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QCD Thermodynamics at Finite Temperatureand Finite Chemical Potential
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We calculate thermodynamic functiovig. pressure, change in pressure due to chemical potential, quark
number density of hot and dense nuclear matter at finite temperature and chemical potential using three-
loop Hard Thermal Loop perturbation theory.
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Introduction

Quantum chromodynamics (QCD) exhibits a rich phase structure and describes the propagation and int
action of quarks and gluons which are the fundamental constituents of all hadronic matter. Based solely
the QCD Lagrangian it is possible to calculate the QCD patrtition function at finite temperature and finite
chemical potential and it results in the so-called equation of state (EoS). The determination of the QCD Ec
and other thermodynamical quantities are extremely important to the phenomenology of the hot and den
nuclear matter commonly known as quark-gluon plasma (QGP). At this time, the most reliable method t
calculate the QCD thermodynamic functions at finite temperature and zero (small) chemical potential
lattice gauge theory (Borsangt al., 2010, 2012a,b,c; Borsanyi 2013; Borsastyal., 2009, 2012, 2013;

Bernardet al., 2005; Petreczky 2012). Importantly, lattice QCD can be used to probe the behaviour of QCI
matter near the phase transition from the hadronic to the deconfined QGP phase. Near the phase transi
temperature, the running coupling is large and non-perturbative methods like lattice QCD must be use
Finite temperature lattice QCD calculations are now quite stable; however, due to the sign problem, it is n
straightforward to extend such calculations to finite baryon chemical potential. In practice, it is possible t
obtain information about the behaviour of the thermodynamic functions at small baryon chemical potentiz
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by making a Taylor expansion of the partition function around zero baryonic chemical potential and ex-
trapolating the result. This requires the calculation of various order quark-number susceptibilities evaluated
at zero chemical potential. Since extrapolations based on a finite number of term, Taylor coefficients can
only be trusted at small value of chemical potential and it would be nice to have an alternative framework
for calculating the finite temperature and chemical potential QCD thermodynamic potential and associated
qguantities. This is important in light of the ongoing beam energy scan at the Relativistic Heavy lon Col-
lider (RHIC) in Brookhaven National Laboratory (BNL) and at Large Hadron Collider (LHC) in European
Organization for Nuclear Research (CERN) and also at the forthcoming experiments at the Facility for An-
tiproton and lon Research (FAIR) in Gesellschdiit Schwerionenforschung (GSI). As an alternative to
lattice QCD calculations, one natural option is to compute the thermodynamic potential using perturbation
theory at finite temperature and at finite chemical potential. In principle, this should work since, at suffi-
ciently high temperature, the value of the strong coupling constant is small; however, one does not know a
priori how large the temperature should be for this method to give result which are close to reality within a
good approximation.

Unfortunately, it turns out that a strict expansion in the coupling constant converges only for tempera-
tures many orders of magnitude higher than those relevant for heavy-ion collision experiments. The source
of the poor convergence comes from contributions from soft momenta,¢7T'. This suggests that one
needs a way of reorganising the perturbative series which treats the soft sector more carefully. As a re-
sult, a gauge-invariant reorganising called hard-thermal-loop perturbation theory (HTLpt) was developed by
Braaten and Pisarski in Braatenal., (1990). HTL perturabtion has been used to calculate thermodynamic
functions and other thermodynamical quantities at one loop (Andatsah, 2000; Haquet al., 2010,
2011a,b; Chakrabortgt al., 2002, 2003), at two loops (Andersehal., 2002; Haquet al., 2013a,b) and
at three loops at zero chemical potential €wl., 2010); (Anderseet al., 2009, 2010, 2011) as well as at
finite chemical potential (Haquet al., 2014b,a) within HTL perturbation theory.

Feynman Diagrams

Feynman diagrams that will contribute to the QCD thermodynamics potential up to three-loop in HTL
approximation are listed below:
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Fig. 1: One and two loop HTL Feynman diagrams contributing to the QCD thermodymanic potential

Thermodynamics Potential

The QCD thermodynamics potential up to three-loop HTL approximation including all the necessary counte
term can be summerized as
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where,with the standard normalization, the QCD Casimir numberscare= N, d4 = N? — 1, sp =

N¢/2, Cp = (N2 —1)/2N,, soy = Cpsg. Qo = —dam*T* /45, thermodynamic potential for free pure-

glue case. The sums ovgrandyg include all quark flavors;; = 1/2 — ifiy. The details about the functions

R(z) andX(n, z) can be found in Haquet al (2014b,a). Herenp andm, are two parameters in HTL
perturbation theory and we could identify these parameters as debye and thermal quark mass respectively.
We have used here some scaled quantitiesips= mp/27T, 7, = m,/2rT, A = A/27T andji =

w/2nT.
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Fig. 2: Three loop HTL Feynman diagrams contributing to the QCD thermodymanic potential

Pressure
The QGP pressure can be obtained directly from the thermodynamic potential (2) as

fP(T, Aa Aga M) = 7QNNLO (T7 A) Aga M) ) (3)
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In Fig. 3 we compare the scaled NNLO HTLpt pressureifgr= 0 (A) and i = 400MeV (B) with

available recent lattice data whewg = 3~ ui¢. It is worth to mention here that for numerical results, we
Ny
use

Fig. 3: Next-to-next leading order HTLpt QCD pressures at finite, and zero i, scaled with free values for
P . . . . . .
A =27 T2+ p2/m? and Ay, = 27T with lattice data from Borsanyi et al. (2012c) with one-loop running coupling

constant
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We canalso compute change in pressure due to finite chemical potential as
AP(T, A, p) =P(T, A, ) —P(T, A, p = 0). (6)
In the left panel of Fig. 4, we plot scale’P as a function T for different values of/T".
Number Density

Number density is defined as the change of pressure w.r.t. chemical pote(ifiak, ) = g—f. In theright
panel of Fig. 4 we plot scaled number density as a function T for different valyegrof

A B
Fig. 4: A: Pressure difference due to finiteu as function of temperature for different values for n/T" with

A= 27rpT2 + p?/m2. B: Quark number density for different values for p /7.

Conclusion

In this article, we have presented the results of a NNLO (three-loop) HTLpt calculation of the thermo-
dynamic potential of QCD at finite temperature and chemical potential(s). Our final result is completely

analytic, gauge invariant, and should be valid in the region of the phase diagram for wiicR=T .

Based on the resulting thermodynamic potential we have calculated the pressure, change in pressure du
chemical potential and number density of the QGP. We have compared our result for pressure with rece

lattice data and and we found very good agreement down to temperature a2iei\ev.
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