MIXED NUCLEON-MESON CASCADES IN FINITE ABSORBERS

by S. GaxeuLry, Department of Mathematics and Geophysics, Bengal Engineering
College, Howrah

(Communicated by S. K. Chakrabarty, F.N.I.)
(Received November 5, 1955 ; read January 1, 1956)

I. INTRODUCTION

Different processes for the production of w-mesons in nucleon-nucleus collisions
have been worked out theoretically by various authors., They have proceeded on
two different assumptions, viz. the ‘ plural production’ and the ‘multiple production’.
Heisenberg (1939), Fermi (1950) and Lewis, Oppenheimer and Wouthuysen (1948)
have put forward different models for the energy loss of an incident nucleon through
the process of ‘multiple production’ of mesons. Heitler and Janossy (1949, 1950),
Peng (1944), and Messel (1951, 1952) have advocated processes involving the ‘plural
theory’ of meson production., Results of observation, however, do not conclusively
exclude or corroborate either of these processes. On the contrary, these tend to
point out that the actual process may be some form of a mixed multiple and plural
production, Further improvements in the theoretical analysis is therefore desir-
able in order to properly correlate the observed data and thus get a clear picture of
the generation and multiplication of mesons and nucleons,

Peng (1944) and Chakrabarty (1947) obtained theoretical results for the spectra
-of mesons and nucleons on the assumption that no showers are initiated by the
megons produced. They derived cross-sections for the energy loss of a nucleon
from the meson theories and Chakrabarty also included in his scheme the loss in the
number of mesons through the decay process. Heitler and Janossy (1949) proceed-
ed in a phenomenological way and obtained the cross-sections for the energy loss
through meson production. Heitler and Janossy (1950) further showed that when
the generated mesons have energies greater than 10° e.v., they are capable of start-
ing new showers. Messel, Potts and McCusker (1952) worked out detailed
theoretical results on the number of mesons and nucleons in a mixed meson-nucleon
cascade, when the primary suffers a collision with a finite nucleus. In their scheme,
the production of recoil nucleons was also taken into account, They, however, did
not take into consideration the effect of the decay of mesons, as its effect was not
appreciable for passage through a finite nucleus. It makes, however, a significant
contribution in the case of cascades in light elements and more so in air and other
gases. The size of the showers will depend to a great extent on the value of the

ecay constant. In the present paper, we have worked out the effect of the decay
of mesons on the sizes of the nucleon and meson showers, The results show clearly
the effect of the decay on the intensities of the low and high energy particles. Ina
later section, we have given the average number of mesons and nucleons produced
by a primary of given energy at different depths. Expressions for the energy
spectra of mesons and nucleons have also been given and the results have been put
in a form which indicate the effect of meson decay in the production of showers.

II. THE DIFFUSION EQUATIONS

As in the analysis of Messel, Potts and McCusker (1952) we have also assumed.
that, in the high energy regions, the generated mesons will interact with nucleons
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and give rise to secondary mesons and recoil nucleons. We have, therefore, con-
sidered two processes, viz.

(A) meson+-nucleon—>meson-+meson-+nucleon,
(B) nucleon+4-nucleon—>nucleon+nucleon+meson.

The mesons and nucleons created may cascade in the nucleus and also in dis-
B, Ez) dE+dE,

persed matter. Let F (f g 72
nucleon of energy E colliding with another nucleon, of two nucleons in the energy

ranges Ky, E1+d#,, and E,, Ey+4dE,, and a meson of energy E—E,—E,. Then
following MPM, we have

be the cross-section for the production by a
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be the cross-section for the production by a meson of energy E’ of a nucleon of
energy between £ and E"+dE" and
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be the cross-section for the production of a meson of energy between K" and
E"4dE” by a meson of energy £’ in a meson-nucleon collision.

