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     2    The meaning of�the�word  Upapatti  

 The notion of  upapatti  is signi“ cantly di� erent from the 
notion of •proof• which is understood as a formal axiomatic 
deductive system. The word  upapatti  can etymologically be 
derived from the verbal root ( dhātu ) • pad • which means •to 
go• or •to attain•. By adding the pre“ x • upa • and the su�  x 
• ktin • we get the desired form: 

   �
 + 
� + ��� = �

!"� �   

 The pre“ x • upa • is used to convey proximity or closeness. 
As per the  sūtras  in the Painian grammar, the su�  x • ktin • is 
supposed to be employed in • bhāvārtha • (having the sense of 
the verbal meaning). Thus the word  upapatti  literally means 
•attaining close toŽ. Additionally this su�  x can also be taken 
in  kara ārtha  as explained in  Mahābhā ya  and  Vārtika .  2    This 
 vārtika  essentially states that the relaxation that is given for 
the  k tya … su�  xes ( k tya-pratyayas )„to be used in the sense 
of other  kārakas  than the  bhāvārtha , by the use of the word 
 bahula „can be extended to  k t -su�  xes also. Since • ktin • 
belongs to this class of su�  xes ( k t-pratyayas ), we have the 
license to use it in  kara ārtha , which gives a lot of sense 
to the word  upapatti . Thus the word  upapatti  can be taken 
to convey the meaning •that which takes you much closer 
to understanding [of the subject matter under discussion].Ž 
Here the phrase •moving closer• [to knowledge] is a metaphor 
to convey •ascertaining validity• of the knowledge that has 
been gained. In other words,  upapattis  or  yuktis  enable us 
to convince ourselves about the verity of a given statement. 

 In the Indian philosophical tradition,  upapattis  form a 
set of coherent logical arguments that justify a hypothesis 
or any statement that needs to be substantiated in a context. 
The de“ nition of the term  upapatti  provided by the 15th 
century philosopher Sad�nanda may be worth recalling here. 
Towards the end of his short, yet popular text on  Advaita 
Vedānta  called  Vedāntasāra  he notes: 

   #���#$%
�&�'�(���� %� %� )*����� ����� 
�

!"� � 

      prakara apratipādyārthasādhane tatra tatra 
śrūyamā ā yukti  upapatti  �    

 upapatti    is [essentially] the reasoning that is adduced at 
di� erent places in support of something that needs to be 
elucidated or convinced in a given context ( prakara a ).   

 The use of the word  prakara a  in the above de“ nition is 
worth noting. It clearly points to the fact that  upapatti  cannot 
be conceived to be an entity that is universal, but can only 
be contextual. In fact, it not only depends upon the context, 

but also varies with time and subject-matter or the discipline 
under discussion. 

 In Indian Mathematics,  upapattis  would entail one 
or more of the following:  upapatti  in the form of logical 
sequence of arguments,  upapatti  in the form of geometric 
demonstration and  upapatti  in the form of mathematical 
analysis. An illustration for each of this type has been pre-
sented by Ramasubramanian ( 2011 ). 

     3    A brief survey of�the�texts presenting 
 Upapattis  

 Srinivas ( 2005 ) has presented a list of texts that involve 
proofs in an appendix, commenting on the tradition of pro-
viding mathematical  upapattis  in India. The earliest expo-
sition of  upapattis  in Indian mathematical and astronomi-
cal works dates back at least to the time of Govindasv�min 
(c.�800  CE ) and and Caturveda Pṛth�dakasv�min (c.�860  CE ). 
In the works of Bh�skar�c�rya (b.�1114� CE ) very skillful 
expositions of  upapattis  are found. In the medieval period, 
the commentaries of N�lakaha Somay�j� (b.�1444  CE ), 
	� kara V�riyar (c.�1535  CE ), Ga e
adaivajña (c.�1545  CE ), 
Kṛṣ adaivajña (c.�1600  CE ) and the famous Malayalam work 
 Yuktibhā ā  of Jyeṣṭhadeva (1530  CE ) contain many instances 
of detailed  upapattis . 

