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ABSTRACT

This paper gives a theorem on Meijer’s generalized Laplace transform defined by

o) =Ty [ o (pateld.

Some infinite integrals involving G-function, hypergeometric and Bessel functions are
evaluated with the help of the theorem and a few operational images are obtained.

1. A function (p), defined by

0

P(p) =pf e P f(z) dz, .. o . PN §)

0

is called Laplace transform of f(z), which is called its original. Meijer (1940a)
generalized it in the form

$(p) = (2/17)*Pf (p2) K, (px)f(2) da. . . o @
Since ¢
. t
K:h} (x) = (-2—.‘!3) e”e, .. .. .. .. 3)

(2) reduces to (1) when v = 4.

tra.nsvf‘cr:lj-m s%xall call ¢(p) as Meijer transform of order v and f(z) its original in this

Throughout this paper (1) and (2) shall be denoted symbolically as

K
#(p) = /=) and $(p) =f(2) respectively.

The object of this paper is to evaluate certain infinite integrals involving hype
. . . g r-
geometric function, Bessel functions and Meijer’s G-function. The method used
herein is that of operational calculus. In §2 we state and prove a theorem on

Meijer transform (2) and in §3 we make use of that theorem to evaluate infinite
Integrals.

2. Theorem. If

K
$() = hi@),
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and
K
_ pEoR(p) = f (),
then
1’(%+%v+%n %01’(%+%v-%# - o) P(§— v+ dp—do) TG~ —hu— %0
#(p) = gy

2‘°‘lp”+%j 7). P (3 b+ dp—do, $+dv—dp—1io; 1—o; 1—p2i2) dl, (4)
0

provided that the integral is convergent and Meijer transform of f(z) and h(z) exist.

ProoF. Since
P h(p) = (2/m)tp f m(pt)*K..@t)f(t) dt
we have ) ’ °
o) =2p f (p2)K, (pr)z” f m(tx),K#(w) ft) dt dz
0 0

=§ { ¥ t)J & °K,(px)K () dx
0

0

_TG+y+ip—talG+iv—dp— 1%10 )PG—dvtip—to)lG—b—in—io)
al'(l~o)

prig-o-l J t=o-1fit)e P+ v+ in—to, d+dv—iu—1o; 1—o; 1—p%i2) di,
0

by virtue of (Erdelyi, 19535, p. 93)

j K () K (Bt)t=P di
0

_TG+d+in—ial'd+ %V-%#—Iép)l‘ (—bttu—te)G—dv—tp—1p)
(1—p)

2-P-2aP-v=10% F1 (4 + bv+iu—1p, 1 +Iv—dp—1p; 1—p; 1—F%a2), (5)

where R{a+p8) >0, R(l+p+v—p) > 0.

The change of the order of integration is justified by de la Vallée Poussin’s
theorem for the conditions stated with (4).

It is interesting to note that the hypergeometric function in the integrand of (4)
reduces to Legendre’s associated function when either ¢(p) or p2+°h(p) is ordinary
Laplace transform. Thus

Comrorrary 1. If
#(p) h(x)

and

Pz“"h(P) = f(=),
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then

(p) = p*tor(}+v—0)'(}—v—0) J (x2—1)¥f(px) P° @ dw, .. (6)
0
provided that the integral is convergent.

Relation (6) is easily obtained from (4) by taking p = +$, using the relation
(Exrdelyi, 1953a, p. 129)

[A—pPi(@) = 2@ —1) W Fy(— p— s, d—p—dui 1—ps 1=279), .. ()
and applying the duplication formula for gamma functions, namely,

L) (z+3) =210 (22) . . .. .. .o (8)
CoroLLARY 2. If

$(p) = h(z),
and
K
p**°h(p) jf (),

then

¢(p>=p2+°1"&+§p—éa>r(%—iy—-io)f z=0-2f(pfa)(@~1)""P]_,(@)dz,..  (9)
0

provided that the integral is convergent.
The Corollary 2 is obtained from the theorem by taking v = ~$}, using the rela-
tion (Erdelyi, 1953a, p. 127)

T(A—p)2 HE—1Phe) = o By fv—ds, —br—dp; 1—p; 1—2) .. (10)

and the formula (8).