Consider a layer of the substance on which the primary of energy E, impinges
normally. Let n)(E, z)dE be the average number of nucleons with energies in
the range E, E+dFE at a depth z collision units in homogeneous nuclear matter due
to a primary particle (i) (when ¢ = 1, it is a nucleon, and when i =2, it is a
meson). Let #®(E, x)dE be the corresponding quantity for the w-mesons, which
also includes uncharged mesons and the number of charged mesons in a shower will
be taken as two-thirds of the total number. For the protons again, we can roughly
take a value equal to half of the theoretically calculated value for the nucleons.

We have thus for the diffusion equations
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where

_ 1-1,
F () = fo {F(y1, na)+Flng, 1)} dng
l

b= —
er,
! = length in cm. of the matter corresponding to one collision
unit,
¢ = velocity of light.
7, == average lifetime of the 7-mesons.

= 2:56 X 108 secs.

The energies and cross-sections are all expressed in natural meson units.
The values of [ and b are given below for some elements.

Tasre 1
Pb Al Oz N,
lin em. 7-4 31-2 58800 67300
b 0-01 { 0-04 75-36 86-21

We define two functions p9(s, x), ¢t¥(s, z) such that
© 'E s—-1
PO(s, 2) = J (—) 2O(E, 2)dE
E,
0

© E 5-1
q(s, ¥) = [ (;;) 7 O(B, 2)dB
vo 0

By Mellins’ transform, we have

1 1+ 40 B\
) — ARG
n"(H, x) ’.‘Zm'EOJ (..E'_) p(s, x) ds

Ty -0

™

1 O+ I s
N o) = o) )
m (B, x) 57 Eo_{ (f) q (s, x) ds
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where ¢, and oz are such that when R(s)>oy, og, p¥(s, z), ¢®(s, x) are analytic,
We thus have

0%, O 14600 ) = %0, DB .. ..

5 4%, 2)+[1—-C(0)1 %, 2) = $4 ()", 2)

b @
gl el . )



S, GANGULY: MIXED NUCLEON-MESON CASCADES IN FINITE ABSORBERS 43

where

1 _ 3\
A(s) = J #71F(2) dz
0

1
B(s) = f 27k (2) dz ? (10)
0
.1
C(s) = J Z7(z) dz
0
Eliminating p®(s, x) between equations (8) and (9), we obtain
58; qs, )+ [2—A(s)—C(s)] a% q(s, »)
+ { [1—A(@)][1~C(s)])— %A(s)B(s)}q‘“(s, 7)
a 0 4,
= “Eb—o{aq”‘s—l’ D)+~ 4(5)]¢"s—1, x)} oy

The solution ¢t (s, ) of (11) when the decay of mesons is neglected is given by

40, ) = Q)M L Hg)ele - (12)
where
2
Me) _ —2—A0)=COlEn/ {40 —Co ' +240Be g
Ag(s) 2

The complete solution of (11) is given by

s ) =g +elsm .. . L (14
where
@ __ b5 1 W {_,\' W __ (o
0 0 = = g | 01 0 e =
x
+ {)‘1(8)+1—A(s)}e’\’(""f ¢9(s—1, 2')e "Ml gor
0
_{,\z(s)+1—A(s)}eAz<s)* f ¢Hs—1, x')e"‘z@”’dx'] .. (15)
0
Assume further that

(i) " ) b\
8, x) = 8, z)| — = o . .. (16
e = > 0.0 (- 1) (19
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It can then be shown that

qy) (8, x) = JWE)_—I—A-(—S—) [q(i) ('9—'1, 0) {E}Z(s’x _ehl(s)x}
1) =—aAz
+ {Al(&)"}"l"‘A(&)} eA1<s)xf e“'hl(s)x' qg) (8—1, z/) dx’
0

—{A2(8)+1—A(5)}e"z“”‘ f e"‘z“”"qf;"(s—],x')dx'] Qv
0

and
e 1 Ao f M )
o0 = g [P+ — | R Rt
—{Az(s)-;-l—A(s)}e*z“’”f e gl (s—1, x)dx’] ... (18)
0
when n>1.
We then have
) +iw
20 (B, 2) = 1 ' (ﬁo)s i (s, 2) (_ —b-)"ds (19)
’ 211"1:E0 E ° i ’ Eo v
G1 i "=
Proceeding in a similar way it can be shown that
b ”
1G] (1)
p® (s, z) = Z sx)( Eo) .. . .. (20
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(s, @) = K(&)eM™* + M (s . .. . .. @
@ B(s) @ { A% _ A% }
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' B(s—1)[A1(s)—2g(s)]
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B(s—1)[A1(8)—Ag(s)]