 Some of these  upapattis  were noted in the early Euro-
pean studies on Indian mathematics in the first half 
of the nineteenth century. For instance, in 1817, H.T. 
Colebrooke ( 1837 ,�p.�439) notes the following in the pref-
ace to his widely circulated translation of portions of 
 Brāhmasphu asiddhānta  of Brahmagupta and  Līlāvatī  and 
 Bījaga ita  of Bh�skar�c�rya: 

   On the subject of demonstrations, it is to be remarked 
that the Hindu mathematicians proved propositions both 
algebraically and geometrically: as is particularly noticed 
by Bh�skara himself, towards the close of his algebra, 
where he gives both modes of proof of a remarkable 
method for the solution of indeterminate problems, 
which involve a factum of two unknown quantities.   

 Among this galaxy of commentators who also have 
produced phenomenal original works, N�lakaha 
Somay�j��  in his commentary  Āryabha īyabhā ya  has 
provided an elaborate  upapattis  that are both engag-
ing and sophisticated. Besides presenting  upapattis  for 
various mathematical formulae, N�lakaha has also 
tactfully presented incisive logical arguments to deduce 
the heliocentric motion of Mercury and Venus. In the 
mathematical context, he seems to have a proclivity to 
present elegant geometric proofs for summation rela-
tions as shown by Mallaya ( 2001 ), Mallayya ( 2002 ) and 
Ramasubramanian ( 2011 ). In the context of employing 

   2    In the commentary of the  sūtra  �. /0�1� 23�4 (3.3.113) we “nd 
the  vārtika  �. %� 23�4 
�56����&'�4� 





74 Indian Journal of History of Science (2021) 56:71–84

1 3

proof we would like to brie” y touch upon the emphasis that 
N�laka ha lays on presenting  upapattis . 

     5    N�lakaṇṭha•s insistence on�providing 
rationales and�demonstrations 

 Primarily in” uenced by the study of some of the works of 
N�laka ha, the renowned scholar and scientist Roddam 
Narasimha, in his highly erudite article (Narasimha  2012 ) 
argues how Indian astronomers and mathematicians greatly 
valued  yuktis  in order to acquire what may be called as •reli-
able knowledgeŽ. There, Narasimha anchors his argument by 
citing N�laka ha•s other works such as  Siddhāntadarpa a . 
Here, in this section, by quoting from the  Āryabha īya-
bhā ya  we show how N�lakaha has placed immense impor-
tance to meticulously present rationales, generally referred 
to as  yuktis  or  upapattis  of di� erent rules and procedures 
that we “ nd in mathematics or astronomy. A clear testimo-
nial to this style of N�lakaha is evident from the following 
statement in his commentary (	�str�  1930 ,�p.�28). 

   ��D��EF� %5�����F�G�%� %��
�F?���  H�;5$%� 
 ����I�9�'� #5D? … F���������� J���K��� 
L� %� M�&��  
�N&� H�O� 

     rāśyoryoga  tadantare a gu ita  tayorvargāntara  
syāditi �  
  yuktiścobhayathā pradarśyā – ga ananyāyamātre a 
k etrakalpanayā caὄ tatra chedyake vaiśadya  syāt �    

The sum of two numbers multiplied by their di� erence 
would be [equal to] the di� erence of their [individual] 
squares. The rationale should be demonstrated both 
ways„by the rules of arithmetic and algebra ( ga ana ) 
as well as by geometric constructions. In the geometric 
construction [method] ( chedyaka ) there will be clarity 
( vaiśadya ).   

 The use of word  pradarśyā  is noteworthy here. In order to 
better appreciate why it has been employed by N�lakaha, it 
may be worthwhile to see its grammatical derivation: 

 # + QR + @O  �  # + QR + �
�  #5D�

#5D� + 1�S  �  #5D? 

 Here, the su�  x • yat • that has been added to the verbal root 
 d ś  (to see), belongs to a class of su�  xes known as  k tya-
pratyayas . They have the potential to convey that something 
is •ought to be doneŽ ( prai ārtha ).  6    Thus, one can see that 
N�laka ṭha strongly emphasises that the rationale behind 

various mathematical rules must/ought to be demonstrated by 
the teachers. Furthermore, his statement to use mathematical 
reasoning ( ga ana-nyāya ) as well as geometric constructions 
( k etra-kalpanā ) mirrors his intent in creating knowledge 
base that is reliable, elegant and accessible to learners of all 
age groups whose abilities to grasp things widely vary. 