3. In this section we illustrate the above theorem by evaluating certain infinite
integrals.
(i) Starting with the result given by Meijer (19405)

9 -
ot (%5 |o 0 1 —iv) - 28-“-qsa+4f Ko (SOK, (s, .. (11)
o
and using the property of G-function (Erdelyi, 19563a, p. 209)
" o*, " o, 4o
i) ()
we get

f(z) = 2"1K(a/)

-

K 2pt —1 A4l
o 2""""‘*4'1’03:‘ (El_él ‘ tut+d, —iy+&, AT )= -;2*-—)

= p¥+oh(p)[R(a) > 0],
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" and hence (Erdelyi, 1954, p. 153)

2
A=l—a—1 A+l+a+l)

h(z) = 2-1-2p~igly-o- 194'0( '\ l - '\——ﬂ)

%a-i7—%ﬂ_%o—i’ 2 = 3

§—1u+10, 3+in+10, 1+3+ 30—, 1+§l+%a+i:\)
+dv, i

PR +ptv—o) >0, R(p) > 0, and Rl4+otviAr—13) < 0].
Using the above values of f(x) and ¢(p) in (4), substituting p/z for ¢, then

replacing a/p by p and putting e =1—7, p=a=B, l = a4-f—p—1, v = ap—¥
and using (12) we get .

== Q- i-20-4p— }az+a+1G40(

K ' Ap2
= 9—-1-90-3,l+0.— 24 [ =P
7 2-1-20-3glto, 1})04 (

f 2P ~tK)(px)eFy (2, B; V5 1 —22) dz
0
_ l I'(y) 24 ( $+dp—a, 3+3p—B 1—14A, 1+%A) (13)
22 L) LB (v—a)(r—P) "*2\p? | I+1p, t—a—B+7r+1p o
R(p:!:A+%) > 0, B(Y—a—pg) > 0, and E(p) > 0.
If we put ¥ = B in (13) we get the known result

f " PR () da
0

= P T e+ M—at- Bl Gp—~at+d), .. (14)
R(p—2a4)2+1%) > 0 and R(p) > 0.
From (13) we deduce that

I'(y)

L, ﬂ~y-1—z2)£ -1 X
2lla, B3 Y5 A" FIBIv—)I(r—p)

2 4 |+dp—a, d+1p—B. 1—4, i+&A)
X6} (p2 11, dp+r—a—f—} , - 19
R(p+tA+3) >0, B(y—a—pB) > 0 and R(p) > 0.
Further taking A = £+ %, this yields
- . . _ F(y)
zP lel(a? B 3 Y » 1_z2) -~ ‘” (G)F(B)P(Y-G)F —B)
oa (4 |3+3p—a, 3+1p—B.0, %)
G (P’ o—4%, dp+7—a—B—-1% /, (16)

R(p) >0, R(p) >0 and R(y—a—g) > 0.

If we take o = $+3r+13p, B = §—4A+1p, ¥ = 2+4p in (13), use the expansion
(10), the formula (Erdelyi, 1953a, p. 209)

o (%) - G’“"(]l:f:) L L
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and the relation (Erdelyi, 1953a, p. 221)

g+, o, |3+ 3+1k
TGrm—BTG—m—F) 2 |° ( ' tm, 3+im, —im, Hm) (18)

€ Wh ,,,(227)

we get
f Ry (p) @2 —1) TP P (2) de = #t2 7 p (o + 1)2— N2 W \(2p), (19)
0

where R(p) > 0, and E(p3+A+13) > 0.

