p = 0 the depth of neutral axisis
at mid-depth of the beam, as for p = 0 the material
will be purely alumina (asinferred from Eq. 1). Asp
tendsto infinity the depth of neutral axisagain tends
to mid-surface depth because as p tends to infinity
the material tendsto behave purely as mild steel,

0.51 -
0.50 -
0.50 o
0.49 4
0.49 A
0.48
0.48 A
0.47
0.47
0.46

0 5 10 15 20 25
Volumetric distribution (p)

Fig. 8: Variation of depth of neutral axis with volumetric
distribution

The response of beam under (a) fixed
(cantilever) condition and (b) simply-supported
conditionis discussed in the subsequent sections. To
get the response of the beam, a MATLAB code has
been written and to simulate the response of FGB on
ABAQUS (ABAQUS/Standard User’s Manual,
2010) the user subroutine UMAT has been
incorporated.

Cantilever Boundary

A uniformly distributed|oad g (gL =100kN/m) isagpplied
and boundary conditionsareU(z=0)=0,V(z=0) =
0,U(z=0)=0,¥,(z=0)=0, \Ify(z =0)=0,¥ (z=0)
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Fig. 9: ABAQUS results for L/h=5 with (a) p=0, (b) p=2 and
(c) p=10 (by varying depth of the beam)
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Fig. 10: ABAQUS results for L/h=10 with (a) p=0, (b) p=2
and (c) p=10 (by varying depth of the beam)

=0and ®(z=0) = 0. The closed form solution for
maximum deflection of a cantilever beam under
uniformly distributed load is;

\Y; = +
T 8Es 2B, (26)

Theresults obtained have been normalized and
plotted in Figs. 14 and 15. Theresults obtained from
analytical model (AN) and ABAQUS (AB) arein
good agreement. Comparing Figs. 14 and 15, we see
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Fig. 11: ABAQUS results for L/h=15 with (a) p=0, (b) p=2
and (c) p=10 (by varying depth of the beam)

that even though the material properties vary along
the depth, the trends of maximum deflection arehardly
affected by changing thelength or changing the depth
for changing the L/h ratio in the parametric study.
But thetrends are affected asthe L/h ratio decreases.
This is due to influence of shear deformation. The
shift of plots from L/h=10 to L/h=5indicates that as
the span to depth ratio decreases, the influence of
shear deformation increases.

Simply Supported
A uniformly distributed load q (gL=100 kN/m) is

u, uz

j2ngdss

L

Ly+;h£;g#&;;5
&
CEEEEEEEEEEEH

uuz

Fig. 12: ABAQUS results for L/h=5 with (a) p=0, (b) p=2 and
(c) p=10 (by varying length of the beam)

applied and the boundary conditions used are U(z =
0)=0,V(z=0)=0,V(z=0)=0,U(z=0)=0,U(z=
L)=0,V(z=L) =0, My(z=0) =0andM(z=L) =
0. The closed form solution for maximum deflection
of a simply supported beam under uniformly
distributed load is;

_ 5qL* N qL?
384E,, 8E,,

(27)

Vmax

As done previously for cantilever beams, the
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Fig. 15: Normalized maximum deflection vs p (by varying
length of the beam)
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Fig. 13: ABAQUS results for L/h=10 with (a) p=0, (b) p=2
and (c) p=10 (by varying length of the beam)
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Fig. 14: Normalized maximum deflection vs p (by varying (c) p=10 (by varying depth of the beam)

depth of the beam)
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Fig. 17: ABAQUS results for L/h=10 with (a) p=0, (b) p=2
and (c) p=10 (by varying depth of the beam)

maximum deflection of the simply supported beam
from the analytical model (AN) and ABAQUS (AB)
have been normalized and presented in Figs. 21 and
22. As observed in cantilever beams, for simply
supported conditions also the trends of maximum
deflection are hardly affected by varying length or
varying depth (keeping L/h constant) in the parametric
study, but are affected by changingthe L/hratio. This
is due to the influence of shear deformation. As the
L/h ratio decreases this effect increases. From the
Figs. 14, 15, 21 and 22, we can aso see that as p
tendsto infinity the maximum deflection value tends
to a value that represents the deflection of a purely
mild steel beam.

Fig. 18: ABAQUS results for L/h=15 with (a) p=0, (b) p=2
and (c) p=10 (by varying depth of the beam)

Conclusions

An analytical model was developed on MATLAB
which can incorporate the governing equations of first
order shear deformable thin walled beams whose
material variesalong the depth direction. The model
developediscapable of producing accurate deflection
for various boundary conditions, loadings and
volumetric digtributions (p). Themodel wasformul ated
using the assumption that the normal stress in the
contour direction is zero. The shear effects on
functionally graded beam become significant as the
spanto depth ratio decreases. For validation of results
obtained an ABAQUS/CAE simulation was
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Fig. 19: ABAQUS results for L/h=5 with (a) p=0, (b) p=2 and
(c) p=10 (by varying length of the beam)

conducted, inwhich the material model has been user
defined by using UMAT, an ABAQUS/CAE sub-
routine. The results obtained in ABAQUS and
analytical model have been found to be in good
correlation.
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