 In another instance, N�lakaha shows his proclivity to 
go further and present demonstrations using building blocks 
made out of clay in order to make things far simpler for 
children to appreciate the rationale. 

   %�0��> ;
T.$%5U;
�V��� 	�%� 	��� %&����;
 
�.5�;5�� #5D? W 

tulyānā  vist tidīrghapi ānā  ghāto ghana  �
  tadyuktirapi m dādinā pradarśyā W  

The cube  is the product of breadth, length, and width 
that are equal. Also, its rationale has to be demon-
strated by making use of a lump of clay, etc.   

 The use of the word  m dādi  gives us a cue to the fact that the 
demonstrations of the rules were provided not just through 
clay models but other means too. Nonetheless, it is certain 
that N�laka ha has had a strong disposition to provide 
elegant geometric proofs, wherever it was possible to do 
so. As stated earlier, the objective of this paper is to bring 
out the elaborate geometrical construction, which may also 
be described as dissection proof, provided by N�lakaha 
to substantiate the validity of an algebraic identity con-
nected with the mathematical process of cubing a number 
or inversely the process of extracting the cube-root from it. 

 With this backdrop, we shall now delve into the details of 
the  upapattis  o� ered by N�lakaṭha. 

     6    Proof demonstrated by�N�laka ha 

    6.1    Defi nition of cube 

 Since this paper deals with N�lakaha•s commentary on 
 Āryabha īya , it would only be appropriate to commence our 
discussion with the verse of �ryabhaa that de“ nes what a 
cube is. �ryabhaa who is ingenious and matchless in his 
ability to densely pack enormous amount of information in a 
single verse provides the following de“ nition of a cube right at 
the beginning of the chapter on  Ga ita  (Shukla   1976 ,�p.�35): 

   (QN��(�
FE 	�� %'� X�5N�Y)� H�OW3W 

 sad śatrayasa vargo ghana  tathā dvādaśāśri  syāt 
 ὅ3ὅ

The product of three equals as also the solid having 
twelve edges is a cube.      6    This is as per the  sūtra  of P� ini: 

      #�Z�$%(F�#�[����Z� �. /�I (3.3.163).   
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p thakk tya pradarśyā  � tacca udāhara apura sara  
pradarśayi yāma  � tatra navavist tidīrghapi e 
dvādaśāśre tāvat pradarśyate �

By dissecting a cube ( ghanak etra ) of twelve equal edges 
( samadvādaśāśra ) through three sectional cuts by using 
the same proportion (i.e., a:b) along all [the three] edges 
[chosen from any corner], the resulting eight pieces have 
to be shown by dismantling them. We shall demonstrate 
it with an example. This is being demonstrated in a cube 
having breadth, length and height equal to nine [units].   

 Having described the process of dissecting the cube 
N�laka ṭha proceeds to graphically describe the nature of 
the resulting solids as follows: 

   %� �
(qH 2�6�� L%�rq i�� cV�, s%�� 

B(q�� %� 9*t.b�5������O #9.$% $�uv)�Z� 
6TL%�w$�%�fx�  �. m� ;
9��  (/bh cV�� H��� 

     tatra navasa khyasya bāho  catussa khya eka  kha a , 
itara  pañcasa khya  � tatra bhūsp ādekako āt 
prabh ti tri vapyaśre u hastacatu kamite’ ka  k tvā 
vibhakte satya au kha ā  syu  �    

The side of nine units has two parts; one is four, and 
the other is “ ve ( hastas ) in length. By marking at a 
distance of four  hastas  on the three edges from one of 
the corners touching the ground, and by cutting [along 
the marked lines], eight parts would be obtained.   

 Having succinctly described in prose, the way a cube has to 
be dissected, and the nature of the resulting eight pieces, he 
resorts to explain in great detail how this dissection helps in 
understanding the rationale behind the algebraic identity ( 1 ) 
by resorting to verses. 

 It is well known that in metrical form things can be easily 
committed to memory. With this in mind, N�lakaha explains 
the entire  upapatti  in versi“ ed form to facilitate learners to 
commit the whole of the  upapatti  playfully to memory. Since 
there are sub-themes within the exposition, in what follows we 
present the verses under various subsections. 

