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In arecent paper (Shanti Saran, 1954) T have defined the hypergeometric functions
of three variables and deduced the important properties of these functions includ-
ing some integral representations. In this paper I obtain the single, double and
triple integral representations of these functions. The integrals are either of
Pochhammer’s double loop type or of Mellin-Barne’s type. The first type of integrals
iz useful in the integration of the system of partial differential equations
satisfied by these functions and the latter type in Mellin’s investigation of the
hypergeometric functions.

In Pochhammer’s double loop type of integrals [a;, as, . . . @, ; by, b2, . . .. by]
is the notation for the double loop which contains a4, @5, . . . . @, within one loop
and &y, by . ...b, within the other. It is understood that all other singularities

of the integrand are outside the contour of integration. 2* is interpreted as

exp (« log z), where log z is real when z is positive, and continuous on the contour

of integration.

It will be assumed that z, y¥ and z have such values that the infinite series
occurring in the analysis converges. Exceptional values of the parameters which
would make some of the gamma functions become infinite are tacitly excluded.
The general validity of the results follows by analytic continuation.

The integrals deduced are either of the form

f(—t)“'1 E—=1""" f(u) glv) dt

where % is a function of x and ¢, and v of y, z and ¢;

or f(-t)’"l (t=1)""" f(u) dt

where w is a function of z, ¥, z and ¢ and the contour is {14, 0+ ; 1—, 0—].

Tn the first, one can say that Euler’s transformation factorizes our hyper-
geometric equations f and g, each of which satisfies the ordinary differential equation
(or Appell’s hypergeometric differential equation in the case of g(v)). .

In § 2 single integrals of Pochhammer’s type have been deduced and lastly in
§ 3 single, double and treble integrals of Mellin-Barne’s type have been investigated

for these functions.
Following the notation given in (Shanti Saran, 1954), we define the hyper-

geometric functions of three variables as below :

FE {ot1, @1, @1, ﬁl: ﬁz, BZ; Y1 Yo Y3y L Y 2)

- (%1, m+n+D) (B1, m) (Bz, ntp) z"y"2" 3 L
- Z (1» m) (1: n) (1, P) (71: m) (')’2, n) ('}’S) P)
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and
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Fp (ay, 3, a3, B1, Ba, Brs ¥1s Yos Y25 2, Y, 2)

— T (aly ’m+n+P) (Bl, m+P) (32! n) x.y"zp
< (1, m) 1, n) (1, p) (y1, m) (y2, m+D)

F(; (o, oy, @y, :315 B2s ﬁ:l 5 OYL Y2 Y2 T Y, 2)

- Z (21, m+n+p) (B1, m) (B2, n) (Bs, p) 2*y"2¥
(I, m) (1, n) (1, p) (v1, m) (ve, n+p)

FK (alx g, A2, Bl’ 52: Bl s YLV 735 %, Y, Z)

- (a1, m) (xg, n+p) (Br, m+p) (Bg, m) 2™y 2P
(17 m) (1: n) (1’ p) (71’ m) (72’ n) (73’ p)

FM (o1, &g, a2, :31’ Bz, ﬂl’ Y1, Y2 Y25 X Y, 2)

Z (01, m az, n+p) (B1, m+p) (Bz, n) T™y"2"
(1, m) n) (1, p) (y1, m) (ve, n+P)

FN (al, xg, A3, Bl’ 52’ Bl > YL Y2 Y25 &, Y, 2 )

- Z al) 12, n) (‘l3, P) ﬁl: m+P (B2’ x-y"zp
n) (1, p) (y1, m) (y2, n+p)
Fp (‘ll’ Ko, K3, ﬁly Bl: B2; Y1, Y2 72; z, ?/, Z)
- z (a1, m+p) (ag, ») (B1, m+n) (Bs, n) 2™y"2?
(1’ m) (1’ n) (1! P) (71’ ) (72; ’”+P)
FR (al’ xg, &1, ﬂl: B2’ ,31 > Y1 Y2 Y25 T Y, z)

_Z (ali m+P (aZ’ (Bl’ m+P) Bﬂ’ lzP
(1, m) (1, n) (1, p) (y1, m) (v, n+p) )

F (a), ag, ag, By, B2, ﬁs; Y1 Y1 Y15 T Y, 2)

Z (aly ag, ’n+P) Bl: m) B2) BS: P) xMylzp
1 m) (1, n) (1, p) (Y1, m+n+p)
Fp (g, ag, 3, B1, B2, B1s ¥15 Y1 Y15 % 4, 2)

= Z al’ (a2’ n+P) ﬁl; m+P pZ’ n) x" P
(1, m) (1, =) (1, p) (y1, m+n+p)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

1.7)

(1.8)

1.9)

(1.10)

The triple summation in the above series extends over all positive integral values
of m, n, p from zero to infinity.