(ii) Take now (15),

f@) =", F(a, b; c; 1—22)
Eﬂ_—} I'(c) Q% (f_
p T@I(c—a)['(®)(c—b) 42 \p?
= p"*h(p) [R(P£p+1) > 0].
Then using (12) and (17) we got

%+%p-—-a, %+%P_b! i""%"": }+%"")
t—1, do-Ho—a—b—}

' _ ) P(G) ~2-0
h(z) = m }P(a)P(b)P(c—a)P(c—b)2 7%
a*z(xw 1p—1o, }—tp—to—c+a+d )
a—}o—ip—1, b—jo—1p—1, dp—to—}, —iu—io~1

and therefore (Erdelyi, 1954, p. 1563) we get

_ I(c) Dy-0-2
$(p) = T T O T e—a)T(o—b) = 2

a“( o|1+1P+i0—a, 1+1P+1o—~b, {+io—1in, ¥+1}0+%F)
1+, i—1v, tp+1o, Ip+1o+c—a—b

R(p) > 0, R(2a—o—p+v+1) > 0, R(2b—~0—p4v+3) > 0 and R(1+ptv—o) > 0.

Using the above values of f(z) and é(p) in (4), putting p=a—B, 0 =1—7,
v=a+p—7, p=2k+a+B—1}, applying (12), replacing p2 by p and substituting
z for 12, we get

a0
f x"'lgF,(a, bi;c; 1—-x)oFy(,8;7; 1—plx)dx
0

r)r)
= M=ol e—b @ BTo—aTo—f =
1+k—a, 14k—b, 1—a, 1—f
Gﬁ(p}O,)’—a-—B,k,k—-a—b+c ) -+ (20)

where
R(k+a) >0, R(k+B) >0, Ra—#k) >0, Ro—k) > 0, Rc—a—b) > 0, Ry —a—p) >0
and R(p) > 0. :

2
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(iii) Starting with the integral (Erdelyi, 1953a, p. 215)

J x"K,(2\/E)G;'q" (cx
0

al,ag,....,a,,)dx
by, ..., b

_ ntef (1=, l4+dv,0y,....,0
=16 (° biyenn by ) (21)

Rl:pp+b—)>0Rk=1,2,....m.], p+q <2(m+n), |arge| <

(m+n—}p—1ig)m,
and using (17) we get
x}_ﬂgmﬂ( xg al, vewvy d.,.)
e Mg B

K 21— 1—- )

= o= 24 it m (P2 1=, ..., 1=5;

P I e (4)« 1=l by, Imlm, 1=y, ..., 1—a,)” D)

r+8< 2(m+n), R(p) >0, R1—-I+3+8) >0[h=1,2,....m]and jarg A| <
(m+n—3r—18)n.

Hence woe have

Z) = }—IG”m( 2 al,..‘.,a,-)
f() s x ,Bl,----,ﬁs
K : 2! ]—
2 -t i-t_—~ipiz m (PE[1=PB1, ..., 1B, )
#2 PG (4 '1—%l+§#,1—%l—%ﬂ,l—a1,-~.-,l—af

= p"*B(P)[RA— Yt ip+B) >0, r+s < 2m+n), R(p) > 0],

and therefore

_ op=l_~t d-a~s2pmtem (T2 1By, ..., 1B, )
h(z) =272 G e (Z 1—4+3p, 1—H—3p, l—ay, ..., 1~a,
5”-12-0-2pa—l+5/2 +2n42 ( 2 %l—'%l‘" %l-l-%y,, Lo ORI )
v 742542 %l_%ﬂ-}.%y—%, %l—‘}ﬂ—%v—%, ﬁll ceeey ﬁs

= ¢(p)[RQtptv—o) >0, R1tv+l—c+2u) >0{k =1,2,....0}].
Using the above values of f(z) and ¢(p) in (4), writing a—b = k, a4-b—c =,

o=1—¢, | =2—a—b—23 and then replacing p by p and substituting = for 2
we get

J i C (w ;1‘;) eFi(a, b; ¢; 1—pfz) da
. B,

I'(c) mi2n 1—8—a,1~8~=b,ay,....,a
— O +2 n+2 7 y &1, » Ky
=P T@Tle—a BT (e—b) “re2sse (p‘—s,c—a—b—s,ﬂl,....,ﬂ, ) (23)

B(Br+a+8) >0, R(Bi+b+8) >0[h=1,....,m), Ra+8) <0
U=1....,n], r+e<2(m+n), Rlc—a—b) >0 and R(p) > 0.

