ON THE CESARO SUMMABILITY OF THE ULTRASPHERICAL
SERIES (2)

by D. P. Gurra, Department of Mathematics, University of Saugar, Sagar, M.P.
(Communicated by B. N. Prasad, F.N.I.)
(Received June 26 ; read August 30, 1958)

ABSTRACT
In this paper the Cesiro summability of the ultraspherical series has been investigated.
The result obtained includes as a particular case that of Du Plessis (1952) for Laplace series.

1. INTRODUCTION

In a previous paper published in this journal (Gupta, 1958), I have investi-
gated the Cesdro summability (C, 8) of the ultraspherical series for 8 > A. 1In this
paper I propose to extend the investigation to cover the case where A—1 < & < \.

The ultraspherical polynomials P, (x) are defined as follows :—

o0
(1.1) (1—2pu+p2) A= Z p"PY (),  A>0.

fn=0

Let f(8, ¢) be a function defined for the range 0 << 7, 0 < o< 27 on a
sphere 8. The ultraspherical series associated with this function is

1 - PY (cos w) f(8', ¢') do’
(1.2) J(6, )~ 5~ (n+A) JJ i , A0,
2m Z " [sin® @' sin2 ((ﬁ—qﬁ')]k—’\

n=90
S

where €0s w = cos § cos §'sin d sin 8 cos (d—¢’).

The Laplace series is a particular case of the series {1.2) for A = 4, while it reduces
to the trigonometric series in the limit as A — 0, because

m i

A=>02

Positive order Cesadro summability of the ultraspherical series (1.2) has been

‘discussed by Darboux (1878), Kogbetliantz (1917, 1919, 1924, 1926), Obrechkoff

(1936) and Szegé (1939). Kogbetliantz (1923) and Du Plessis (1952) have also

studied the (C, k) summability of the Laplace series for — 4 << k<< }. Du Plessis
has obtained the following result :—

For —} < k < %, the Laplace series of f(8, ¢) on a sphere § is summable (C, k)
at the point (8, ¢) of the sphere to the sum Fp(#’), provided that

P,(:\) (cos 8) = %COS nf, n>l.

2m
F,(0) = f I $)d clip* (-;- —k), (6, ) being the pole.

The above result corresponds to Ha.rdy’s‘ theorem (Hardy and Littlewood,
1928) on the negative order summability of Fourier series, viz.,
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For 0 < k < 1, the Fourier series of f(z) is everywhere summable (¢, —k) to the

sum f(z) if
Sf(x)e Lip* k.
We suppose throughout that the function
(1.3) J(@, &') [sin ¢’ sin® ($—¢')1*

is integrable (L) over the whole surface of the unit sphere, and following Kogbet-
liantz (1924, p. 114) we define the generalised mean value of f(6, 4) as follows :—

I'@3) I'd+a) J' [, ¢')ds’
4 = - )
a4 T = T 2 sim ) ) ¢, [aint o sin2 (p—g )7
where the integral is taken along the small circle whose centre is (8, ) on the sphere

and whoge curvilinear radius is w.
We write

F(w) = f(w) (sin ).

The following theorem will be proved :

THEOREM : For A—1< k<X and 0 <A<}, the ultraspherical series (1.2) is
(C, k) summable at the point (0, ¢) lo the sum f(w), provided that

(1.5) F(w) e lip * (A—F).

The result obtained by Du Plessis will be a particular case of our theorem for
A=1.

2. Cesdro means of ultraspherical series :—1It is known that (Szegd, 1939, p. 84)

m 22) PW (cos 8) — (m+1) PV 8
@) > &+ PP (cos ) = % (m+2DP,, (coslico(sm: 1P (08 6)
k=0
(2.2) =3 [% (P @)} +2 (P, <x>}] s
So, the mth partial sum S, of: the series (1.2) is given by
__ ' i d o Y
Sm = WJ‘ f(w) l:d—; {P'(:‘\L_l (:E)+Pm (:E)}] (sm a)) dw.
0 X =Co8S W
Thus
r d .
8, ~f(P) = ’éfﬁﬁ) , J { f(w)—£(0)} [EE P (@)+PY (z)}] (8in w)de.
0 L= COS W
Without loss of generality we may set f(P) = f(0) = 0.
Consequently
—_ T d ¢ Hw W MY )
.= ot JolEreeral] | oo

| rey [ a .
23 = SFOTGEN J F(w) [d—z {pg&l (x)+ P (x)}], 8in o dw.
0 = COS W
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Thus the (C, k) mean o? (P) of the series (1.2) at the point P is then given by

T

o = J F() L. (w) do,
0

where
L (w) = I‘(A 4ty z A4 [ {PW (x)+4+PW (z)}] sin w
" NI+ mtl ™ ‘s
r
(2.4) m&(—)%;‘x (42)7* 8% (), say,
and
A: == (n;k) .