As proved in (Shanti Saran, 1954), the domains of convergence of the above
series are given by

IB

F.: r+(\/§+ \/2)2 =1 Fp: re = (1—s8)(s—t)
FG:T+8=1% Fg: t=(l—7r)(l—s)
r+t=1
F,: r+t=l} Fy:8(1=r)+t(l~s8) =0
8=1
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Fp:arst } Fois(l—4/r24t(1—s) =0
(st-—s—1)2
Foiylog F
5'r+ = b r=t=r—rs+s
where lzf<r, |yl<s and |2|<t.

§2. We know the following integral representations (Erdélyi, 1953) for F,,
Fgand Fy, viz.

D e
Fy (p+p1—1; B, B1s v, v15 = 9) = Te) P(p(12)ﬂ1;)(2 P—p1) o

! - - T
xf(—t) G S (p,ﬂ-, vs ;) 1y (pl, Bis v i—Z-t)dt .o
where |t|>[z|,|1—t]|>|y]| along the contour.*

F(—p) T1—p) T
Fy (0, o1, B Brs pbrs @, 9) = 0P ((2775;) (ptpy)

X f (=Pt (¢ =111 o F) (@, B ps tx) oFy (a1, Bus prs (I—y) dt (2.2)

and
: : L'y) Dya) TC—y=y1)
Fl. (G,B, Ys Y15 T y) (21ﬂ)
xf(—t)" (t—1)""" o F, (a, B; y+y1—1; 7—f+1~—ﬁt)dt .23
x, Y
where 3 + 1—; < 1 along the contour.*

From the definition of F g We get

al’ ﬂly m)

F 'y 5 s 5 y % ",
2. (@, m) Gy ) (g +m, Ba; v2s ¥35 ¥ 2)T

F,=

Using (2.3), we get

< (g, m) (B, m)z® T(ys) Tlyo) T@=yo—ys) |
G (2mi)e

F,=

xf(—t)’" (t=1)7" oFy (“1+’”’ Bes yetre=ls 1t/““iz?t)dt

tra) Lly) D07 vs) f (=77 (—1)7"%

oC .
(@, m) (By, m)a™ : —1; Y4
X mx oF (s +m, Bos vetvs—1; T+75 a

* The contour of integration is & Pochhammer’s double loop type 1+, 0+,1—,0-) and

t?, etc., have their principal values.
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Since the series for m is absolutely convergent for|z|+ ¥+-1—E—i l < 1, the

change in the order of integration and summation is permissible and we have

I(yg)I'(ya) (2—72"7’3)
(2111:)

Fp (o, oy, a5, B1, Bo, Bas Y1s Yo V85 & Yy 2)=

xJ‘(—t)”y2 (t—1)"" Fz(ﬂh; B, Be; vi, vatva—1; o, + iz )dt (2.4)

where 2] + l —‘;!— + iz:i <1 along the contour.*

Also, rewriting F,_ as

(etg, n) (Ba, M)
‘)WF 2 (@ +m; ﬁl’ ﬁ2+n Y Y35 T 2)y",

and using (2.1), we get

i @y, m) (B, w)y" T(p) Do) T2—p=p1)
(1, n) (‘)’2, (2m1)?

- - x z
X J-("'t) P—1)""" o1y (P: Bi; v _t) 2F1(P1, Batn; vs; T:t)dt
where |t] > ||, | L~t| > |z]| along the contour and @3 = p+p1—1.
As before,

Po= L(p)(p)(2—p—p1)
B (22

J-(—t (=1 )~ P 2F1(P’ Bis v1; )F-i(Pl: ﬁZ 3 Y2 V8 I‘E"__t ) dt (2.5)

,\/ l_y——t !+]/\/ = l < 1 along the contour.

Using similar methods we can easily prove the following formulae :—

I(y;) I'(y) T’ (2—71—)'2)
(2mi)2

XJ.(——t)"h (—1)" Fy (%; Be B yitye—1; Tz't’i"'i_:t)d‘ (2.6)

X

where «; = p+p; —land|t| >]z|, and

Fp(al a3, &35 ,31’ ,32’ ,Bl; Y1 Y2, Y25 T Yy 2)

where |1~t|>|y|and ] ?;t'+iTz——t\ < 1 along the contour.

