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1. Certain hypergeometric functions of three variables have recently been
defined by me in one of my papers (Shanti Saran, 1955). The elementary proper-
ties of these functions, including the partial differential equations, have been given in
that paper. Later, the Pochhammer type of integral representations for the ten
hypergeometric functions defined in Shanti Saran (1955) have been obtained (Shanti
Saran, 1955). In this paper I have discussed the nature of the different solutions of
the partial differential equations satisfied by two of these functions, viz. F and Fg,
at the various regular singularities. The other systems of differential equations can
be treated in a similar manner. In the first instance, I have obtained the series
solution of the differential systems at the regular singularities at the origin. Later
the general solution of these differential equations by the help of Pochhammer type
of integrals has been obtained and the behaviour of these differential equations at
various other singularities have been discussed.

The functions Fr and Fx are defined as

(1) FE(ab ai, &y, bl: bﬁ?.’ b2 5> €1,02,C35 0, Y, Z)
_ i (@1, moAnt D)o, ) g n4 D)
o LD, pey s, w)es, B
and
(2) FK(a’la A3, A9, bl’ bZ: bl 5 C1,C2,C35 4, Y, Z)
_ i (@3, m)(ag, nt-p) b, mAD) B 7)
(1: 7"‘)(1: n)(] 5 p)(cls m)(Cz, 'n,)(C3, P)

mn p=0

2. THE DIFFERENTIAL EQUATIONS SATISFIED BY Fp AND Fg

The differential equations satisfied by Fr and Fx are given by

( [86+c1—1)~2(0+$+¢+a)(6+b)IW = 0
(1) Fy < [ld+ca—1)—y(6++i+a)+d+b)IW = 0
[+ ca— 1) —2(0+ d+p+a:)(p+p+bo) W =0
and
[0(04+c;—1)—z(0+a)(0+§+b)]W = 0
@) Fy 2 [B(b+co—1)~y(b+y+ag)($+bo)]W =0
[+ cg—1)—z(d+p+az) (0+p+b)1W =0

respectively.
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Using the classical method of solution by series, we assume a solution to be of
the form

o
W = x8y’z* A 0, Z"Y2P,
where g, %, k are suitable constants.
The indicial equations of the systems 2(1—2) are given by

glg+e,—1) =0
h(h""Cz"l) =0
kk4cz—1) =0

These give
g=0or l—c
h=20 or 1—c,
k=0 or 1—cs.

The above roots of the indicial equation lead to the following eight possible sets
of values of the parameters g, h, & :—

g=0 0 0 l—e¢; l1—¢; O l—c¢; 1—c;
h=0 1—"02 0 0 1'—02 1—'02 0 1—62
k=0 0 1""03 0 0 1'—'03 1'—'03 l—-(33‘

These lead to the following general solutions of 2(1) and 2(2) valid in the neigh-
bourhood of the origin :—

(8) W = AF_(ay,a4,0a4,0),bs,b5; €1, 03,35 T, ¥, 2)
+ Bl F (1—cy4ay, l—ci+ay, 1—cy+ay, 1 —c1+by, b, by ;
2—cy,Co, €35 2, Y, 2)
+ Byyl=%F (1—co+a;, l—cotay, l—cotay, by, L—cg+bg, 1 ~cotby;
¢1, 2—co+03; 2, 9, 2)
+ Bgzl=%F (1 —cgtay, 1 —cg+ay, 1—cg+ay, by, 1 —cg+bg, 1—e3-+bs 5 ¢y,
C2, 2—cCg; @, Y, 2)
+Dyat=e1yt=%F (2—c;—Co+ay, 2—c1—Catay, 2—c1—Ca+a1, 1 —c1+by,
l—co+4bo, l—cotbo; 2—01, 2~co, C5; , Y, 2)
+ Doyl=¢221 =% F (2—~cp—Cg+a1, 2—Co—C3-+ay, 2—Ca+C3+ay, by,
QemCg—C3hg, 2—cyg—cCg+by; €1, 2—0Co, 2—03; 2, Y, 2)
+ Dyl 212l =6 F  (2—cy—Cg+ay, 2—01—C3+ay, 2—c1—C3+ay, 1 —¢1 40y,
Ye—cgtbg, 1 ~cgtbo; 2—¢;, €2, 2~¢3; 2, ¥, 2)
+ Ext=o1yl=9021=%F (3~ ey~ Cy—C3+ay, 3—C1—Ca—C3+0y, 3—C1—Cy—C3