    6.3.1    Procedure for dissecting the cube 

   (�X�5N2�6h %� ;
9��  L 	��  7    $��� � 
 ����2E`��;
9�F�� 
.y� ��c�X�� z�c�O W1W 
 
*
?
���%� {��4 ��&�|�"���%4 � 

     samadvādaśabāhau tu vibhakte ca ghane tridhā �  
  yuktirbodhyā vibhāgāya p he rekhādvaya  likhet W1W  
  pūrvāparāyata  hyekam anyadyāmyottarāyatam �    

The rationale behind the procedure for “ nding cubes 
( ghane ) can understood by doing a three-fold dissec-
tion of a solid ( ghana ) with twelve equal edges. For 
dissection ( vibhāgāya ), two lines may be drawn on the 
[top] surface, one extending from east to west and the 
other from south to north. 

 �KcV����  (h|�O ��|�o �65���  W2W 
 %'�
 #/F)�o #�F)�o �'�}�4 � 
 �KcV�~�� %� ��c�� �� �?O 
���L%�b�� W3W 
 ;
5�d�%� L %��?F��bh cV� 9
�� �6 � 

alpakha āntare saumyāt yāmyācca mahadantare W2W
  tathaiva pratyagaśrācca prāgaśrācca yathākramam �  
  alpakha occhrite rekhā  kuryāt pārśvacatu aye W3W  
  vidārite ca tairmārgaira au kha ā bhavanti hi �  

The lines  are drawn such that the east-west line falls at 
a distance equal to the smaller portion measured from 
the northern edge and at a distance of the larger portion 
from the southern edge, and similarly, [the north-south 
line falls at a distance equal to the smaller portion meas-

  Fig. 1       Three-way dissection of the cube  

  Fig. 2       The inter-cardinal directions and their names  

   7    Here the word  ghane  is to be understood as  ghanākhye 
ga itakarma i  (in the mathematical procedure for determining cubes). 
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ured] from the western edge and at a distance of the 
larger portion from the eastern edge, [and yet another 
horizontal cross-sectional line] on the upright sides such 
that it is at a height equal to the smaller portion meas-
ured from the ground respectively. When the cube is 
cut along these lines, there will indeed be eight parts.   

 The setup involves taking a cube and slicing it as per the 
instructive directions of N�lakaha. Since the algebraic iden-
tity ( 1 ) for which the proof is being demonstrated involves 
the sum of two numbers  a  and  b  (with   a < b    ), the rationale 
behind dissecting the cube in three ways as prescribed above 
is quite evident. Two cuts have been made along the cardinal 
directions and one cut cross-sectionally as indicated in Fig.� 1 . 

 Before proceeding further with the explanations of the verses 
in the later sections, we introduce some of the technical names 
employed to refer to for inter-cardinal directions. In Fig.� 2 , we 
can see that the NW is called  vāyuko a , and SE called  agniko a  
and so on. These names have to do with the deities associated 
with those directions. Since N�lakaha uses these names to 
refer to these directions, we have elaborated on them. 

 For the purpose of convenience in referring to the result-
ing eight blocks, we label them as: north-east-top (NET), 
north-west-top (NWT), south-east-top (SET), south-west-
top (SWT), north-east-bottom (NEB), north-west-bottom 
(NWB), south-east-bottom (SEB), and south-west-bottom 
(SWB) (see Figs.� 3  and� 4 ). Furthermore, to aid our descrip-
tion, we may take the dimension of the cube to be split by 
the three cuts such that each cut splits the original meas-
ure into  a  (the smaller portion) and  b  (the bigger portion) 
as shown in Fig.� 3 . In the verses that follow, N�lakaha 
explains the dimensions of the cubes and cuboids that have 
been formed as a result of this dissection.                         

     6.3.2    Smaller cube and its adjacent blocks 

   �KcV	�� 
��h  8    9*F%� X�5N�)�� W4W 

alpakha aghano vāyau bhūgato dvādaśāśraka  W4W

  Fig. 3       Depiction of slicing of the cube.  A . The whole cube,  B . the “ rst cut along the E-W line,  C . the second cut along N-S line,  D  the third 
cross-sectional cut  

   8    
������� s/'��� 
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unequal. Had they (segments) been equal, the edges 
would also be equal. 

