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Hadron Formation in a Non-Ideal Quark Gluon Plasma Using Mayer’s Method of
Cluster Expansion
J P PRASANTH* and VISHNU M BANNUR

Department of Physics, University of Calicut, Kerala 673 635, India
(Received on 30 April 2014; Accepted on 9 September 2014)
This work investigates the applicability of using the Mayer’s cluster expansion method to derive the
equation of state (EoS) of the quark-antiquark plasma. Dissociation of heavier hadrons in QGP is studied.
The possibility of the existence of quarkonium after deconfinement at higher temperature than the critical
temperature T > Tc is investigated. The EoS has been studied by calculating second and third cluster
integrals. The results are compared and discussed with available works.
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Introduction
The strongly interacting hadrons undergo a phase transition to a new state of matter called the quark-gluon
plasma [QGP], at sufficiently high temperatures or densities (Kapusta, 1979). Such condition have been
achieved in present day relativistic heavy ion collision experiments, such as CERN LHC and BNL RHIC
(Adams, 2005). The study of quarkonium production has been pointed as a possible signature for the
occurrence of QGP in relativistic heavy ions collisions (Matsui and Satz, 1986). On the footing of the
Mayer’s cluster expansion method (Pathria, 1972; Mayer and Mayer, 1946), a study has been performed
and the criterion obtained for the temperature where heavy quarkonium ( J/ψ(c, c̄) and Υ(b, b̄)) suppression
will occur (Sheikholeslami-Sabzevari, 2002). The finding however was based on grand canonical partition
P
function of the system which ignore the limitations of the restrictive summation ( N
l=1 lml = N ). The
present study is based on canonical partition function of the system and helps to eliminate such deficiencies.
We intend to obtain an equation of state at which a non-ideal quark-antiquark plasma condenses into cluster
of quarks (i.e., into a fluid of J/ψ(c, c̄) , Υ(b, b̄), Φ(ss̄) and Ω− (sss) etc.) using Mayer’s cluster expansion
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method. In order to calculate third cluster integral we use bipolar coordinate integral (Hutem and Boonchui,
2012). The EoS has been studied by using Cornell potential with the effect of screening. The authors
(Bannur, 1995; Udayanandau et al., 2007) had obtained an equation of state (EoS) for QGP using Cornell
potential based on Mayer’s cluster expansion.
Here plasma is assumed to be homogeneous. We only consider the contribution of quarks and antiquarks, since here the gluons are massless and interaction free. The equation of state is classical and nonrelativistic, i.e. we consider the quarks to have mass equal to or greater than that of the strange quarks, so
that the non-relativistic approximation can be applied.
q One should realize that the higher the temperature
and mass, the smaller the thermal wavelength λT = M2πT and we enter more and more into the realm of
classical statistical mechanics (Hagedorn and Rafelski, 1980).
Equation of State by Using Mayer’s Cluster Expansion Method
Here we inspect Mayer’s cluster expansion method by taking Canonical partition function of the system
(Pathria, 1972).
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where λ is the mean thermal wavelength and bl is the cluster integral. The evaluation of the primed sum in
(1) is complicated by the restrictive condition
N
X

lml = N.

(2)

l=1

This condition must be obeyed by every set {ml }, where ml = 0, 1, 2, 3, ...., N is the number of clusters.
In QN (V, T ) we take the term with the maximum or equilibrium value of ml ,
¶
µ
bl V
Z l,
ml =
λ3l

(3)

where Z is the Lagrange’s undetermined multiplier. It is seen from the above equation that the lth term,
lvbl l
Z,
λ3l

of this sum is the fraction of the material in clusters of size l at equilibrium (where v =

V
N ).

Substi-

tuting Eqn. (3) in Eqn. (2), we get
N
X
lbl l N
Z =
= n.
λ3l
V

(4)
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Then the equation for QN (V, T ) is
ln QN (V, T ) =

¶
N µ
X
bl V
l=1

λ3l

Z l − N ln Z.

(5)
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By means of Helmholtz free energy of the system and usual thermodynamic relations, the other thermo-

dynamic properties of the system can be derived. The quantity Z has the dimension of fugacity. In natural
system of units selected universal constants are normalized to unity. Then the EoS of the system is
N
X
PV = {
ml }T.