It is also quite clear that

(2.5) 8% (w) = z A*_ 2(m+42) PY (cos w) sin .
m=0

3. For the proof of the theorem, we divide it into two parts, viz., 0 <k < A
and A—1 < k < 0. We first take up the case 0 < k < A, for which we require the
following lemmas :—

Levma 1. ForO0<k<iand0<A<],
3.1) L (0) = O(n™ ).
Proof. From Szegd (1939, p. 166) we have
PP(cosf) = O(n")  for0 < o< m

Consequently, from (2.1)

(m—4-23) PP (cos w)—(m+1) PP, (cos ) _0 { z": o }

]—cos w
0

= O(m2'\+1).

Liw) = {nsz }

me=0

It follows that

= O(nz'\“w).
LeMMa 2. ForO0< )< landw—%<w<1r,

3.2) L} (w) = O(n™ sin w).
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Proof. We have

(3.2.1) [(—%{Pﬂ’ﬂ(w)}+,%{P3’(x)}],=mw

=-1+3

higd S+1 ds+1 85
Z [ s+1 { m+1(z)} +dxs+1 {Pf:})(x) } ],= B . [_6: .

Differentiating the relation (1.1) r times with respect to u and putting u = —1 we
get (Carlitz, 1954)

drPf,»(F‘) . B (2A)n+r(_1)n—r
S L e vn ek

where
() = at(a+1).... (x+n—1).
Thus, the right hand side of (3.2.1) becomes

i 1y & [2A(2A+1) ..... @Afmts+l) 1
A+ DAY ... A+ 1+e) [m—s

{8
2220 +1).... (2A+mts) 1
2L A+HA+E) ... A+ 1+9) l_’"_“f:l]

— 2M 4 m 2A(20+1) .. (2/\+m+3)
Om™) Z Hl]s ’m —8 [)H'l (/\+*} C(AFs—P |

For0< d < 2—12 , the modular value of each term of the above series is less than
m

s =

§ 1 mia@+D). .. @ 4mE@tmtl) ... (2Mmts)
g+ s [m FESIIWE e ww—y

1 3[2A<2A+1) <2A+m>][ (2m+2) }
L CFHOFD .- AFs=D)

(2A4-m) 1
] A+HA+Y ... A+s—)

1
U

[m

f?

<! [2A(2A+1) .

2S+1 l _f ! —m
Thus the nmiodular value of the whole series is less than

AE@AF]). ... (22+m) 5 . . |
|m £ 2 s QDA ... AFs—)

™.
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It follows that

[,Z{ PO @} {pwm}]x:m.sm w

= =145
322 = o [ m+1{ 142 sin® %(w—w)}+P(j'){-—-l+2 sin2 %(w—w)}] sin w

= O{m? sin w).

So, .
LI:(w) = O{n"k Z (n—m)k’lm2A sin w]
m=1
= O(n™ sin ).
Levma 3. Ifa, <0< 7— ;ll, (a,, > 111,) and if B, be the real part of
- i 5 = i - A .
- A sin Am{cot 3 sin 5 e 6—1) ",Zo .
[ A 0_ itme Xt e gy
then
(3.3) L 0) = T AN B, +0{n* "0 \(sin 6)
" 2rHrag+a -+ -

+n " (sin 6) A 4nr 10" A(sin 6) '}

Proof. Stieltje’s generalisation of Laplace’s first integral gives (Whittakar
and Watson, 1927, p. 315)

(3.3.1) gP(:J(cos 0) = sin /\wy{exp t[(m+2))0—An).

