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[y this puper a certain relation concerning self-reciprocal functions and their
kernels has been found with the help of confluent hypergeometric function;
so that when u kernel is known the corresponding self-reciprocal function
can be obtained by the mere change of the variable. Examples of self-
reciprocal functions, thus obtained from various kernels, are found to agree
with the proviously obtained results.

§ 1. Following the notation of Hardy and Titchmarsh (1930) we denote a
function f(x) as Ry, if it is self-reciproeal for Hankel transforms, of order p,
so that it is given by the formula,

sy = [ Tuanf )V 7y dy. R )

where f(@) is a Bessel function of order p. For p = { and —1, f(x) is denoted
by Rs and Re respectively. Formulae for self-reciprocal functions and their
kernels have been established separately by Hardy and Titchmarsh (1930) and
Brij Mohan (1939). In this paper we proceed to establish a property between
self-reciprocal funetions and their kernels which may be stated as follows:
, 2

‘If a kernel P(x) transforms R(u—1) into Rp then P(—fz—) becomes Rc.’

We proceed to establish this property by means of an example. For
this, we start with the integral given by Slater (1960), viz.

® r®Irs)r'a-—s)
(s-1) N If = .
jo t Falas by —t)dt W—F(a)r(b—a) , (1.2)
where
0 < R(s) < R(a).
Writing s+g ~ i for ¢, we obtain that
o s_1 I‘(b)r(s+g - i)r(§+i ~ s)
o124 b Dl = ~ ‘
f to-Ut" L F (a; b; =t)dt @53 s (1.3)
0
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where
i——R( ) <Ris) < R( )+~.

1
a1

5ty and applying duplication formula for gamma

Further, putting b =

funections, we obtain that
? 21 a 1l

J‘ t(’_l)tz 4 lFl(a’ M “+— M —t) dt
0 24

a 1 \
a, l E‘z 20¢—-3 1 8§ 2a—1 1 1
= (—-}-—)2 ( +—— 5 z;+ ) (2+T §+Z) . (14)
On applying Mellin’s inversion formula (Hardy 1918) to (1.4) we obtain that

a 1

é =

A a 1
t *1F1(af;_:,+1; —t)

c+im a 1
1 5§ 20—3 1 s 2a+1 1 _
= - 2 F( +- )28[‘( +-—2—“‘Q+§)XF(4+ 5 + )t‘ds,

i), .. 27 2
(1.5)
where
0<C <.
Brij Mohan (1939) has shown that, if f(x) is Ru and
k+im
1 1 p s) 1 )
_ 250 ol BN R I
P(a) = 5 k_mdr(4+2+2) I’( Xy(s)zeds, .. (1.6)
where
0< K <1,
and
P(s) = $(1—s),
then

G(z) = f:f(y)P(zy)dy - .- .. (17

is Rv. Hence, from (1.5) and (1.6), we conclude that the kernel

a 1
P) = 41F1(a; g_*_i; —:c) .. .. .. (1.8)

transforms R, into R,, | if 1<a<3/2.
' 1

4
x? e~} a 1 x2
P(§)=-’E lFl(a; §+‘Iy -‘-2") . .. (19)
Dineschandra (1952) has shown that the function

-t 1 2
z ,F,(a;“"';"' ;—%) o 8 [1)

Also,
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is Rv. Hence, identifying (1.9) with (1.10), we conclude that

a-1 a 1 a2
x F (a; :2'+;§ —~2*) .. .. . (1.11)
iy Re, ostablishing the property stated.
In particular, putting ¢ = } we find that the kernel given in (1.8) reduces
to ‘

D O B E)

given by Brij Mohan (1942a); while (1.11) reduces to a familiar R, function

Pt - A B & )
also given by Brij Mohan (1951).
§2.  Applyving Kummer’s formula (Rao 1958a) to (1.8) we obtain that
a_ 1l 1
" 27 % a
P(x) = e sz 41F1(;—- :z; 1
This result is capable of giving several interesting particular cases.
(1) If = is & positive integer
nl (@) o, 5.
m" L” (-Z?), .o .o (.)12)

L¥(x) being generalized Laguerore polynomial; so that from (2.1) and (2.2)
we find that the kernel

Fil—n; a+l; 2) =

2(a+n)+1
I 7 G T .. .. .. (23
transforms Rain-g ito Reynie if 3 <atn41 < 3/2.