 ;
Z�� X�5N�)�f;
 
�����T� $�'� (�4 W8W 

 ���*����I�;
 Z�� 
.y���Z� %� � 

 $�'� #$%;5N�T�0� $�;
�� H����  %%� W9W 

    vi ame dvādaśāśre’pi pārśvayostu mitha  samam W8W  
  phalamūrdhvamadhaścāpi a su p haphale u tu �  
  mitha  pratidiśostulya  trividha  syātphala  tata  W9W    

Even in a  block with twelve unequal edges, the area 
( phala ) corresponding to two mutually opposite sides 
( pārśva ) is indeed equal. [The areas of] the top and 
bottom surfaces will also be equal. Since among the 
six surface areas, the two corresponding to opposite 
sides are equal, there are only three variant areas.   

 Having described the nature of six cuboids in one verse, 
N�laka ha then proceeds to make his observations about 
the surface area of the di� erent faces of these six cuboids 
formed as a result of dissecting the original cube. It may 
also be mentioned here, that in the “ rst of above verses the 
terms  bhuja  and  bahu  which are generally used to denote the 
sides of a two-dimensional “ gure such as triangle, square, 
etc., have been employed for denoting edges. It is clear from 
this construction that blocks adjacent to the smaller cube „
NEB, SWB and NWT, and the blocks adjacent to the bigger 
cube „NET, SWT and SEB, are all cuboids. Since these 
blocks are not cubes, N�lakaṭha makes a pertinent observa-
tion with regard to their sides in general, as it will be useful 
later. He notes that in a generic cuboid, though the edges 
are not equal, the area of any two opposite sides are equal. 

     6.3.5    General prescription for the computation 
of the surface area and volume 

   ;
T������;
V�Z� 
� i
 X��X���� � 
 ;
T��������	?% �
d�b�"��f;
 L W10W 

    vistārāyāmapi e u vadha eva dvayordvayo  �  
  vistārāyāmayorghāta upari āttale’pi ca W10W    

Among the  [three quantities] length ( āyāma ), breadth 
( vistāra ) and height ( pi a ), the product of any two 
indeed [give the surface areas]. In the case of top and 
bottom surfaces, the product of length and breadth 
[gives the area]. 

 ;
T���~�� $%	�%��O ����� 
�����X���� � 
 �����~�� $%	�%��O 5U	���� 
�����X����W11W 

 vistārocchritighātassyāt hrasvayo  pārśvayordvayo  �
  āyāmocchritighātassyāt dīrghayo  pārśvayordvayo  W11W  

The product of breadth and height would be the area of 
two smaller upright sides. The product of length and 
height would be the area of two bigger upright sides. 

 $�u��$�%����;
 6%� 	����  9
�O � 

     tri vekamitare āpi hata  ghanaphala  bhavet �    

Considering any one of the three [areas], multiplying 
it by the other [quantity which is not involved in the 
generation of the area] gives the volume ( ghanaphala ) 
of the block.   

 Having said that there are six blocks which are not per-
fect cubes and also outlining how to “ nd the surface area, 
N�laka ha now enunciates how to “ nd the volumes of these 
blocks. He asks us to “ nd the area of one of the sides, and 
multiply that by the third dimension. This is a general pre-
scription to “ nd the volume of a cuboid. Following this, 
N�laka ha goes into deducing the volume of the groups of 
three blocks adjacent to the smaller and bigger cube. What 
is noteworthy here is his systematic and lucid explanation, 
that would enable the student to appropriate the validity of 
an algebraic identity through a logical stream of thinking 
(Fig.� 5 ). 

  Fig. 5       Dissected blocks that add up to form the cube  
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     6.3.8    Combined volume of the eight blocks 

    i
� X��� ;
9�F�f� 1�(� L��8�. %� $�� � 
 
F� ��6%h cV	�h �h %&�$%	��� W17W  

 eva  dvedhā vibhāgo’tra a su caikīk te trike �
  vargau tryanyahatau kha aghanau yau tadyutirghana  
 W17W  

Thus, here, there are two kinds [of blocks]. Among the 
six [blocks], when two trios are combined, we get the 
squares [of these two segments independently] multiplied 
by 3 and the other segment. [Along with these] when 
the sum of cubes [of the measures of two segments] are 
added, gives the volume [of the undissected solid block]. 