1
f i”’+2/\‘1(1__t)""(l—tew)_'\dt} Jfor0<a <1,
0

whence

(3.3.2) —~ %L%{ PR (z)+P% (z)}] sin @ cosec Arr

x=cos f

1
= 3[(m+2,\) exp i{ (m+2)) 64= —/\'rr} f 1 =) T 1—620)
0

1

+(m+224-1) exp i{ (m+22+1) e+-g —/\w} f "IN — )N 1 —2e2%) A

0
1
+2) oxp ;{ (m+20+2) 0+7 -—An} [ 1) N 1—ee™) N e
¢© 0

1

+2X exp i{(m+21\+3) 0+% -—Aw}f

t"'*”“(1_t)‘*(1-te2"")°*“dt] .
0
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Let
(3.3.3) g = g6, u) = {1—ue?2isin6)"1}"A
The right hand side of (3.3.2) becomes after some simplification

3[J2)+J£f)+ e +JS?], where

1-) 1-2)
5 = 5 MmprkPospi [t as0+] ~ 2] ot ) (smd) -
1
f (1 =)™y "Ag(6, w) du ;
0
=) 1-2)
J(2) 21~ 2"(,\ 3 expi [(m+,\+1} 72—7 '—\2—-](001; 0) (sing) .

1
J- (1 —u)™ 217290, u) du
0

IS = —(m+22) expi [(m+,\+ 1)6+3 — %’I] (2 5in 6)

1
J- (1 _u)m+2h-l ul—Agdu :

JW =expi[(m+/\+l) J(2sm0 f (1—uy™ P g2 gdu

™
t3—
0 "1
J® = Xexpi [(m+/\+ ) 04n— —-] (sin Q) (28in 6)~2
1 AT
J' (=)™ Ry Ag X dy;
o -

JO = ~2)1expi [(m+/\+2) 0+n— ’—‘2’—’] (2sin 6)72"1

Atl
J- (Q—u)™ Ry =2g A du.

Consequently
koay 2T kel ¢ 1@ . 0
(3.3.4) 8,(60)=n [- - ,,,ZOA"'"' ST+ et JY } sin An]

=3[S(1) +S(2)+"'+S(6)].
It can be easily seen that for 0 S < land 0 < 0 < =,
lgl<2*.
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So, for m > 1,
|TD| < Am* ging)A, | IP| < Amd (sin 6) 2
[T | < Am~? (sin )2, |95 | < 4?67 (sing) A,
[T9] < 4m*® (sing) ™"
Hence
S(z),Sns’, 8% = { -y (n—m)* 1 mA~ —1} (sin §) "2
" le
=0{n*** 1 (sing)~A}.
Similarly,
8 = 0{n*"™ (sing)~2 67},
and
n-1
sy = O{nk'l + D (n—m) +n"“2} (sin )72
m=1
=0{n*"" (sing)~2"} -
Finally

—35, = ZOA’::Lsin . 27 kAt P oxp §mb A+ D) 04+ 5 - o .
1-) 1-2) pl
(cot f) (sin f) f (A—u)" 2102 du
2 2 o

m 1-) 1-2)
=-.eZ(1 N (cotg) (sing) 2t- 2Asm/\7r

z AN (A d) SO

where
1
I = f w A (=)™t g gy
0
1 A
= f w™A (1 =)™l [1- Qie'a (sin 6) ! f 1+*<o v) dv]
0
RS
But, since f g**x (6, v) dv = O(u), we have

_ [PA=NIm+2)) , §TE=ND(m428) . ]
I-“[ Tmn+A+]) Tol Tmiagg 0o 1}

= [F(1=X)(m422"'+0{m**(sin 6)~'}]
= [P(1=A)m+4r+1)* ' +0{m* X(sin 6)~'}].
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Therefore

i 1~) 1-2)
{1-A) -
- gSf‘l) =e? (cot g) (sin g) 21 2)‘si.n A .

Z A2 P ok A 3P4 O e )71}

Again, since

[} o,
f (B—t) ~AL{ S XD _ S Xty gy r (11\—1\) (mAA+ ) S tAEbo e"«} )

an

we may write

2-2) "17(1-2)‘) 1-) 1-2)
(3.3.5) Sf,l) = - z- Asin mye® (cot g) (sin g)
w

8 n
—-)-1 _ . .
XJ 0=t z AP [N midiiy gy
m=0

o}

+0[0"‘ "i

m=1

(n—m)* " mA " (sin o)‘l] )
This completes the proof of the lemma.

1 T
LEvma 4. Ifa,<0<ﬂ—;bandm—m,th€n

E" — o‘A ¢(0)e"(”+h+})9
where $(0) is such that

(3.4) $(6) = 0(n97%) ;  $(6+pa)—$(6) = O(n* 27167  log n).