{A(9)+1—A(s~1) Jehri X

{)\2(8 +1—A@s-1 }e"z(‘)" f ¢~ Al pm (s~—1, 2") dz’] (22)
s, 2) = [

f e‘)‘l(”"'pff)_l(s—l, 2’y dx’ — {dg(s) 41— A(a—1) Jeletir X
0 ,

f e"‘s(s)z'pff)_l(s—l, x') dx’] . .. . .. (23)
0
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when n>1
where K(s) and M(s) are functions of s and depend on the boundary conditions.
We have then
N AT S b\"
) = Ly s ~ 214 (2
S DL

Oy - iw

For a primary nucleon, we have

2'NE, 0) = 8(E—E,) .
w(l)(E, 0)=20 (25)
and for a primary meson, we have
n?(B,0)=0 26
7B, 0) = §(E—Eg) )
From (12) and (21), we thus get for a primary nucleon
_ A(s) _ _Aa(s)+1—A(s)
Rl W ey R A W P R X ) o
A Mg t1—4()
St p e ) L A W R W
and when the primary is a meson
_ M@ +1-C(s) _ B9
%0 == No—xe = NeNE o
_ _ Me)+1=C() _ B
HO = - o—ne ° 1O=%e-no

The solutions (19) and (24) have been obtained for path in homogeneous nuclear
matter. These are absolutely and uniformly convergent. For the calculation
of the average number of mesons and nucleons in a finite absorber at any depth
0 gm./em.2, we find from (17) and (18) that '

. . (4)

(s, x) = quﬁjj(s)e—“m(@)“’ O ¢ )
where the functions 9522(3) do not depend on 2, and can be worked out from the
recurrence formulae (17) and (18). We then have -

1 o1 +i0 B.\° @ @ b\"
() am— 0 ) B O ) : P
a(H, z) = oy . J (—E) E E b, (s)e ( E_) ds .. .. (30)

. = 4 0
01 -4 =0

If we use the length of the nuclear diameter as a unit, we have

(B, X) = “1—“ o ) i Z¢(i)(s)e'“g')‘s’DAX <_ i)”ds
» - 211'":E0 i E ~ nr E

/ 89 —~ico n .=O Y
where D is the length of the nuclear diametfer and may be taken as 3-7 and 88
for Ny and Pb respectively.

-
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In a finite absorber we have

Ttieo 5 .2 . - (i)s .
w(i)(E, B) = ?;;Foj ( ) Z ( ) Z qu:,)(s)e‘Pf [a,,,( )DA] ds .. (3L

where
I— (142
f) = 1o =N T 32
X2

P = Ond,, giving the average number of collisions when passing through
a thickness § gm./cm.2; n is the number of nuclei per gram and

¢4 is the geometrical cross-gection of the nucleus.
In the table below, values of § for different elements have been given for 5 = 1.

Tasre I1
Pb Al 0, N,
8 in E®- 1586 80-4 675 | 64-6
cm.?

If ITY (B, ) gives the total number of mesons of energies greater than ¥ at a
depth §, we have

] 0+iw s-1 ” ) e '
nE, p) =§17—J (p—") dsl Z ( Eo) > 0 e [ ©24] (33)
g -5 L4

Similarly N¥(E, $), the total number of nucleons of energies greater than E
at a depth 7, is given by

t+i0 s=1 @ » .
i _ 1 ds b i 2 [
Nt I(E', P) = %j ( ) z (—— E_'o) Za/cfw) () e #f [b,,,()DA] (34)

t—iom =

where
. (U]
29 (s, 2) = Szpﬁ:j(s)e“bif“” .. .. (35
. f

and :[;f:z (s) are functions of s which can be determined from the recurrence relations

{22) and (23).
Equation (33) may be written in the form

O+iw s-1
g, ﬁ)=§fﬂ~f (%) ‘“12( Heven . @9

0 ~iw
where

@ op =34 lwor .. @D

r
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Writing (s+n) for s and shifting the contour we have

; 1 [ (BN ' 1 b\"
O oa =L | (Fo _bV >
II (E) p) - 27”'" (E) nzos_’_n_l ( E) Q” (8+n7 p) ds.