(6)

l=1

Hence, the initial non-ideal quark-antiquark plasma has been phase transformed to an ideal system of
clusters. A similar equation has been presented within the frame work of the statistical bootstrap model for
an ideal gas (Hagedorn and Reafelski, 1981). From (2) we get m1 = N, m2 = N/2 and m3 = N/3, as the
number of clusters.
From Eqn. (4), we get the equation of clustering of l quarks and/or anti-quarks with equal mass,
µ
nl = lbl

MT
2π

¶3l/2

µ
exp

¶
µl
,
T

(7)

where M is the mass of the quarks, µ is the chemical potential and nl is the number density of the l-particle
cluster formed just at the moment when the clustering takes place. We can write the density of clusters,
immediately after the completion of the phase transition, as nquarkcluster =

nl
l

We take l=2 for two particle cluster and l=3 for three particle cluster.
Hadron Formation with Screened Cornell Potential at Zero Chemical Potential
From Mayer f-function (Pathria, 1972),
fij = 1 − e−βU (rij ) ,

(8)

where β = 1/T and rij the distance between the quark and/or anti-quark i and j. For the inter-quark
potential U (rij ) we start from the Cornell potential. The potential in a thermodynamic environment to
study the binding and deconfinement of heavy quark resonances (Karsch et al., 1988; Doring et al., 2007)
is given by
U (r, mD ) =

αef f −rmD
σ
(1 − e−rmD ) −
e
,
mD
r

(9)

where αef f = 4/3αs is the effective coupling constant and σ is the confinement string tension. The screening mass mD is defined as the inverse of the screening length rD . First we consider the transition of
homogeneous plasma into 2-particle clusters. The particle density for two quark cluster l = 2 at zero
chemical potential is (7),

µ
ndiquarkcluster = b2

M2 T
2π

¶3
.

(10)
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The 2-particle cluster integral b2 is

Z
2π ∞
f12 d3 r12 .
λ3 0
Using screened Cornell potential Eqs. (8) and (9), we get
¶¸
·
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+
+ 2
.
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mD
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(11)

(12)

When temperature is increased (above Tc ) mD (T ) will increase according to the temperature dependence of the color charge density in statistical QCD and bounded clusters get deconfined into quark antiquark sea (shown in Fig. 1). In the non-relativistic quark model, the charmonium and bottomonium are
described as the cc̄ and bb̄ bound states. For the 3-quark clusters (l = 3, µ=0)(7),
¶
µ
M3 T 9/2
.
ntriquarkcluster = b3
2π
The third cluster integral is

1
b3 = 2b22 + C3 ,
6
Z ∞Z ∞
C3 =
f12 f13 f23 d3 r12 d3 r13 .
0

(13)

(14)
(15)

0

We try to numerically evaluate C3 based on bipolar coordinate integration (Hutem and Boonchui, 2012),
by fixing the positions of the particle 1 and 2 whereas particle 3 takes all possible positions. In addition we
use the technique of Jacobian transformation.
Z ∞
Z ∞
2
2
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13
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Where µ = cos(θ), θ is the angle between r12 and r13 .

Fig. 1: Plot of number density (n) as a function of temperature T using Cornell potential for the clustering of two strange
quarks in QGP (ss̄ ←→ Φ) Eqn. (10). Mass of strange quark, ms =150 MeV
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Fig. 2: Plot of n as a function of T using Cornell potential for the clustering of three strange quarks in QGP (sss ←→ Ω− )
Eqn. (13). Mass of strange quark, ms =150 MeV

Fig. 3: Plot of n as a function of T for the dissociation of charmonium in QGP (cc̄ ←→ J/Ψ). Charmonium contains two
heavier quarks (mc =1.320 GeV), shows higher number density Eqn. (10)

Conclusions
A systematic method of expansion, in the case of deconfined matter, based on Mayer’s cluster expansion
method is studied. Based on this model we examine the properties of a thermalized quark-antiquark plasma
and investigate dissociation of heavier hadrons in QGP. The main advantage of the above mentioned method
is that we can apply the classical particle picture to the quarks and investigate clustering of quarks in a
QGP. We obtained EoS that relate particle number density (n) at various temperature (T) for Φ(ss̄) meson
(Fig. 1), Ω− (sss) baryon (Fig. 2), J/ψ meson (charmonium cc̄) (Fig. 3) and Υ meson (bottomonium bb̄)
(Fig. 4) using screened Cornell potential. A sudden peak is observed at the heavy quark clustering region.
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When temperature increases due to the abundance of light quarks the peak decreases. From the Fig. 3
and 4 it is clear that, hadrons containing one or more heavier quarks (mc =1.320 GeV or mb =4.746 GeV)
than the strange quarks (ms =150 MeV), shows higher number densities Eqn. (10). When combining our
result with the statistical bootstrap model and other available works, we observed a pronounced maximum
for the number density close to the critical temperature. Lattice results also show the existence of mesons
above Tc up to 1.5 Tc . The equation of state found here shows the occurrence of heavy quarkonium at
Tc = 150 − 250M eV .

Fig. 4: Plot of n as a function of T for the dissociation of bottomonium in QGP (bb̄ ←→ Υ). Bottomonium contains two
heavier quarks (mb =4.746GeV), shows higher number density Eqn. (10)

To calculate QGP phase transition by incorporating lighter quarks we should extend our work into
relativistic and quantum regime. There is also a possibility of incorporating fourth cluster integral in cluster
of four particle cluster (four-quark matter). Recently two separate groups, both reporting in Physical Review
Letters, have seen evidence for a strange particle, called ZC (3900) (Ablikim et al., 2013, Liu et al., 2013).
ZC is a four-quark matter.
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