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1. INTRODUCTION

McVittie (1933) derived a solution of the field equations of general relativity
which was a generalization of Schwarzschild’s solution in isotropic co-ordinates and
which represented the field of a mass particle in the expanding universe. He and
later Jéirnefelt (1941) worked out the geodesics of this field and concluded that the
expanding space had no appreciable effect on the orbits of test particles round mass
singularities. McVittie derived the metric

ds? = (i——;—;%%) 2. diz—(14p(t)2r)4BY | [dretr2(d624sin26dd2)] .. (1.1)

with 8/2 = —pju

a dot indicating differentiation with regard tof. The space round this mass part-
icle is not empty but is occupied by a static distribution of matter with non-zero
density and isotropic pressure, the distribution being spherically symmetric round
the mass particle.

Later, Einstein and Straus (1945) and recently Gilbert (1956), working on the
same problem of the effect of the expanding space on the gravitational fields of
individual stars, derived solutions which were distinet from McVittie’s solution in
the sense that the space immediately surrounding the star was empty (not occapied
by matter) and that the field in this space passed over continuously to the expand-
ing cosmological field over a definite boundary » = P. Since Einstein and Straus
actually found a solution in which for r < P,

1

R#v 5 gFVR = G,u.v =0
and forr > P
1
- 8_1-TGF‘V =pUY,, .. .. .. .. (1.2)

they concluded that the effect of the expansion of space was cut off at the boundary
r = P so that the field surrounding an individual star was unaffected by the expand-
ing space. Qvist (1947) later studied this solution in greater detail and reached
the conclusion that such a cut-off radius r = P for the effect of the expansion of
space could be found by Einstein and Straus only beeause they had taken the

¥ Pregent address of K. B. Shah: Department of Physics, L. D. Arts College and M. G.
Bcience Institute, Ahmedabad 9.

VOL. 23, A, No. 6. 5B



P. . VAIDYA & K. B. SHAH: A RADIATING MASS PARTICLE 535

pressure p of the smoothed out universe to be zero, i.e. because they had assumed
(1.2) in place of the more general form

1
-0 Gﬂv = (p+p)vyvv — P9, . .. .. (L3)

If we try to study the Einstein-Straus problem in the case when the mass
singularity at the origin of co-ordinates is g source of radiation, we immediately
come across a fundamental difficulty over the cut-off boundary r = P. For now in
the space surrounding the singularity, i.e. in the region r < P, Gy, 5= 0, this space
is being traversed by radially flowing radiation. For radial flow of radiation we
have, instead,

1
-0 =oww
8p vy

w“w" =0, (w")vw" = 0,

o being the density of flowing radiation. The boundary sphere # = P will now not
be static but be the wavefront of the emitted radiation. The equations of fit for
such boundaries have been studied by Sen (1924), O’Brien and Synge (1952) and
one of the conditions to be satisfied at such boundaries is (in the notations of O’Brien

and Synge) the continuity of T; w”. Tt can now be verified that if for r < P,

T° = ow w’
» B
and for r > P,
TI" = pv"v
then, for r < P,
T: w* =0

while for r > P,

T;t w = pw4 #0.
Hence this particular O’Brien-Synge condition cannot be satisfied at the boundary
r=P. Tt is thus not possible to locate a definite cut-off radius # = P(t) such that
on one side of it we have a region traversed by pure flowing radiation and on the
other side the expanding cosmic space (Vaidya and Shah, 1956).

A source of radiation embedded in an expanding universe presents a problem
which is distinct from the Einstein-Straus problem of a cold static singularity. In
other words the field outside a singularity, which is a source of radiation, is rather
of the McVittie type than of the Einstein-Straus type. Such a field is presented
in the following pages.

2. Tee FieLp EQUATIONS

The Einstein-de Sitter universe with zero curvature can be described by a
line-element of the form

ds? = D[ —dr2—r2(d#2+sin2 0d$2) +dT2. .. ..o

The null-spheres (Synge and McConnell, 1928) in the field (2.1) are given by the

equation
r—T = constant.