 	�����
��FU H�5�Z cV	���6 � 

 ghanayuktyupayogī syāde a kha aghanastviha �

This dissection of a block is indeed useful for showing 
the rationale of the cubing method (algebraic identity 
of a cube).   

 Thus by employing an elegant demonstration of dissect-
ing a cube into eight parts by three similar cuts, N�lakaha 
has e� ectively shown that the volume of the eight blocks 
put together exactly gives rise to the RHS of the algebraic 
identity given in ( 1 ). Based on the procedure given for the 
cube-root extraction given in  Āryabha īya , it is evident that 
this expression has been ingeniously used by Indian math-
ematicians since the times of �ryabhaṭa. 

 N�laka ha does not simply rest there. He playfully rear-
ranges these cubes, to arrive at another equation which is a 
smart rearrangement of the terms in the aforesaid identity. 

     6.3.9    Employing this identity in the extraction of cube-root 

 In fact, we know that mathematically the process of “ nding 
the cube of a number and extracting its cube-root are indeed 

mutually inverse procedures. Clearly realizing this, �ryabhaa 
in his  Āryabha īya  has prescribed an algorithm for the extrac-
tion of cube-root, as mentioned in the� 6.1 . The procedure out-
lined by �ryabha a employing this algebraic identity demon-
strated by N�lakaha is best illustrated with a simple example 
of “ nding the cube-root of the number 19683 in Fig.� 6 .         

     6.3.10    Rearranging the blocks to illustrate algebraic 
identity ( 1 ) in another form 

 It was shown earlier that the dissection of the cube has 
resulted in six cuboid blocks, which are of two kinds. The 
blocks adjacent to the smaller cube „NEB, SWB and NWT 
belong to one variety and each of them produce the volume 
  a2b    . The blocks adjacent to the bigger cube „NET, SWT 
and SEB, have the volume   ab2    . Here, N�laka ha prescribes 
to conjoin one each of the “ rst set with one from the second 
set in order to prove ( 4 ). 

   cV�g> 
� 6%� ��GN� $��� cV	������ W18W 

 kha ābhyā  vā hato rāśi  trighna  kha aghanaikyayuk 
 W18W

Or, the [given] number ( rāśi ) multiplied by [its] two 
components and by three, added with the cubes of those 
components [gives the cube of the given number]. 

 s/�%&����fv� %�0��^_���X���� � 
 i�� ��  
.'F�5�� (�Y�b� �O $��X�4 W19W 
 �KcV(�� ;
V� ;
T���  �6%� (�4 � 
 �. k�� ��GN�� %�04 ����� % �� �m6 W20W 
 �KcV6%� ��GN� 9*��f;
 �6%� 6%� � 
 $��I H�����B 9
�5b�(� L X�4 W21W 

ityetadyuktaye’pyatra tulyayostrikayordvayo  �
  ekaika  p thagādāya sa śli e yat trikadvayam W19W  
  alpakha asama  pi e vistāre mahatā samam �  
  k tsnena rāśinā tulyam āyāme tattraya  tviha W20W  
  alpakha ahato rāśi  bhūyo’pi mahatā hata  �  
  trighnaśca syādghanaikyañca bhaveda āsu ca 
dvayam W21W  

Even for giving  the rationale of the above [algebraic 
expression], taking out one each from the two sets 

  Fig. 7       Blocks which are not perfect cubes can be rearranged to get a 
combined volume of   3(a + b)ab     

  Fig. 8       Cutting the cube at a given point  
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of three identical blocks and upon combining them, 
the resulting two sets of paired three blocks will have 
the smaller segment as height, the bigger segment as 
breadth and the unbroken number (sum of the two 
segments) as the length. This indeed becomes three 
[newly combined] blocks.   

 The unequal cuboids can be paired and conjoined along the 
side where both have the area ( phala ) as   a × b    (see Fig.� 7 ). 
The resulting three new cuboids will have one of its dimen-
sions as  a , other as  b  and the third as   a + b    .          