+ay, 1 —cy+by, 2—cp—cg+bg, 2—ca—Ca+ba; 2—cy, 209, 2—0c3; 2,9, 2)



406 SHANTI SARAN ; THE SOLUTIONS OF CERTAIN HYPERGEOMETRIC EQUATIONS

and
W = AF (a3, ag, @, by, bg, by 5 €1, Co, ¢35 2, ¥, 2)
+Bixl=al  (l—ci4ay, ag, ag, 1~c1+4bq, bg, 1 —c1 405 ;
2~cy,¢9,03; 2, 9,2)
+Boyl=2F p(ay, 1 —cotas, 1 —cotag, by, 1—co+bs, by ; €1, 2—co, 3

z, Y, ?)
+Bgrl=%F (ay, 1 —cg+ag, 1 —c3+ay, 1—cg+by, by, L —c54by;

1, Cg, 2~cC3; 2, ¥, 2)
+Dl-oyl=%F (1 —c14ay, l—cy+ay, 1—cotas, 1 —cy+by, 1 —co+bs
l—ci+01; 2—¢y, 2—co, €3; 2, ¥, 2)
+ Doyl =21 %F (ay, 2—ca—cg+ay, 2—co—cg+ay, 1 —co+b1, 1 —ca+by,
le—cg+b1; 61, 2—co, 2—c3; @, ¥, 2)
FDgxl=%2 =% F (1 —cyFa1, I —cy+ag, | —cgtag, 2—cy —cg+by,
by, 2—cy—cg+by; 2—cy, €3, 2—c3; 7, Y, 2)
FExl-ayl =2l =% (1 —ci+ay, 2—co—c3+as, 2—co—c3+ag,
2—cy—cg+by, bg, 2—c1—c3+-b1,2—¢1, 2—cg, 2—c3; 2, ¥, 2).

3. In this section Pochhammer-integral representations (Shanti Saran, 1955)
are uged to investigate the solutions of the differential systems 2(1) and 2(2).
Congider first the following integral representation (Shanti Saran, 1955) of Fg.

(1) F lay, aq, a1, by, by, b2 ; €1, Co, €35 7, Y, 2)
_ TR TE) T2—k—k)
o (27r2)2

xf (—8) 5t —1) ¥ F 1k, by s e1; 2ft) Fa(k', be; co. a3 y/1—t, 2/1—t) dt,
C .

where a; = k+4k'—1. The contour ' denotes a Pochhammer double-loop slung
round the points 0 and 1 such that [¢|> |z ], and | /y/l—¢|4]/2/1—¢| <1 along
the contour.

The above integral suggests that

@) W= f 51—  Fuft) faly/1—t, 2/1—0) 5,
c
should be a solution of the system 2(1) satisfied by Fz where C is some closed con-
tour and fy(u) and fo(v, w) are the solutions of the differential equations
®3) 01014 c1—1) —u(01+ &) (014+01)] f1(w) =0

g[¢1(¢1+02—1)””(¢1+¢1+k')(¢1+¢1+bz)] Sfalv, w) =0
(114 ca—1) —w(dy+b1 +k") (b1 4p1+b2)] fo(v, w) = 0

respectively, where 8, ¢;, ¥; = u0/0u, v9/0v, wd/dw withu =aft, v =y/l—t, w=
z/1—t.