We now let

al (s, p) = P(s) )Q"’ (s4m, B)
() -
(M) LY (s, D)
g (S’p)“‘ag) (S,ﬁ) ? (38)
(%) =\» n-1
@0 = b @ o |97 D) e [ (s,9)] .
726 ={a 0o 0Pl i R

We thus arrive at the result

O] — _L ( Eo )s-l < 1 ( b ) (s+n) () "
H (E’ P) —'21',L'J‘C E+bg(i) ”Zos+n_l E_,_bg(;) 8) f ( ’ d8 (39)

From equation (34), we get in a similar manner

P | ( ) N ( b )"F(s+n) G,
N (E’p)"z"{ij FTLR0 zs+n—— EF6h0) I(e) L. &P ds (0

where

(4) =
=8
. n—1
966, ={dm(8 o BB g0, )w + } .. @
POsB) = > g @e Pl )

¥

ITI. NUMERICAL EVALUATION
Following MPM (1952) we also take

k(z) = 4 F(z)
43
I(z) = F(z) } w
and hence we get
1 3 3 1
4(s) = 40 [8_'_1 8+2+E3"§C4]
B(s) =} A(s)
C(s) = A(s) i o
3A(a) A(s)

M(8), Agls) = —1+4 ==, — 14
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By the help of (44), equations (27) and (28) reduce to

Gs) =13  K(s %} S 153
2

)
H(s) = — 4, M(s)

for a primary nucleon, and

G(s)
H(s)

(46)

i

L S

/\ r\
2 &
lI I
(S0
o=
o

for a primary meson,

For the actual numerical work, we take only two terms in (33) and (34), where
the second term in each, as we have checked, contributes less than 4%, of the first
term, for the case of Pb. Collecting only the first two terms we arrive after some

simplifications at the following results:—

o+io s=-1
i - 1 EO ds b 82,'- (g )
9, p)_—_ﬁf | (E> 8_1[{00(3 Eo()lwl(s)—/\z(s) + Fy(s)G(s—1)

+F4(8)H(i)(8-—1)} ~pf[-A 004 _ G(’)( _1)F1(s)e‘13f[—A1(8‘1)DA]

U] _f’_(__ﬁi’-'_ T (g — Cr )} [~ 25l)D4]
FHOO = - (5t + P00 )+ Pa)H Y a= )| { e P10

-a]g-H(i’(s—I)Fz(s)e";’f["\?f("lw“‘]] 7T )
0

i _ 1 [+ Eo =3 ds ( O] ('3) 8110'
N()(E, p)=%J (f) s—1 [ E5(s)+ 5 {A(s— )'1\1(8)—/\2(8)

t—4%

+Ds(s>K“"<s—1)+D4<s)M“"(s—1>})e""f['*l“”’ﬂ

[ b A( ) . 81,‘. @ _
(M )(3) EO {A (8—1) Al(s)—‘/\2(8) +D5(8)K (3 1)
+Dg(s) M P (s—1) }) e~ PL-2504]

— 2 g 1)Dy(s)ePI-M6-104]
B,

- ]%M"”(s-1)Dz(s)e'7’f[-*e“‘“”ﬂ] U )
(1}
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where G9(s), H “(s) are different for different primaries so that ¢ = 1, and ¢ = 2,
correspond to a primary nucleon and a primary meson and their values are given
by (45) and (46). We have also

