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where |z]{ < 1. It is not unlikely that f(x) and g(z) are irrational when x is a
rational number different from 0. I am unable to prove anything about f(x), but
I can show that g(x) is irrational when z is a rational number of the form 1/ where
t is a positive integer >5.

We have
Lemma 1. We have
144g() = > r(ne”

0
whera r(n) i3 the number of representations of n as a sum of two squares.

This is well-known.

Lemma 2. Let e denote an arbitrary positive number and m an arbitrary positive
integer. Then we can find an integer x such that

(i) r(x41) =0 for 1 <t <<m
. log
(ii) m>(}—e) fog logz

for all m > myg(e¢).

Proof. Let q, denote the mth prime = 3 (mod 4). Then the system of con-
gruences

z+1 = ¢1 (mod ;2)
242 = g5 (mod g5?)
z+m = g, (mod g.?)
is soluble, and in fact with
n2ge® . . . qu2<T<20:%¢9% . . . g2
Now from the extended Prime Number Theorem,

Gm ~ 2m log m
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whence
"
logz ~2 logt ~ 2m log m
2
loglog z ~ logm
logz
log log «
80 that for any « >0 and m >mgy(e) we have
T logz
m>(—e) logloga’
Further r(x4t) = 0 for 1 <t<{m
since x satisfies the above m congruences.
Now it is known that
Lemma 3. We have
logn
(1-+e) log logn
r(n)<2

where € >0, for all n>ng(e).

5: r(z+9)

fots

g=m+1

S ) | 2 ()
= Z o "’ZW
n=x+m+l Px+1

(1+¢€) log x
2 log log » 0

Now consider

n

g x+m4-1 + )

¢ ¢
2x+1

(14-€) ](;g x
9 log log z 1
= tmtl +0 122
(1+€) log2logz
¢ logt log log = 1
(1) g tz+m+1 +O (ﬁt) ¢

Let us represent

as a decimal in the scale of ¢.
Writing
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On account of X5 =0 it would follow that all the decimal places of x from the

{r+1)th to the (z+m)th are zero, had X3 not butted into this part of the

decimal representation (in the scale of t) of 8. But roughly

@) (I+e€)log 2log x
log t log log «

decimal places to the left of the (z+m)th decimal places are affected by X3 on
account of (1). Now

. 1 log «
(3) He > ("2‘ _€>m
From (2) and (3) if
log2 1
log ¢ < 2
ie. t =5, S has a block of at least

1 log2\(1—¢)log x
2" logt/ loglogx

decimal places all cqual to 0. Since S has an infinity of decimal places 70 it
follows that S is irrational.—Q.E.D.
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