Proof. Putting 6 —t = u, the integral in (3.3.5) becomes

0 "
j w1t Z A:—lei(n+)«+i)0{e—-’ma_e—i(n+a+i)u—"mw—u)}du
0

m=10

_ e.’(n+A+})BJ w AR (0)—e AR (0 _y)] du,
0

where

,,(t Z Ak 1 —unl
Du Plessis (1952, p. 342) has shown that A
(3.4.1) K,(t) = O(n"), K, (t) = 0(z**);
(342) KO =00),  for <t<m;
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(3.4.3) K, (t) = O(n"t™"), for i <t m;
(3.4.4) K () = 0(n**¢?), for }L <t .
We now write
¢0) = Ii+1s+ . ... +I;,

where
1

I = J w A K () —e K 0—u)] du,

I, = J w 1K, (8) du,

1
n

. 8- a0+: e
Is+14+15_—__( J + J + J )u‘*“e“‘"ﬂ“’“li’"(o—u)du.
1
9+

1 0- %
In this lemma we are concerned with 8 > a,, and so we may say that
Bj;;ll- = 0(f) as n —> ©.

We now have
Iy = O(n"()‘k) ;

1 1
f- o {.1—;5
Is=0 J w P 0—w)Fdu b =0 J 0~ A" 1 —v) F dy
1 1
C ]
=0(67"");

8+%

I,=0<n J' uA-ldu b = O(nt-1672")

1
-3

=0(n*87%).

T ® (2m+1)r
e
0+,1—' m=14J 2m-1jr

and here the second term may be written as

U ©
J e—i(ﬂ+k+i)" K,.(B—u) z e—"("+A+i)2'Ml‘ (u+2m") -A-1 du.
-

m=1

427
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It follows that

k4

p-% o+% ”
Iy=0 j u~A-1 (u—ﬂ)"kdu+f (0—u)""du+J nkdu+J (u—8) " *du
o+3 8-1 B+1

-7

= 0{67" 2} +0(n* ) = 0(n*67") .

Finally,
1
I1 — O[ J u"t\ {dif e—i(n+1\+*)£ K”(o_g)} du] ,
0
where o< <y,

and therefore

1
=0 f"u‘* {n(@—&~"+n"(0—8&)7"} du]
- Y0

1
=0 nﬁ'k[ u')‘du}
L 0

= 0[»"¢7*]. \
Thus the first part of the lemma is proved.
Next,
$O+pn)—$(O0) = J1+Tg+ - +J5,
where

1
=t

Ji=| w M {Ea@+pa)—e O ROt pp—u) }
Yo
— {Kn(8) —e s M4 K (9 —u)} ] du ;

Jo=| w7 [Ka(0+p.) —K.(0)ldu;

J1
”

-1 4l
Jg+Jy+Jg = — j‘ +J +J u’v\-le~‘(n+a+})v
3 o-1 Jpsl

X {Kp(0+pp—u)— K (0—2)} du.

88



Now,

=0

Jg=0

=0
=0
J4=0

=0

=,
f

-

L

[

)
-]

r
L

_ 0‘711 4 1
,;,,J u-A-lK,’,(a—u)du] = o[nk-l J
1 1
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N O

:
1 J wA 107 du | = O(mr+r-1671).
n

0

unK.(8) [ u-A-1dy

s

)

= O(n*+2-197"),

—l X

1

1

1
P
n*-10 u~A-1(1 —u)"1du

- L

1
u(l—u)

045
Fon J u‘/\'lK;(O—-u)du]

nk-197A" gt J

&=

1
8-3

1

0+,

i w-A-lpi+idy | = O(nt+r-1971),
o-1

u-A-le=S A K (04, — 1) — K (0 —u)]du

=+ N K, (04 py — )= K ((— )]

x Z e=itn+at2mm(y 4 9mm) A du

m=1

= J5, 1475, 2, say.

ALK () —e "R bu)]du, 0 <t < 0+4p.,

_i(n+A+§)£K;(t—£)}] du, O0<Eé<y,

du] = O(m*+2-10"" log n).

429

u-)\—l(()—u)'ldu]
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Here

1

- X
JE 1= O] pin j u“/\‘lK;(G—u)du
0+;

=0 n‘lj A -lnMu—0)"'du |.
| o

The integral in the above expression is less than

nt0-A-1 J v-A=Y(y—1)"1dv = O(n*§-2-1log n) .
L
Therefore
J5, 1 = O(nt-18-2-1log n) = O(n*+A-1-1log n).