() I'(py)) I'(2—p— )
Fg (2, &3, a1, B, Bz, Bss v1s Yo Y23 T Y, 2) = (e) (Pl(zm()z £—a

- - x z
Xf(—t) P a—-1)"" zFx(P, Bis ns ‘t‘)Fl(P1§ Bs, Bs; ves i{—t’ T—-:t)dt 2.7
where ay=p+p—1,[t|>]z],|1—t]>]y]| and |1—¢] > |z| along the contour.

* The contour of integration is a Pochhammer’s double loop type (14, 0+, 1—, 0—) and

t?, etc., have their principal values.
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I'(p) I'(p,) I'(2—p— Pl)
(2me)2

FK(al’ ®g, g, Blp BZ: Bl; Y1, Y2, ¥Y8: &, Y, z) =

f(—t) P =1~ ,F, (P, 15 Y13 t) Fz(dz: B2, p1; v2s s Y1 )dt (2.8)

where |t >|a:|and

] < 1-—|y| along the contour and 8; = p+p;—1.

I'(p) I'(py) I'(2—p—p1)
(2me)2

xf(—t)_P t—1)~" 2F1(Ps %13 Y15 :‘:‘) Fl(dzi Bz p1; Y25 ¥ l—i‘i)dt (2.9)
where B; = p+p;—1 and |¢| >|z| and |1—¢| > |z|along the contour.

I(1—p) I'(1=p)) Tfp+p1)

X

F (o, ag, ag, B1, B2, B1s 71> Yo V2 T, Y, 2) =

F (o1, g, ag, B, Bz, Bis 71, v2, Ye5 4, ¥, 2) = @)
f( £~ ¢ =17 oFy(ag, Bas o3 ty) Fa(Brs o1, @35 y1, p15 %, (L—0)2) df
(2.10)
where y, = p+p, and|z| + | (1—t)z| <1 and || <1 along the contour.
Also,
I'(p) (I'py) I'(2—p—p1) -p -p c .z

Fy= @mi)e (=77 ¢=1)"" o F1lp, @15 ¥33 7%

XFs(dz, o3 BZ;P]: Yes I'/,l )dt .. (211)

where B, = p+p;—1 and || >|z| and |1—¢| > |z|along the contour.

I'(1—p) I'(1 —P)F(p+P)
FP(“I: ag, 1, B1s B1s Bes Y1, Y2 Y25 T Y 2) = U=p (21”)21 :

J.( -1 P1—1 F Bz, Bl) Bl! oy, %2, %15 P15 P> Y15 (l_t) 2 ty’ )d
(2.12)

where yy = p+p; and u = (1—r) (1—8) with |z | <u,|ty|<s,|2(1—1)| < r along the
contour,
Also,
I'(p) I'(py) I'(2—p—p1)
Frlas, @, @1, B, Be, B1s 71, 72, ¥e5 %, 9, 2)= ) X

z 2
Xf(—t)_P t—=1" FN(P, %2, p1, B1, Bo, B15 Y1 Y2 Va5 7Y m)dt
2.13)

T <® |y] < salong the

where o; = p-p;—1, 8(1—r)Fu(l—38) =0 mthl I <r,

contour.
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F F(Yl) I'(ys) F(2—7’1—")’2)

R (271)2
><f('-'5)y1 (t—17" Fs(al, @z, B1, B2 yitye—1; l—t —+——t) :
(2.14)
where ———[ < land +——{ < 1along the contour.
Also,

Iri— - I ) - -
o= DA L0 Dlobed o [ f = 157" Py, B 05 )%

X Fy(ay, B1s v1, p13 @ (1=t)2)dt .. (2.15)

where ¥ = p+p; and |[v/ 2| + [v/(1—t)z] < 1 and |yt | <1 along the contour.

I'l—p) I’'l—p;) I
FS(al’ oo, Xy, ﬂla BZ’ B3> Y1 Y1: 71 5 X ?/: Z) = ( P) ((21’_1’)’,1) (p+Pl)

X J(—t)p_l (=1 o Fy (g, Brs ps tx) Files; Ba, B3; p1s y(1—t), 2(1—¢))dt
(2.16)
where y; = p+pand|te| < 1,|y(1—t)| < land|z(1—t)| <1along the contour.
I'(1—p) I'l—py) F(P+P1)
(2mi)2
xf(—t)”‘l (t=1""" F (o, %2, %2, By, Ba, Brs P, o1, P15tz (1—2) 3, (L—1)2)dlt
(2.17)

where y; = p+p1, r+u=1, s=1;and|tr | <r,| 1=ty | <s,| (1—2)z| <t along the
contour.

