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§1. The question. J. M. Whittaker (1954) has asked the question:
(i) Can F(z) = Z a,f(nz), where f(z) is an integral function either
n=0
rational or transcendental, vanish identically except in the case where f(z) is rational ?
He has shown that, in the excepted case, the answer to this question is in the
affirmative, and also stated that, in the case of transcendental f(z), (i) is equivalent
to the question:
(ii) Can a function of the form g(e®), where g is entire, have an infinite
nuwmber of zero Taylor coefficients ?
We propose to answer (ii) in the affirmative by constructing a sequence a,,

n=1,23,...., such that
glz) = Z @,2"
n=1

is an entire function and the function

@®D 1 ©
gle?) = Z b,z". where b, = B Z a,. 1",
n=0

— r=1
has its coefficients b, = 0 for an increasing sequence m; =1, 2, ..... ) of values
of n, i.e.
o0
(48] Zu,.rmi=0,i=l,2,3, ..... amy<mg<mgzg<.....
R r=1
In other words, our object is to define a, (r=1, 2, ..... ) and an increasing
sequence of positive integers n, (1 = 1,2, ... .. ) so that we have
7= 22”-7
(2) Z a,. 7™ =0 where 1 <k« j forevery j=1,2,.....
r=1

which, together with the following condition
3) |e,. [r] <1, for all large r,

ensures (1) and is sufficient to make X a,2" an entire function.

* The late Dr. T, Vijayaraghavan drew my attention to Whittaker’s question and also in-
dicated the lines on which one could proceed to answer it. Unfortunately Dr. Vijaysraghavan
passed away before I could have the benefit of his collaboration in details and so I amn alone to
be blamed for the shortcomings of the present note (K. Padmavally).
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§2. A definition of the a’s satisfying (2). We may suppose that a, =0

for r¢22k, k=012 ..... go that we have merely to define a, = a(»r) for
7= 22k '
= 29[k] (say).
Let
4) n; = Zrzz(@gl), m; =420, 1=1,2,3,....
r=1

Also let a(2,[0]) = a(2), a(2,[1]) = a(4) be chosen so that (2) holds for j =1
and k =1, i.e. so that

(5) a(2) . 2"™1pa(4) . 4™ = 0,
or e.g.
a2y =1, a(2?) = =271 = 271,
Then let a(2,{k]) be defined, for the range nq << k < ny of values of k, by means
of the equations:
(6a) al25[2]) . (22[2])"14-a(24[3]) . (2[3])™ = 0;

(60) @(25[2]) . (25[2])"2+a(2[3]) . (25[8) ™2+ {a(2) . 272 4-a(4) . 4™} = 0,

s0 that (2) holds for j =2 and k =1, 2, as a result of (5) added to (6a) taken in
conjunction with (6b). We have so far defined a(25[k]) for 0 < k < ny, ensuring
that (2) holds for j=1, 2. Proceeding in this way we can define a(2.k])

inductively for 0 < k£ < n;41, (¢ > 2), ensuring that (2) holdsforj =1, 2, . ... i1,
The procedure consists in assuming that a(24[%]) has been defined for 0 < k < n; s0
that (2) holds for j =1, 2, ... .7, and then determining a(2,[k}) for n; < k < n444
by the 41 equations:
i+l
(7a) z a(2eln;+A]) . (2o F AN =0 for k=1,2,....14,
A=1
i+1 n;
@) > alZalnt ) Calne XS a2 @b = 0.
A=1 v=0
(7a) and (7b) and the assumption we have made together ensure that (2) holds for
Jj=1,2,....i+1. TFor, the assumption in question is that
]
®) Z a(2v]) . 2D * =0 for j=1,2,....%
v=0

where | <k < jforeachj. (8)withj =14, 1 <k <4, givesustequations. Adding
to each of these ¢ equations the corresponding equation of (7a) with the same value
of k, and taking the resulting 7 equations along with (7b), we see that (2) holds for
j =1t+1, andevery ksuch that 1 <k < ¢+1. This means, in view of (8) again, that
(2) holds for each k such that 1 <k <j, when j=1, 2,.... 741 successively.
Therefore finally we have defined a(2;[k}) successively over the ranges 0 < k& < ny,
ny < kb < ng, ng < k < mg, ... .s0 that (2) holds for every positive integer j.
iB
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§3. Proof that the a,’s defined satisfy (3). Solving equations (7a) and (7b)
determinantally, we get a(r) in the following form for 2y[n,] << r < 25[n:44]:

det (A &)  _

9) a(2z[n+2]) = det (Bu 1)’ et
where
p=12.. . A=LA+1;.... 141,
mr
(2o[n;+-p])™* for {k =1,2,....i4+1;
p=i+2,
(1) Apx= 0 for {k:l’z
L o p o= i+2,
_VZOG’(22{V])(22[V]) ++1 for {IC 'L+l,
" =1,2,....441,
(11) Bl",k = (22[ni+f‘]) % for {]C = ]. 2 +1

The inequality | a(r) | < 1 evidently holds for r < 2,[n,]. We proceed to show
that, if it holds for r < 2,[n;], then it holds for Zz[n,] <7 < 25[ni31] in the stronger
form |a(r) [ r{< 1. We then conclude by induction that (3) holds for r > 25[n,].