2B
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Some particular cases of (23), which are quite interesting, are given below :
(@) Takingm=1,n=r=8=2,a1= —a, a3 = —f, f1=—1and By =—¥
in (23)"and using the relation (Erdelyi, 1953a, p. 222)

Iy G12 (

—% =P o .y
P(a)P(ﬁ) )— zFl(a,ﬁ,‘y,—x) .. . (24)

_1,...'y

we have

J B %F) (a,8; ¥;—2) oF1 (@, b; ¢; 1—p[x)d
0

I(c) I'(v) 34( ‘I-S—G,I—S—b, —a, -p\) .. @25)

=P T AT @I T c—a)Te—5) 4 \P| =5, c—a—b, —v
R(@a+48~1) >0, R(b+86—1) >0, R(1+a«—38) > 0, R(1+8-38) > 0,
R(p) > 0, and R(c—a—0) > 0.
(b) By virtue of the relation (Erdelyi, 1953a, p. 221)
l—k+1 )
m+l+4, l—-m+3)’

fweput m=8=2 r=1,1n=0,a =1—k+],8, =l4+m+tand By=1—-m+}
in (23) we get

e~ Wy u(x) = Gfg (x (26)

f gtd-lg-¥*W, ,(2) oF1(a, b;c; 1—p/x)dx
0

I(c) 2f |1—8—a, 1=8~b, l—k+1 )
=7 P(a)I‘(c—a)P(c—b)I‘(b)G;*( 8, c—a—b—3, mlt} l—msy)’ @)

provided that R(l+m<4-a+38+3) >0, Rl+m+b+58+}) > 0, R(c—a—b) >0 and
R(p) > 0.

(¢) If wo take m=8=2, n=r=1, o =k+l+l, B;=Il—m+4,
Ps = l+m<} and apply the relation (Erdelyi, 1953a, p. 221)
the result (23) reduces to

aD
J 2+8-1e¥ W, (x)eFy(a, b; ¢; 1—p/z) dx
o .

= T'(c)
=7 I'(i+m—k)I‘(}—m—k)I‘(a)I‘(b)I‘(c—a)P(c—b)

G“( l —5—a, 1=8—b, k+1+1 ) @

-8, c—a—b—38, l—m+4, l4+m+1}

provided that R(I4+8+k) >0, R(+m+3+a+}) >0, R(ltm43+b+3) >0,
R(P) > 0 and R(c—a—3) > 0.
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. (d) Takingm =s =4, n =0, r =2, ay =Il+k+1, ag=1—k+1, p; =1+14,
By =141, By =1l4+m+}, By =l—m+1} in (23) and then making use of
the relation (Erdelyi, 1953a, p. 222)
G (x_’ H4+k+1, H—k+1
#\4 |+, H41, H4mtg, H—m+d
we have

) = mI Wy, w@)W s m(@)  (30)

j B5-1Ws m(24/Z) W _, m(2V/ %)eF1(a, b; ¢; 1—pfz) dx
’ I'(c)
F@I O c—a)T(c—b) "

Gez( ll——S—a,l—S-—b,l+Ic+1, l—k+1 )
#\P| _5, c—a—b—38, 141, I+1, l+m+3}, l-m+}

provided that R(l4-8tm-+4a+1) >0, R(l+4+8%tm+b+43) >0, Ric—a—b) >0 and
R(p) > 0.

= pon-12-
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