6-1 o+3 x
o2 = pn OU | K, (0 ~u) |du+f | K (8—w)| du+J | K, (6—u) [duJ
1 1
-7 0—; 0+;
6-2 "
= O[nk‘IJ (0——u)°ldu+n~1 .att, n‘1+nk'1j (u—a)‘ldu]
- 0+%
= O(n*~1 log n).
Consequently
Jg = O(n*+A-16-1 Jog n).
This completes the proof of the lemma.
Summing up lemmas 3 and 4, we state the following :—
LEMMA 5. Fora.,,<0<1r—;1L,
L}(6) = m[$(6)9- 2"+ X+00] 40 {nA~16~(gin 6) -2
+n~1(sin 8)-A~14-nA-19-Asin 6)~1} ,
where (0) is such that for p, = 7—;}_—‘;:; ,
(3.5) B(6) = O(MAH-*) 3 (04 ) —(8) = O(mA-16-1 log n).

4. Proof of the theorem for 0 < k < A :—In order to prove the theorem, we
have to show that
cri(O)—)O a8 n—>00.

1
a:(O).—.(J +J‘ "+J‘ )F(o)L,’f(o)da
1] - 79 17-%

= I +1,+1y, say.

Now,
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First, using lemma 1 and the fact that F(6) = o(6*~*),

[ an
L= o{nmﬂj 6. e""‘da}

0

=0 nzHlaiH'k) =o(1),

431

provided that we take «, = n~@+D@+A-8"1 which is greater than }z fo<a<i.

g 1
L=a g J " F(0)g(0)0 AN gg % +03 J "\ F(6)|mA-16"" (sin 6)*df E

L

Next, using lemma 2 and the boundedness of F(6),

Ig = 0[ J 72\ sin Bdﬂ] = o(l).
1

Finally, by lemma 5 we have

T— ~

On

(-t n-l
+0 ” | F(8)|n~1 (sin 6)"2"'d9 » 40 J | F(6) |nA-10"* (sin 6) a0
[- 79

On

The error term is

‘Olm

: m ol |
O{WH( r 0""*0""1d0+J " (sin e)"*ow)
2

o

n-l( J : %o~ 1404 J

on

m—

+0 " (sin6)A'd0

1ol Y

T 1
7-

= o(1) fo<agi.
The integral may be rewritten in the form

1 1
T = e )

w\‘l( r 0""’0"“1d0+J’ ”(sin o)'1d0)~
o g

—

g

J " F(0)(6)87 )" +3+#0 g _ J F (04 (04 1) 0+ ) 2T A 00
Gn

GI-HM'
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and is consequently less than
HI+Je+ ..+t

where
pOly
Jy = | F(0+ pn)d (84 ) (04 1) ~2{ 0,
v [ g © ¥
Jg = [F(6)4(8)0~*|d,
Ve '—]; ~Hn
n'"'“','l’ ~lUn
Jg = | F(04a) —F(6) | |40+ p2a) | (B+1a) "2 d0,
AT— ,‘1' 27
Jy= {004 ) —(8) | | F(0) | (04 pa) 20,
J
and
=5 "Ha
Jy= J | (04 )" —=072| | F(6) | |4:(8) | 6.
Here

a,

o]

Cp—fip

= O[n,\_k a;k—,\(an'l"l"'u),\-kl"m]

n*"'(o+y,>"‘(0+p,)‘*(0+p,)*"‘de]

= O[n* " a ] =0(l), a80<A<}

Jo = OU n’\"kG’k"‘dO] = 0(n* *u,) = o(l).

1
T= % "Ha

T "B
J3= 0[#’,‘,"‘[ nA_k(0+p,,)_k_'\d0]

o oty

= o[pﬁ"‘n""‘ J 0—“*«10]
Oy

=o0(l), for 0<AK}
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[ A-1 F‘"",’];"F-n
Jy=0]|n" "logn 0~ A %9 2dp

. v oy

J o

) -
= 0| tlogn a""lde}

= O[n*? log n]+0[2** log n. ] =o(1), for0 <A< 3.