Fus) = %[A(s—1)3;45{;0;8;42(.;418{)—‘4(8)]; Falo = m

) =7 (s—12)[—‘—4952_(81);[_:424—(83—‘4(8)]; Fole) == m e
P = gy o) = = AT

Dy (s) = 3[A(3_-1)—A(s?ff§2(8—1)—A(s)] » Dalo) = A(s—gfz;éj(-;izi)(i_:’,g(s)]
Dels) = 17 (s-l)—3AZe)2]ﬂz—1)—A(s)] > Delo) = A(s—%??iz(zﬁ-(i)——lz(s)]
Dyt = BB =24(6=1) Dys) = A =24(8=1)

SAG—D[AG—D)—4@E)] A(s—=D[A(s—1)=A(s)]

The integrals in (47) and (48) have been evaluated by the saddle point method
and the results are given in Tables IIT and IV. We have also plotted in Fig. 1 the

values of log, N"(E, ) against the thickness of the material traversed for some

* different values of log, % and E.

7
e —
6 Vs ‘\\
/. =
I o Sl i e e A T
5 //// = =] \\\\ ﬁ"‘~\
Tt £
/ P — £a,, \%0\
. //’1,/ \\\ \\\ PR
7/
’ S~
= 3 '/ \ \
ul /
g / ¥
z 2 / —
8 ; /—_'\\L\ ™
1 e M N e,
z \ \ﬂ\\\g"Lt
o \\ \\is\~
£ ~4
o | 20
-1
N
-2 A |
1 F 3 y 5 3 4 6 ] 2

P
Fire. 1. Logarithm of the average number of nucleons above & given energy K, at different
depths for some values of loge By/E = Y.
( present paper; —— -~ derived from the analysis of Messel)

(495)
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TasLE ITI-A

Values of the average number of mesons H(l)(E, P, H(z)(E, P), above
energy E produced by a primary nucleon or meson of energy Hy in
Nitrogen in terms of the thicknesses travelled. The value in the first

row corresponds to H(])(E, P), that in the second row to H(Z)(E, P)

E ?
]og,~E~‘3 z 1 2 3 4 6 8 10
- 1 0371 023} 013
087} 047 0-24
5 10 1-57 1-25) 0-85] 0581 0-20
2721 2-105 1-50] 096 0-23
100 4-50| 465| 3-65{ 245| 0-95| 0-65
5-23 | 542 445} 3-20 130} 085
1 330 | 30 1-8 1-2
520 48 3-2 2-2
8 10 {148 | 200 {17-2 | 13-7 6-2 2-1
17-5 | 256 ;216 |16-8 81 2-8
100 {395 {670 |668 |580 |33-0 |150 7-8
43-0 708 [70-3 |61-0 |358 |166 8:4
1 120 |17-5 |16-5 | 120 50
17-0 | 240 |20-0 | 145 6-0
10 10 [ 63-0 112 121 104 62 27 7-0
69-0 125 137 116 68 30 8-0
100 135 402 475 452 315 180 89
147 425 488 463 326 187 92
Tasre III-B
 Values of the average nwmber of mesons H“)(E, P)s noe, P)
Lead, produced by a primary E,
P
log,F—" 1 2 3 4 6 8 10
E g
5 1 506 375| 240! 1-35}| 042} 0-21
552 | 415) 268 1-60] 0-52] 0-23
8 774 1730 504 {300 |11-0 36
79-6 | 746 | 520 |30-8 [11-2 35
10 450 508 410 290 105 44 15

»”

»

”

4B
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TaBsLe IV-A

Values of the average number of nucleons N m(E, p), N (2)(E, P) above
energy K produced by a primary nucleon or meson of energy Eg in
Nitrogen in terms of the thicknesses travelled. The value in the first

row gives N\U(E, ), that in the second row N(E, p)

1 2 3 4 6 8 10
1 2-521 170 | 1-06 | 0-62
078 | 056! 0-31| 0-16
5 10 490 | 495 364! 250 098
337 | 295 2:25] 1-53]| 0-50
100 6-16 ] 670 | 550 4-02| 1-78 | 1-00
57 612 505, 370 1-50| 0-82
1 1175 | 186 ;150 |11-0 52
9-0 10-0 75 56 20
8 10 1390 660 |658 |550 |30-8 |14-2 6-0
32:0 | 520 {496 |41.0 222 9-2 2-4
100 | 54-0 {92-0 ]1036|91-2 |580 |30:0 {128
50-2 | 86-0 98-8 | 87-4 | 570 |29-0 | 120
1 [550 {930 88 75 40 18
370 | 650 52 48 25 12
10 10 135 320 | 395 382 265 140 65
115 260 | 337 320 210 117 55
100 230 460 | 615 645 472 292 145
180 405 1 555 585 422 273 130