 If the given number is  N , and it is expressed as the sum 
of two components  a  and  b , then, the verse essentially gives 
the following algebraic expression:

     
 So, this result is essentially a rearrangement of the alge-

braic identity given in ( 1 ). 

 7    Dissection        proof of�yet�another algebraic 
identity 

 Having presented the dissection proof of the algebraic iden-
tity emplued since the time of �ryabhaa, in extracting the 
cube-root of a number, N�lakaha moves on to describe 

 (4)
N3 = (a + b)3

= a3 + b3 + 3 × (a + b) × a × b.
.

the dissection proof of another interesting algebraic identity 
which can be extensively made use of to simplify the arith-
metic involved in determining the cube of a given number in 
speci“ c instances. The identity under consideration in given 
in the following verse: 

   sb����j�GN
�� 
�b
F����GN��� � 

 s$% X��� ;
9�� f� J��� ����� ¡� ��� 	�� W22W 

     i onayugrāśivadha  ve avargaghnarāśiyuk �  
  iti dvedhā vibhakte’tra k etre yukti  sphured ghane W22W    

Or, by expressing the cube of a given number [ ghana ] 
in two parts as the product of [the three quantities]„
the given number, and the ones obtained by sub-
tracting and adding a desired number [to the given 
number]„added by the product of the square of the 
desired number and the given number. The rationale 
[for this] would be strikingly evident [ sphuret ].   

 Let  x  be the number whose cube is to be determined. Let  y  
be  i a , a number (such that   x > y    ) of one•s own choice that 
could be added or subtracted from  x . Then the “ rst half of 
the above verse essentially gives the RHS of the following 
algebraic identity (Fig.� 8 ):

     
This identity is proved through another geometric demon-
stration by N�laka ha.         

    7.1    Hands-on demonstration of the identity 
by dissection method 

   sb9�F� ;
5���%� cV��5�� ��\��O � 
 GNb���b��%�0�fH 
������ ¢YL5�
 L W23W 

     i abhāge vidāryaita  kha amādāya yojayet �  
  śi ene onatulye’sya pārśvayo  kvacideva ca W23W    

Having dissected [a cube] it at any desired portion [i.e., 
length along one of its sides], the slice that is removed 
is to be conjoined with the remaining cuboid along one 
of the adjacent [upright] sides whose measure has been 
reduced [by slicing a desired portion].   

    7.1.1    Dimensions of the Rearranged Blocks 

   ��GN��b��%�� H�O �����fH��
���F� � 
 ;
T���f
Ub6e��� ��GN��
 (�� ¢YLO W24W 

    rāśine ayutena syāt āyāmo’syaikapārśvaga  �  
  vistāro’pī ahīnena rāśinaiva sama  kvacit W24W    

The length  ( āyāma ) of one of the sides of this [rear-
ranged block] would be equal to the given number 

 (5)x3 = x(x Š y)(x + y) + xy2.

  Fig. 9       Rearranged block  

  Fig. 10       Volume by parts  
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increased by the desired portion and breadth ( vistāra ) 
on one side ( kvacit ) equal to the given number 
decreased by the desired portion. 

 ���Z ;��6%� cVT� H�£6%� (�� � 
 ;
T��� GNc��  %¤a� cV$�m� 
.'n. %� W25W 

 sb����GN�� %�0� ;
T��T&�%�� L � 
 ����� ��GN�� ;
V� �. k���
 (�� {�4 W26W 

     yatrai a nihita  kha astatra syānmahatā sama  �  
  vistāra  śikhare tasmin kha ayitvā p thakk te W25W  
  i onarāśinā tulyo vistārastadyutena ca �  
  āyāme rāśinā pi e k tsnenaiva samo hyayam W26W    

[On the side] where the [dissected] slice is placed 
( nihita  ), the breadth would be equal to the greater 
value (i.e., undivided given number). When the pro-
truding part ( śikhare tasmin ) is dissected and sepa-
rated, the width would become equal to di� erence 
between the given number ( rāśi ) and the desired por-
tion ( i a ), and the length would be its sum with the 
given number. In its height ( pi a ) it would indeed be 
equal to the given number.   