Choosing a new time co-ordinate ¢ such that these null-surfaces become ¢ = constant,
we can transform the line-element (2.1) to the form

ds? = & —r2(d62 +sin? 6d2) + dt2—2drdt).
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Now for the field of an isolated particle we have the line-element
. 2m
ds2 = —r2(df2+sin20d$2) + (1— 7) diz—2drdt . .. .. {(2.2)

Here m = a constant gives the Schwarzschild solution of a static singularity while
m == an undetermined function of ¢ gives the field of a radiating mass particle
at the origin (Vaidya, 1953).

In order to consider the field of a mass particle (static or radiating) embedded
in an expanding universe we choose a line-element of the form

ds? = e[ —r2(dB2+sin2 0d$2) + (1 4 V)di2 —2drdt]
g=gx),x=r—t, V="Vrit. .. .. o (2.3)

The surviving components of the tensor G, = R, ~iRg,, are

- .
~Gy=e” ['"(1+ ") {Z ;i“ghz(fzv)ﬂuZVﬁ?lz§+;*+;2+grg+;lé}
*2 ok * S e
—Gy=—Gy=e [_(1"' V) % ;*"'%'Fg"‘(lﬁ/;/)‘*zai V)+r(IZ-IV)3
*2 %
+2}'}*+-‘%+§] 24

#2 & ok , .
—G=cf [““+ " {;*+%+ég+2(f-v+ V)+r(IZ—V)+;lé}+;*+; +'27rg+?12]

*2 * * . . *
=Gy =t e | 5 L 8]

Here an overhead star indicates a differentiation with regard to x, an overhead
dash indicates that with regard to r, and an overhead dot indicates that with regard
to ¢.

We take the space surrounding the mass particle as occupied by radially
flowing radiation of density ¢ together with some spherically symmetrical distribu-
tion of matter with non-zero density p and pressure p as demanded by O’Brien-
Synge jump conditions. For such a mixture of matter and flowing radiation, we
take the energy tensor of the form

T;; = (p+p)v,Lv”—pg;+mqu”. .. . .. (2.5)

For the line-element of the form (2.3) we can take
vl=9p2=193=0, vt=1; .. . .. (2.8)
w2 = wd=wt=0, wywk = 0, (wH)u’ =0. .. .. (29

Then
Ty=Ty=T = —p, Th = p, T} = —cfo(w))’. .. .. (2.8)
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The field equations Gy, = —8xT, lead to

vV Vg (g s
g g g
-3 T—2=—-2—-+V(g -—-é-—;) .. .. .. (29
et
8mp = G}, 8mp = —G:, 8w = i) Gi. . .. (2.10)

3. APPROXIMATE SOLUTIONS OF THE FIELD EQUATIONS
(4) In the zeroeth approximation, we put g = 0. Equation (2.9) then becomes

| 4
— G +5=0 S & B O

The solution of (3.1) is
V=-——2—:n—'+Ar2 .. .- .. .. (3.2)

where m and A are arbitrary functions of ¢ only. To remove the singularity at
r = o0, we put A = 0. Thus we get, in this approximation,

=", N G X )|

(2.3) will then describe the field (2.2) of an isolated radiating star.