4)
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Now, denoting the differential system 2(1) by Li(W) =0, Ly(W) =0 and
Lg(W) = 0 respectively, we get from 3(2), with ; = k4% —1, that

Ly(W) = f 5 (L= ) " [{fo(00+ 01— 1) —2(8+k) (0+b) ) f
c
—w(@+p+k —1) fo(60+b1) f1] de.
Since u = zft, v = y/1 —t and w = z/1—£, we have on using 3(3) that
Ly(W) =f l—p)™¥ [fz{ (81 +F)N014b1) — (01 +E)(01+01) §f1
c
—$(¢1+‘/’1+k'—1)f2(91+b1)f1] dt

=z fc tF N L= F L0 =001+ 1) 01+ b)) f

— @1+ = 1) fo(01+81) f1] dt
xf t""“l(l—t)“"'[fz(l—-n{ta/atfta/at—bl)}l
‘ —kfo(L—1)(t0/dt—by) fr

—(1—k') tf(t8/0t—by) f1
—t(1—1t) Of o/Ot(18/0t—by) f1] dt.

This gives on simplification

(8) LyW) =g f a[ =) 7F fy {82 fr)dt—b1f1}].
Similarly ¢

(6) Ly(W) = Jf a[e 1=~ { f108/v+D3) f21],

and ¢

(7) Ly(W) =2 fc d[eH (1=t~ f1(w8)dw+by) fol.

Now 3(5-7) show that 3(2) will certainly be a solution of 2(1) whenever C is
either a closed contour or else an open contour at the two ends of which

[t - hk’fz (t3/9t—by) f1]
[ %1 =)~ ¥ f1(v0/dv+bo) f2]

and

[ (1 —t) " 1 (wd/dw+by) fo]
vanish where f; and fy are any of the solutions of the systems 3(4) and §(5)
respectwely

Next, from the Pochhammer type of integral representation of Fg (Shanti
Saran, 1955), namely
(8) Fylay, as, ag, b1, be, b1 5 1, 09, €35 2, 9, 2)
L) D) T2 —k—k)
(2mi)2

X f (=) "Ft—=1)"FoP1(k, ay; 15 3/t) Falan, by, k' ; co, ¢35 y, 2/1—1) dt
C




408 SHANTI SARAN: THE SOLUTIONS OF CERTAIN HYPERGEOMETRIO EQUATIONS

where [¢]> |2, |y|+]z/1—t| <1 along the contour and by = k4% —1, we see that
the general solution of 2(2) will be of the type

©) W= f =) Nalafaly, 21 —t) i
c
provided the contour C is a closed contour or an open contour at the two ends of
which
[ =" ¥ fy(t9/0t—ay) ]

[t (1=t) ¥ f1(08/3v+a5) £, ]

and

vanish.
Now, let us use in 3(2) the following branches of f; and f; valid in the vicinity
of point y = 1/z = 1/z = 0, namely

w1 By (by, 14by—cy, 1—by—k ; 1/u)
and

w2 Fy(14-by—cy, by ; cq, 1+by—F'; v/w, 1)
respectively, we obtain a solution of 2(1) given by
W = Ax_blz—bZFR(] +b2'—'03, b1> 1+b2'—(/‘3, bz, 1+bl—61, bg 5

co. 1401 +bo—ay, 1401 4-by~ay; yfz, 1/, 1/2)

which is regular at y = 1/z = 1/z = 0.
Next, in 3(9) if we use a branch of f; in the vicinity of 1/z = 0, we obtain a
solution of 2(2) regular in the neighbourhood of 1/x = y =z = 0. In fact, wegeta
power series in 1/z, y, z, namely
W 4 i (@, m)(az, n+p)(1+ay—cy, m) (b, )
(11 m)(17 n)(17 p)(1+al-bl: m“?)(cz, n)(c37 P

) z—myn(_z)p}
m,n,p=0

where 4 is a constant. This function can be said to be a generalised Horn’s function
of three variables. For y = 0, this reduces to Horn’s function H,.
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