 As per the prescription of N�lakaha, from a cube with 
all sides of measure  x , a slice of width  y  ( i a ) is to be dis-
sected. Then it is to be attached to anyone of the perpendicu-
lar sides other than the one from which it was cut, as well 
as the side parallel to it as indicated in Fig.� 9 . It is further 
noted that the portion of the slice that is protruding has to be 
dissected. At this stage, the way these blocks will resemble 
is depicted in Fig.� 10 . Hence the dimensions of the bigger 
chunk of the rearranged block would be:

      
In addition to this, there will be one more block which has 
been obtained by chopping o�  the protruding part, as seen 
in� 9 . In the following verses N�lakaha presents the volumes 
of these two di� erent components that have been obtained 
by dissecting a cube.          

     7.1.2    Volumes of the New Blocks 

   cV� 
.'n. %�f�� �� ( L ��GN(��~�� $%� � 
 ;
T��������d�b%�0� 	����  X��� W27W 

 sb�����;
T��5�¥E ��GN(��~�� $%� � 
 �T� %X��f�� ��GN��b�. $%6�%� W28W 

 kha a  p thakk to’nyo ya  sa ca rāśisamocchriti  �
  vistārāyāmayori atulya  ghanaphala  dvayo  W27W  
  i onayuktavistāradairghyo rāśisamocchriti  �  
  yastatra tadvadho’nyatra rāśine ak tirhatā W28W  

length = (x + y), width = (x Š y), height = x.

The block that was separated [by slicing] indeed has 
the height equal to the given number, and its length 
and width are equal to the  i a  [measure of the thick-
ness that was sliced]. Now, for [obtaining] the vol-
ume of these two blocks, in one block whose breadth 
and length are  rāśi  diminished and increased by  i a  
respectively, their product with height equal to  rāśi , 
would have its volume, and in the other block, the 
square of  i a  multiplied by  rāśi  would give the vol-
ume. 

 i
� J��;
9�F�� 	�����d�6�;5%� � 

eva  k etravibhāgena ghanayuktirihoditā �

Thus,  in this way, by means of dissecting the blocks, 
the rationale behind the process of obtaining the cube 
[of a number] technique has been explained.   

 In the verse cited above, we come across the word  śikhara . 
This word literally means peak. However in this context, it 
is to be understood as something that is protruding. While 
delineating the procedure, it has been stated by N�lakaha 
that this portion has to be chopped o� . Having done this, we 
get two chunks whose volumes have to be computed. They 
are given by:

     

     
Adding ( 6 ) and ( 7 ), we obtain the volume of the entire cube

     
which is the same as the RHS of ( 5 ), thereby proving the 
algebraic identity.         

       8    Conclusion 

 It was shown in this paper that N�lakaha has provided 
rationale for three algebraic expressions by resorting to an 
elegant dissection proof. These ingenious proofs or  upapat-
tis  stand testimonial to the unique and novel pedagogical 
approach adopted by Indian mathematicians in order to 
understand the validity of a mathematical result. 

 Visual representation is a very useful and powerful way 
of communicating abstract mathematical concepts with the 

 (6)

Volume of the bigger block,
V1 = length × width × height

= (x + y) × (x Š y) × x.

 (7)
Volume of the small block,

V2 = y × y × x = xy2.

 (8)
x3 = V1 + V2

= x(x Š y)(x + y) + xy2,
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students. Using models and manipulatives enable learners 
to make connections between their own experience and the 
mathematical concepts that they learn from textbooks. It is 
particularly for this reason that such approaches have been 
strongly advocated and emphasized in recent times (Larbi 
& Mavis,  2016 ). 

 Even those students who are comfortable with arithme-
tic, face problems when it comes to dealing with algebra. 
Remembering algebraic identities becomes far more di�  -
cult for students who are not that mathematically inclined 
and even generates a phobia in their minds (Ojose,  2011 ). It 
is here that visual representations and do-it-yourself (DIY) 
techniques come in handy to facilitate students to recall and 
apply their knowledge rapidly and accurately to a variety of 
practical problems. 

 N�laka ha•s  Āryabha īyabhā ya  is especially a glow-
ing example replete with such ingenious demonstrations for 
various mathematical principles and results. In light of the 
above, it is clear that the study of commentaries with  upa-
pattis  can aid modern pedagogy, in addition to shining light 
on the workings of the minds of mathematicians of that age. 
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