3 o
"

Js = 0] ., o-k'leﬁ-"n*'ko*’*de}

| Ja,

[ AT

= 0| p, n’\‘kG'Zk‘ldG:I

J X,

=o[rr ¥ =0(l), fOo<A<Y.
This proves the theorem for 0 < k< dand 0 < A < }.
5. We now proceed to prove the theorem for the case A—1< k< 0. We

write k = — p and work with the parameter p satisfying 0 < p<< 1—A. For the
proof we shall require the lemmas in a suitably modified form.

Lemma 6. For 0 < p < 1—A, we have
(5.8) L;?(8) = O(n™*'9).
Proof. Since pY (cos 8) = O(nz"")., we have from (2.5)

#-1
L0 = o[nv Z (n—1m)~Pm2\-Un sin o]

1

= O(n2+16).
Lemma 7. Foro<p<1—-)\andar—£<0<n,
(6.7) L7? (6) = O(n?+# sin 6).

Proof. Asin lemma 2, we have

L6 = o[nv i

m=1

(n—m)~* ~'m® sin 0]

= O[n%*? sin ¢].

When p = 0, the result is evident from (2.3) and (3.2.2).
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Levma 8. If a, <0< vem —}zandE.betherealpartof

2-2) _ 1-A 1-2)
-2 A gin Ame™-N (cot —g) (sin Q) .
k4

2

H—m

6 "
J (e_t)-)\-l Z A4~ {e"(m+/\+i)9_ef'(""+)\+i)*} di,
© m=0

then
(6.8) L;?(6) = (4;%) ' E,+O0[n** 1 0-1 (sin §) *4-n~1 (sin §) 2"
+uf*tA"1 972 (sin 6) 1],

Proof. J Sf), Jff’, ...... J® are estimated as in the proof of lemma 3 and then
for p#£0
n-1

Sf,m, 89, g4 = O[Z (n__m)—p—lm,\—1] (sin 8) >
1

= O[n*}(sin 6)74];

89 = o[n* "' 67" (sin )],

n-—-1
Sia) — Ol {n'f"‘l_‘_z (n_m)—P—lmA—2+nA—2} (sin 0)"A'1]
1

= O0[n~? }(sin 6) 1],

When p=0; 82, 89 ...... 8® simply become JU, J2, ...... J® and
therefore the above results still hold. Béyond this, the proof in lemma 3 survives
unchanged.

Lzia 9. Ifa,<0<w-1%andp..= then

L
n+i+4’
E, = m{072g(6) AP0}
where $(0) is such that
$(6) = O(6°) +0(1) ; $(6-+ 1) —$(6) = O(w*~"6*77).
Proof. Following Du Plessis again (1952, p. 348) we write
B = > 4727

m=0
Here
1
”’

1
¥4
O(t),£<t<h.

- (on ), 0<t<
K,(t) =
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O(n'"?),
K (t)= {

ot*™), % <t
o(n*~%),
K@ =
+0 O(n“”t'l),,lz <t< .

Again, we write

¢(0) = I, +1,+.... +Ig as in lemma 4.

So,
I, = 0( J‘ . P du) = 0(n*0);
I;=0 fl w A Yo—w)f du p = O(n?e®);
6+
I,=0 n'Pf 1u"\‘1 dup =0(n?"167*"1)
§--
— O(nABP) :
and
Iy = J Al R () du
o+1
+f eI RANE (g ) Z (»3-'.("“"'\H)Z""T(u+2mrr)°'\'1 du.
- m=1
Also
f =0 J‘ w N 0—uw)f du p = 0(6°2)+0(1)
045 6+3
= 0(n¢")+-0(1),
and

- 9~;1' 0+,1~‘ .
j =J' [sin (6—w)}’ du+ [ n~f du+t J’ [sin (u—8)) du

1
- v -1 6+=

= O(1).

435
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Finally
1
I, =0 3 Ju u-A [;E e—i(»+A+i)fK-(9_§)] du g ; o< é<u,
0
1
= O[J'” u?, nﬂpdu}
0
= O(HAGP).
As in lemma 3, we divide ¢(0+4p,)—¢(6) into
J1+J2+ ...... +J5,
where
1
Jy = p.,,j u"\‘% [estntr+dd K (0 —8)] du;
0

0<t<0+l‘u and 0<£<u:

i

1
O[EJ' wMn' P07 o1} du]

n
0

o(g*~ ' w*1);

Js = 0| u. K,'(6) f 1 u"\'ldu] - o[}loﬁ'lnﬂ]

=o' e 7'];