TasLeE IV-B

Values of the average number of nucleons N m(E’, P), N @ (&, D) tn Lead _
produced by a primary B,

A P
lo e—{lg 1 2 3 4 6 8 10
Be 5 B
5 1 5795 4-13| 240 1-30| 042 018
510 371} 226} 1-16} Q30| 0-15
8 80-0 74 53 38 12 4 1-8
770 73 » ”» »” » »
10 475 510 380 275 145 74 25
: £ 24 tEd »” 3 ” »”
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IV, DiscUussION OF THE RESULTS

Values of IT and N have been obtained for log, (%’) =5, 8 and 10. In the case

of Pb, it is found that the values depend only on the ratio of Ey/E and not on B
alone which shows that effect of meson decay is not significant in Pb. In the case
of Nitrogen, however, the dependence on ¥ is quite pronounced. This is due to
the decay of mesons which is more predominant for smaller values of . We get
much bigger values for the average numbers in Nitrogen in the case of E = 10, or

E = 100 than in the case of £ = 1, assuming the same value of log, (EETO) . For the

estimation of the showers in Nitrogen, air or any other light elements, the decay of
mesons produces a significant effect and its neglect in the analysis altogether changes
the form of the showers,

In Fig. 1, we have compared the results of the present paper with those of
Messel (1951). Messel neglected the nucleons generated by mesons and his analysis
allowed for only %ths of the total energy for the creation of mesons. In the
present paper, we have assumed that the tofal energy lost is shared equally by
meson and the recoil nucleon. Accordingly, we get a more rapid absorption of the
shower and a greater intensity at small depths. Messel has calculated his results
for air, and we have worked out the results for Nitrogen, but the difference on that
account will not be appreciable. The different curves for £ = 1, 10 and 100 in-
dicate the effect of the decay of mesons and also that produced by the contribution
of mesons in the production of nucleon.

The average number of mesons generated by a primary nucleon was calculated
by Peng (1944) but his numerical results are few. He also neglected the decay of
mesons in his work and he found the average numbers of mesons associated with
the passage of a primary through water. His results indicate large values for the
number of mesons even at large depths. In the table below, some of his values are
compared with the results of Pb, worked out in the present paper.

TaBLE V

Average number of mesons above a given energy B, created by a primary of energy H,.
(Peng’s values are those for water, values of the present paper are given for Pb)

' g
1oge‘% 6-2 5 . loge—| 75 8

_ “ | (Peng) (present {Peng) (present
P paper) » paper}

1 30 50 1 150 774

2 55 38 2 26-0 730

4 10-5 14 4 40-2 30-0

8 17-4 0-2 8 48-5 3-5

The results of the present paper clearly indicate that low energy mesons undergo
earlier decay as has been observed by different authors and the effect of meson
decay must be taken into consideration in any quantitative analysis of showers of
mesons and nucleons particularly in light elements.
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The process envisaged will be utilized in a subsequent work for the estimation
of the average number of mesons and nucleons in the atmosphere at different depths.
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ABSTRACT

Nucleon-nucleon collisions produce mesons and recoil nucleons. The recoil nucleons as
also the mesons are capable of starting new showers. The cross-sections used by Messel, Potts
and MeCusker have been used in the estimation of the showers and the decay of mesons has
been taken into account. The diffusion equations have been solved and their solutions have
been obtained in & form suitable for numerical computations. Numerical results have been
obtained for the energy spectra of nucleons and mesons at different depths. The large effect
produced by the decay of mesons on the formation of the shower is clear from a comparison of
the sizes of showers in heavy and light elements.
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