i "
The corresponding K, function in this case becomes
- x?
2A+n+1[2g x2/2L:(—2—) .. .. .. . (24)
(2) If n is a positive integer
I(1—n—p)
—n; B x) = e a2y B2 > 5
1Fy(—n; B @) Fa—=p) exi2p~BI2W 5 1 go, 3 p(x), .. (2.5)
where (Jd,m(x) is Whittaker’s function. Hence, from (2.1) and (2.5), we

also conclude that the kernel
n 1

e2g® AWn g, +—B(7) .. . .. (2.6)

transforms Rog i pn)_3 into Ry ny g if § < n+8 < 3/2;
1 1

while the corresponding R. function becomes

e~zil4zh-iu}ﬂ+3/2, i..‘ﬁ(z.—:) e . 29
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(3) If » is a positive integer we further have
WFi(=n; B 2) = (=1)mn! D(B)T(5_y)(@), . .. (28)

where T?B_l)(x) is a Sonine polynomial order z. Hence, we further conclude
from (2.1) and (2.8) that the kernel

B+n 1

[ 7" ZT?ﬂ_l)(x)’ .o . . ‘e (2.9)

transforms Ry, 1 g3 into Ro, g1y if § < B+n < 3/2.
Al Ty

Hence, the corresponding R, function becomes

2
. zz/szJrn—bT;‘B_l)(%). ce e (210)
(4) Again, using the formula
1File; 20; 2) = 222-10(a+ e 21221, _4(z), .. .. (210

where I4(r) is a Bessel function with imaginary argument, we also conclude
that the kernel

1 a
PR (§) R A 5
transforms R,, , into R,, . if § <« <3/2.

4 4

Hence, the corresponding R, function becomes
2 2
gli2-xg—22/4], <) e .. (213)

putting & = 4 we find that (2.13) reduces to
2
e~ 4L, (’fz) N A V)

given by the author in a previous paper (Rao 1958h).
(5) Also, using the formula
2-n p. .. 5
Fi=n; 3 2) = S IF(3—n)es2Dy(V/22), .. .. (2.15)
Vm
where Dy(z) is a parabolic cylinder function of order n, we further obtain
from (2.1) that the kernel
e~ %2e2Dy . (A 27) . .. .. (2.16)
transforms R, ; into R, , while the corresponding R, function becomes

2 2
e~ TMenDyn(x). .. .. .. .. (207)



358 V. V. L. N. RAO

As a particular case, putting n = 0 (2.17) reduces to
e~ 4Dy (x), A . )

given by the author in a previous paper (Rao 1961).
(6) Further, using also the formula

I(—%~n) _;

Fil=n; 3123 @) = g @ e2Dgq11(V/ 22), .. (2.19)
we conclude that the kernel
xni2e=2D,,  (+/2x) .. .. .. {2.20)
transforms R, into R,,-1 giving the corresponding R, function to be
o= 4D gna(Z). o e e .. (221)
(7) Finally, using the formula
Filg: 2;2) = (-1)-«%”2 ko ogl2/2), Co . (222)

where kg(%) is a Bateman polynomial of order n, we conclude that the kernel

X
e —’/2’”2—2«(3)

ZIATa2 (2:23)
transforms R, _,, into Ry _,, giving the R, function to be
i e
: x?
6—22/4/62_2«(-4—)
—_— T (2.24)
27
This becomes a particular case of the R_,, function
5 2/ xZ
an—>5[2¢—x%dkq, 5 -4- s .- . .. (2.25)

given by the author in a previous paper (Rao 1959).

ACKNOWLEDGEMENT

The author's thanks are due to Dr. Brij Mohan for constant guidance in
his research work.
BIBLIOGRAPHY

Brij Mohan (1939). On self-reciprocal functions. Q. Ji. Maths, 10 (40), 252-260.
(1942¢). A cless of kernels. J. Banaras Hindu Univ., Silver Jubilee Number, 134-
137.
(1942b). Infinite integrals involving Bessel functions. Bull. Celcuita math. Soc., 34,
171-175.
(1951). Formulae connecting self-reciprocal functions. Indian J. Phys., 15, 337-341.
Dineschandra (1952). On the Hankel transform of generalized hypergeometric functions.
J. Indian math. Soc., 16, 41-45.
Hardy, G. H. (1918). On Mellin’s Inversion formula. Mess. Math., 47, 178-184.



A PROPERTY OF SELF-RECIPROCAL FUNCTIOXNS 359

Hardy, G. H., and Titchmarsh, E. C. (1930). Self-reciprocal functions. Q. JI. Maths, 1, 196~
231,

Rao V. V. L. N. (1938a). On certain kernel functions. Ganita, 9, 33-11.

————— (1958b). Self-reciprocal functions in the form of series. Proc. Indiun Acad. Sci.,
48, 263-268.

————— (1961), Self-reciprocal properties of certain functions. Proc. Camb. Plil. Soc. math.
phys. Sci., 57, 361-567.

————(1959). Some self-reciprocal functions and kernels. Proc. Camb. PhLil. Soc. math.
phys. Sci., 55, 62-65.

Slater, L. J. (1960). Confluent Hypergeometric Functions. Cambridge.