-

1
g-=
Jg=0 p,fl u'*'lK_'(o—u)du]

=0[n"1. 6" 0] = O(n"1 0" Y)

o+3
Jy =0} n, f w1 K, (0—v) du

9-1
”

. ) 8+>
=0 -f A gl Py

n 1
-5

= O[n'\"l B"'l].
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¥po0,

x -1 0+:  m
Jg =0 ,,,,J. 1u"‘“‘K,,'(e--u) du+g, j + f + f )K,'(o-u) du |.
0+ - 0-1  J o4l

The first term is

w
0 n'lJ‘ U~ A3 (f—u)?P-1 du
" o

= 0| n-16r-2-1 J/‘w v=A-1(] —p)r-1 dv]
i 1+”1—§
= O[mA-1gr-1].
The second term is easily seen to be 0(-11;) .
When p = 0,
$(0) = Bx(cot g)l A (sin g)l ) (n +/\+%)'\ S

Here again the required orders stand true.
Combining the lemmas above we may state

Lxmma 10. Fora,,<0<1r—-;1z,

L;?(6) = Blp(6)¢ "2 A 0[nf 27107 (sin 6) ]
47" (sin 6) A 4nP*A 19 Ngin 6)71];
where J(0)is such that for u, = 7—’,_—*_—:\—7—_*_—‘; ,
#6) = O(6"n*N)4-0(n?) 3 (0+1.) — () = O(n?*X"T0*77),
6. Proof of the theorem foro < p<l—Aand o< A << }:—
@, em-l "
o7t = % J Y J 1 iF(a)L;’(o) )
0 Y% T

= I, 413414, say.
Now,

|1y | = J nF(O)L;"(G) do
(i}

o

=03 nz‘\ﬂj 'e.e“f’dog
0

= o(nm“a"\f“z) = o(l),
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when
@, =n—(A+DA+p+2)"
Also ‘
| 2A+p .
11y ] =0<n J 8in 0d0) = o(1).
1
And

1
-

Iy = J "F(o)l/,(e)o‘)\e“"*“*’f’do
Oy

1
T~

+0[J !F(o)lnm_la_l(“i”‘”ﬂd""‘J | F(6) |n~"(sin §)*~"d8
Qy x,

1

+j ”|F(0){n”+"'10')‘ (sin o)‘ldo] . .

The error term is

/2 U
o{n’”‘l (J (AN d0+J (sin )~ dp )}
x, /2

n

1

r /2 P
+0ln7t <f gt d0+J (sin )™ db )]
&,

” 72
r T2 ,,_’1'
+0| Tt ( J P21 do+ { (sin 9)"* 48 )}
T Oy v n/2
= o(1)
We put
I, =J,+J;+...... +J5 as before, where

%y
Jy= J | F(0+ pa)p(0+ pa) 0+ 1) "> dO

Oy~ phyy
= O(J' O+ pa)? P A O p) P A de) +0U 2P (04 )P X O+ pa) A do)
L0 % Ry~ fhny

= O(np +"acip p.,,)+0(az [T 'n’)
= o(1);
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1‘
Tem ~

Jy = j | Fio)y(6)6~ | df

L
n-1 -1
= U nAtPeP-A g } +0U n?07* 4o ]
"‘é'l‘n "‘;’;'#ﬂ

= O[nA+#u,]+0[nPp,] = o(1);

T “Ha
Jg = j | F(0+ 1)~ F(6) | |(6+pa) | (6+pa) ™1 0
Oy

=o{ni“n"“f <0+n.)"‘*do} +0§#ﬁ+" J n”(0+m)')‘d0€
&, Uy

"

= o(1)+o(a™**)40(1) = o(1) ;

™
Jio J | $(O+120)—(6) || F(O) | (6-+pun) 0

T o B
=0 J np+"’109'19"+’(0+yn)"’\d0}
G'

[ am- 5 ~Hn
=0 j PR S 1!

L J Gy

=O[ nftA- 1‘0 +a”’2] = o(l);

T = = fhy
Jy =J [ (04pa) =072 | F(6) | y(6) | db

™ ki

= O[p._ J o'*“nf+*of’o‘+"del+o{,‘,J 9 A InP @7 do]
Uy Ln

= 0[w*1 (o) +a2} ] +0[w " {0)+o(1)}]
= o(l).

Hence o%(0) >0 asn— w.

This completes the proof of the theorem.
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