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S. K. Singh has proved (Singh, 1953) the following two theorems : —
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THEOREM A. Let P(z) = » a,% be a polynomial with real or complex coefficients
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Then at least one zero of P(z) lies outside the circle |z| = r.
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where n(x) s the number of zeros of P(z) for |z| < « and
The object of this note is to improve the results of Singh. We prove—

THEOREM 1. Let P(z) = z a, 2* be a polynomial with real or complex coefficients
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and let the condmons Of Theorem A be satzsﬁed then the least number of zeros of P(z)
n+1

lying outside the circle |z} =r is or - +1 according as n is an odd or an even

positive inleger.
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THEOREM 2. If the conditions of Theorem B are satisfied, then

n(é) < log{(n+1) la"IRn},for every K > 1.
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Proof of Theorem 1. Let R > 1.
Max PO |8 gy St oty Ly % R
|zl = o Qo Qg Q@

[ +]@n-a]+ ... +]a0]}

al @
< (n+1)B"| o

Now put R =2r,r > 4. Then
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Applying Jensen’s theorem (Titchmarsh, 1939) to the function —=We get
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Consequently
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If n = 2m is an even positive integer, then

n(r) < 22———_—1 = m— 3.

But »(r) is an integer and therefore
n(r) < m~—1.
Hence the number of zeros of P(z) lying outside the circle {z]| =1 cannot be loss

than m+1 = g+1.

Whereas if n = 2m-+1 is an odd positive integer, then from (6)
nry<m

and the number of zeros of P(z) lying outslde the girgle |z| = r cannot be less than

n+1
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Proof of Theorem 2. Under the conditions stated |a,2"| is the maximum term
of the polynomial for |z| > R. So
Max |P(z)} < (n+1)]a,|R".
|z| =R

Applying Jensen’s theorem to the funetion P(z) we get
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. and the theorem follows.

In the end I wish to thank Dr. 8. M. Shah under whose supervision this work
has been done. -
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