*2 k%
(B) Next, in the first approximation, we neglect the terms g, g in the right
hand side of (2.9) which then becomes, after substitution from (8.3),

%
V'V 3mg
— _Q_+72 =—3- (3.4)
The solution of (3.4) is
2m *
Ve=—Zddmg. . L (39)
Using (3.5), (2.10) leads to
I g 2 mg .
m"#(wlﬂ — +—r§——72— . - .. .. (3.6)
If we take
*
£=% O X o

(3.6) leads to o = 0 in this approximation.
Hence our solution, in this approximation, with the restriction (3.7), gives

McVittie’s solution of a mass particle in an expanding universe.
*3  kkk Kk kK
(C) In the second approximation, we neglect the terms ¢, ¢ , g g . The
field equation (2.9) then becomes, after substitution from (3.5) for V in the
* *2 *k
coefficients of ¢ and from (3.3) for V in the coefficients of g and g ,

L3
V'V 3mg  2m x #2
mg _ 2m kx

5 tE = - g ). .. e (3.8)
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Solving this, we get

* kk k2
V= — g;”E-|-3mg—2m(g +g)r. .. .. (39
With (3.9), (2.10) gives
*2
TS N 2my (™ 3.10
8rp =e [ Z(l_r) g(1+r)] .. .. (3.10)
3%2(  2m\  Smg
=e ¢ |2 o W NERG|
8mp=ce [49 (1 'r)+ ; ] .. ( )
o= C (200 (g m) 422 (12 m) 20 (2m+’ﬁ”)] (3.12)
= e | e Ty mt— )ty §+r)+g g L .
Up to this order, McVittie’s relation (3.7) will take the form
* * kK
m_9_49°"
m- 2 2
If we, therefore, put
* *x
m=m(§—“12-’)+o}, S (313)

. *2
« being a funetion of ¢ only and of the order of ¢ , equation (3.12) will give

(3.14)

which agrees with the density of flowing radiation as obtained in the case when
the star is considered as isolated. Thus in this approximation we have the field of
a radiating McVittie star. The method of approximation used here is quite general
and one can work out the solution to any desired degree of approximation.

Since the effect of the radiation from a normal star does not produce any
appreciable effect on the geodesics as calculated from the Schwarzschild’s field of a
star, one expects that the geodesics in the McVittie field of a star are not appreciably
affected by regarding the star as radiating. We have verified that this is so.

4. CoONCLUSION

The jump conditions of Sen and O’Brien and Synge provide an immediate veri-
fication of the intuitive fact that the Einstein-Straus picture of a non-radiating
mass is not applicable to the field description of a radiating mass. A solution for
a non-static (radiating) mass particle in an expanding universe is obtained. It is a
generalization of the solution obtained by McVittie (1933).

ABSTRACT

The McVittie problem of a mass particle in an expanding universe is solved in the case
when the mass particle is a source of radiation.



PARTICLE IN AN EXPANDING UNIVERSE 539

REFERENCES

Einstein, A., and Straus, E. (1945). The influence of the expansion of space on the gravitational
fields surrounding the individual stars, Rev. Mod. Phys., 17, 120.

Gilbert, C. (1936). The gravitational field of a star in the expanding universe. Monthly Not,
Roy. Astron. Soc., 116, 678.

Jarnefelt, G. (1941). Note on the mass particle in an expanding universe. Ark. Mat. Astr,
Fys., 27, A, 3, No. 15,

McVittie, G. C.(1933). The mass particle in the expanding universe. Monshly Not. Roy. Astron.
Soc., 93, 325.

O'Brien, 8., and Synge, J. L. (1952). Jump conditions at discontinuities in general relativity.
Comm, of the Dublin Inst. for Advanced Studies, A, No. 9.

Qvist, B. (1947). On a spherically symmetric mass concentration in an expanding universe.
Soc. Sci. Fenn., Comm. Phys.-Math., 13, No. 11.

Sen, N. R. (1924). Boundary conditions of the gravitational field at surfaces of discontinuity.
Ann. d. Physik, 73, 5-6, 365.

Synge, J. L., and McConnell, A. J. (1928). Riemannian null-geometry. Phil. Mag., 5, 241.

Vaidya, P. C. (1953). ‘Newtonian '’ time in general relativity. Nature, 171, 260.

Vaidya, P, C., and Shah, K. B. (1956). Influence of expanding space on the gravitational fields
surrounding individual stars. Nature, 177, 802.

Issued January 3, 1958,