We know that *

F (o, &g, %, B1> Bzs B1s v v v15 @, ¥, 2) =

FT(‘XI: g, Xz, ﬂl? ﬂZy ﬂl YL YL Y1 L Y, Z)

= (1—2) 2 F (aly A2, Az, ﬂl: B”: Yl'—ﬂl_ﬂZ > Y1 Y1 Y15 X le:zy I:_—Tzé)'
Using (2.16) we get
-2 T(L=p) T(=py) Tlp+pr)
Fr=01=2) @mi)?

xf(—t)"'l @—=1"1 o F (e, Brs ps t2)X

Fl(az,ﬂz,p+p1—ﬂl —Bas o1 = (1), (l—t))dt

where |tz | <1 and g{{—z (l—t)l < l,lri—z(l—t)l< 1 along the contour and y; = p+p;.

* (Shanti Saran, 1954). Use (5.15).
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§ 3. MELLIN-BARNE’S CONTOUR INTEGRALS

In this section I have deduced single, double and treble integral representations
for these functions. I give the detailed deductions for F only and similar methods

give the integral representations for the other nine functlons also.

(I) Single Integral representation

From the definition of F, we have
FE(als %y, &1, ﬂl: 32: B2 H ')’1, 72: '}’3, z, Y, Z)
(23 m) (By, m)
R VA F 3 H Y ’ Y H » "
. (1, m) (v1, m) slay4m, B ¥e,73; ¥, 2)

m=

Using the relation (Appell, P. et Kampé, J. de Feriet, 1926), namely

I
%@F4(a,ﬂ Y715 =, y)
+t0
1 1) t)
=§;‘J . oFy(a+t, B+t v « )—E»%Igt—l”(—t) (—y)t dt
we obtain
Llay) IB)p _ 1 i _(Bumem [T Tlartmtd) TBo+) |
F()’z E— 2m £ 1, m) (y1, m) I(ys+¢)

X o P11+ m+t, Ba+its Vo5 y) I'(—1t) (—2)! dt.

Changing the order of integration and summation which is easily justifiable
for |z|+|y| < 1, we get

+3
Llen) Ty, = 1| Fy(ay e, By, Botts 71, 2 o 9) X
I'(ys) 2mi e

T(ay+t) T'(Be+t) 7 0 0y ) .. .. (31
Tt oA -

Similarly, by rewriting ¥ as
= )
(—al’—ip—zﬂ Fo(ay+m; B, Botm; 71, V35 @, 2)y™
o (1, m) (vz, m)
and using the relation (Appell, P. et Kampé, J. de Feriet, 1926)

I'(a) I'(By) . . .
———I—T‘)—’l—)—-Fg (a: p’ﬁly ')’,')’1, x, y)

e Tla+t) T(B+1)
=2_:_J | oFy (@+t, B; V5 ) —(ET—(})T_T_(%—F(—Q (=)t dt,
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we obtain

[(ay) T(By) 1
———T];(—‘leLFE = 2_777/J . F4(¢1+t, BZ 5y 71, 73 ) 2) X

I'(r1+1)

(=) (—y) dt .. (32

(2) Double Integral representation
Using the above integral for F; in (3.1) we get

I‘(al) I‘(,Bl) I‘(BZ)F 1 J+iwj+{w

I'(yq) I'(vs) E= (2m)2 o'y (@y+8+8, B+t 715 2) X

Iy +s+1t) I'(B145) T'(Bo+1)
I'(Y1+s) T'(Ys+1)

A similar double integral follows by using the relation of ¥, in (3.1).

X

[(—8) T(~8) (—2)° (—2)'dt .. (3.3)

(3) Triple Integral representation
From (3.3) we get

L) I(B) TB) p _ 1 J*"” J "

T Ty == @i sParkoth fokts %25 )X

[ A )

Iy +s+1) I'(B1+s) F(/32+t)1-1
I'(y1+s) I'(vs+1)

Using the relation (Appell, P. et Kampé, J. de Feriet)
I'(o) I'B) 1 J " Da+e) T(B+s)

X

(—8) I'(—1) (—2)° (—=2) dsdt.

TG 2By o) =g5 Torvs L9 (merds

w|
we get

I'(e) I'(By) I'(Bs) F

I(yy) I'(ve) I'(vs) " £

1 J‘+in’+in'+‘v'w F(a1+7‘+3+t) I‘(Bl_l.r) F(ﬂ2+8+t)

(2mt)38 I(yy+7r) I'(Ye+s) I'(vs+t)

X I'(—r) I'(—¢) I'(—8) (—2)" (—y)* (—2) drdsdl.
T am thankful to Dr. S. C. Mitra and Dr. R. P. Agarwal for the interest taken

during the preparation of this paper and to the Government of India for a research
grant.
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