From (9) and (10) we get, forA=1,2,....4}+1,
n;

> al2glv]) . (2l | | det (Co, i)

12 a(2ofny+A] | = =2
where
‘ p=12 ... A—1,A41,. .. .41,
(13)  Cpe=(2ofn+u]™ for %k= e
theset u=1,2,.... A—1 being empty in the case A = 1.
Now

| largest absolute value of a term in its expansion

[ det (By,2)) | > —(sum of absolute values of other terms) |

i+1 i+l
II By r— ( I B, ,k)
k=1
by Lemma 1 of § 4, the 2 including all terms ([i+1—1 in number) made up of
elements B,; & such that u, 55 k for at least one k. Hence by Lemma 1 again,

] ¢+l

14) Aot (B, )| > T B {1 -2 ot} > 5 1 B

Next
(largest absolute value of a term in its expansion) X

ldet (O, 1)) | < { X (total number of terms)

A-1 i
(15) < (17 Ck,k) (U 0k+1,k) .
k=1 =2 ~
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by Lemma 2 of §4. Using (14) and (15) in (12), we obtain

n a-1 i i+1
al2dlm+N) | < | D a2l . @Y™ (JLC"”‘)'(E’ZAC’”"")‘2'1/ o2, Bes
v=20 ]

Now assuming that |a(r)] < 1 for r < 2,[#,] and using Lemma 3 of §4, we
get

n
| a(2[mi+A]) | < z (2g[y])+1 . 2™ ™ix1) 2L [é
y=u

< 2. gmsr? gmmmiyn) 2T o

< 4.|i. gmimippdVT
HenceforA=1,2,....4¢+1, we have

a(25[n;+A]) . | 25[n;+2A] ’ < , a(2a[n+A]) .| 22n;+1+1!

= | a2l . | missf4 |

<4 |_2 _omi=miy1/2) hititl (i /4)m;+1/4

744+l
= 4| 2mmie1h)-2 T 4

Ghiti+l

<4]i.2” <L

This is (3) for 2o{n,] < r < 2[n44+3] and (as explained already) it leads to (3)
for r > 2,[n4].
§4. The results on determinants assumed in § 3 and their proofs.

Lesma 1. If By, 3 is defined by (11), then
i+1 i+1
kHIBk, k/kHIBp-k,k > 2[n;41] > 2| i+1

where the denominator is the absolute value of any term in the expansion of det
((Bu, »)), made up of elements B,,k, & belonging to the k% column and any corresponding

chosen pt* row such that u, 3 k for at least one k.

Proof. Consider the nonnull set of integers k such thatp, k. If j is the
largest of these integers, then either j =¢+1 or 2 <{j <¢. In the case of both

alternatives

(16) is obvious in the case of the first alternative, and (16) follows, in the case of
the second alternative, from the consideration that we have to choose, the p,j"‘ row

¥ (m;—m,, 1/4) is negative and an integer and hence it cannot exceed —1.
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ruling out the j* and all subsequent rows, and the plrrow (1 < k < j~1) ruling out
the (j+1)* and all subsequent rows, Under both alternatives it is evident that
i+l il i i
1B Il By, = II B II B
E=1 k'k/k=1 Mok TRE o ek

J
T (f)™  {le = 2aln+41)

J

= (bt TT (Tl

k=
. i-1
> (Ufh)" - I (Wl )™
. j_l
(a7 * = (Lfli-)™ (L) kIZ'l (Wl "k
i-1
where k' is the value of k for which s = j and II' is a product of factors for the
: k=1

values of & from 1 to j—1, omitting %'. This is so since by (16), l,.j <l_, and
by, < L (I <k<j—1), equality prevailing in the last relation for only one p, (on
account of our having to choose different p1,'s to be different). Now (4/l;-y)
< 1forj > 2 and so (Ih/}i-1)™ > (fli-) ™1 for 1 < k <j—1. Thus, from (17),

i+1 i+1 ' |
klzl By, k/kl_jl B.“'k, B> (lj/lj_l)mj . (ll/lj)mj—l . (ll/lj_l)(1—2)m]_1.

Since I, = l?_l by definition, the above step gives

i+1 i+l . ; .
i Bm/ I By i > (Goy )21 021 (g -t =0
k=1 k=1

21&,'-\‘-1

(18) ' >z§5'l’"‘5—1 Slhi=2 > 2|i+1.

Levwma 2. If Cu, & i8 defined by (13), then

A-1 d i gnitl
( 1 Ct, k)( n Ok+1, k) I Oyk,k > 2 >1
k=1 E=) k=1

where the demominator is the absolute value of any term in the expansion of det
((Cu, »)) not made up of diagonal elements alone, and where, in the special case A = 141,
4

the product IT Cii1 3 is empty, i.e. the product is replaced by 1 in the above relation.
k=2
The proof is exactly like that of Lemma 1.

Levma 3. In the notation of Lemmas 1, 2,

A-1 i i+1 ey g
( I ¢y k) ( II Ciqq, k)/ II By i< Qmi=mMit1)-
k=) k=1

k=1

i=1
* If j = 2, then II’ is empty, but (18) obviously holds.
k=1
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Proof. The left-hand member of the inequality to be proved is
P
i+1
(nlz )(II zm)/kl_rlz;”" {4 = 2o[n,+ K]}
_ 1'7 e T = glmi=miy) 2T

e Ak+1

In the special case A = ¢+1, the regult of the Lemma is still true, for

i+l ni+itl
—my my—m, +
1 ¢+1 e (m,-m,+1)2
Hl(kk/ﬂ Blck l l1+1 .
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