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Abstract

The conceptualisation of negative numbers represents a fascinating aspect of mathematical development, characterised
by its evolution over time and its multifaceted applications across various disciplines. This paper embarks on a scholarly
exploration of this intriguing subject, focusing on a salient segment from Krsna Daivajfia’s Bijapallava, a detailed com-
mentary of Bhaskaracarya’s Bijaganita. It situates the discussion within its historical and scholarly context by examining the
complexities inherent in understanding ‘negative’ quantities. While briefly referencing the evolution of negative numbers
by notable mathematicians such as Brahmagupta and Bhaskara, the primary focus remains on dissecting a section of the
“dhanarnasadvidha” excerpt from Bijapallava, thereby shedding light on significant aspects of the discussion on negative

numbers.
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1 Introduction

The concept of numbers is one of the most ancient, impor-
tant, and fascinating inventions of the human mind. The rep-
resentation of numbers using different systems across vari-
ous civilisations over the ages is an amusing and engaging
story in itself.! Typically, the concept of numbers is intro-
duced to a child by using physical objects or their sketches
on paper. Therefore, we generally understand a number to
denote the count or measure of something. Consequently,
the notion of negative numbers and the notion of negativity
inherent in numbers would have been intriguing to people
for centuries.

In the textbooks on mathematics, negative numbers are
generally denoted by positioning them to the left of zero on
a numerical line. Despite the commonplace usage of phrases
such as “negative thinking,” the precise connotation of nega-
tivity as an attribute of or adjective for numbers may not
be immediately apparent to those encountering it for the
first time. Upon observing the number line, one may intuit
that negative numbers denote quantities lesser than zero.
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However, a more thorough investigation is necessary to fully
ascertain their conceptual significance.

This paper aims to explore the conceptualisation of nega-
tive numbers by delving into a salient textual excerpt from
Krsna Daivajia’s Bijapallava, focusing on the conceptu-
alisation of negative numbers. To provide a comprehensive
understanding, it situates this investigation within a broader
historical and scholarly context, emphasising the complexi-
ties inherent in grappling with the concept of negatives.
Drawing on a rich lineage of mathematical thinkers includ-
ing Brahmagupta and Bhaskara, the paper traces the trajec-
tory of negative numbers in Indian mathematics. It discusses
how negative numbers were applied in diverse fields such
as accounting, algebraic expressions related to spherical
trigonometry, and astronomy. Given that Bijapallava is a
prominent commentary of Bijaganita, the paper also exam-
ines the significance of commentarial traditions in shaping
mathematical discourse in ancient India. By closely scruti-
nising a specific excerpt from the “dhanarnasadvidha” of
Bijapallava, the paper aims to illuminate how the complex
concept of negative numbers was elegantly introduced,
highlighting the practical applications associated within the
Indian mathematical tradition.

! Ifrah (2000).
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2 Precursor to the notion of negative
quantities

The terms that are generally used for the positive (+ve) and
negative (—ve) quantities in the Indian mathematical trea-
tises are dhana (wealth) and rpa (debt) respectively. One
of the earliest references for the use of the word rna can be
traced back to the Vedic corpus. We have the following pas-
sage in the Krsna-yajurveda:

STEEET < STRIUIRERUMET ST SEreoT st 9 a9
TS U U 97 SFOT F: YT I FRERERIT deaamRard
T AGITAAM T | (@FRE=EdT &.3.90.4)
jayamano vai brahmanastribhirrnava jayate brahma-
caryena rsibhyo yajiiena devebhyah prajaya pitrbhya
esa va anrno yah puttri yajva brahmacarivasi tada-
vadanairevava dayate tadavadananam avadanatvam |
(Taittiriyasamhita 6.3.10.5)

The above passage essentially states that an individual is
born with three debts, namely:

1. the debt towards the seers and scholars of the past,
whose wisdom has provided us with a vision to shape
our lives and build a harmonious atmosphere around us,

2. the debt to the nature around us (personified as divine
forces), whose blessings have provided us with a con-
ducive environment to live, and finally

3. the debt towards the ancestors in our family, to whom
we completely owe our existence today.

This passage was cited primarily to draw readers’ attention
to the use of the the word ‘rna’ in one of the most ancient
literatures that has survived intact to date. Since further dis-
cussion on this topic is not germane to this paper, without
much elaboration, we will proceed to highlight other ancient
texts that discuss negative quantities.

3 Brahmagupta’s rule for dealing
with negatives

By the 7th century CE, one of the most prominent Indian
mathematicians, Brahmagupta, discussed the application of
negative numbers in detail. It has been generally accepted
among the historians of mathematics that he was the first to
provide a detailed explanation of operations involving both
positive and negative numbers. His contributions include
the conceptualisation of zero as the result of subtracting a
number from itself and the formulation of rules governing
arithmetic operations on negative and positive numbers,
as well as surds. Negative numbers feature prominently in
Brahmagupta’s treatise, Brahmasphutasiddhanta (628 CE).
The following verses from the 18th chapter illustrate the
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arithmetic of zero, positive and negative numbers and it is
noteworthy that, with the sole exception of zero divided by
zero being zero, these are identical to their counterparts in
modern algebra:?

ERIBEL ML HRI SRR RIEE R EERREL

HOTHRT T ITGOTITEAT: 24T 3 119¢.30 1|
FATIRHOT g et ZEThE |

ZTTe QT UAOTTEoT SATET et §72 119¢.3R1
FHOTOTIATETAr Ut o sTafd |

IV WA WA T4 3 119¢.33

AVTh IOTEAY 0T 9 HaTd @ @ @ |

AHYO THO0T I gaqOTOT Hatd 19¢.3¢ I

WlegaoT U= a7 deeba @HOTIATE T o7 |
FOTITAET: W& & @ g Hiadd ad 119¢.34 11

dhanayor dhanam rnam ynayor

dhanarnayor antaram samaikyam kham |

rnam aikyam ca dhanam ynadha

nasunyayoh sunyayoh sinyam ||18.30]
sanyavihinam rpam rpam

dhanam dhanam bhavati sinyam akasam |

sodhyam yada dhanam rnad

rnam dhanad va tada ksepyam ||18.32||

rnam rnadhanayor ghato

dhanam rnayor dhanavadho dhanam bhavati |
siunyarnayoh khadhanayoh

khasunyayor va vadhah sianyam ||18.33||
dhanabhaktam dhanam rnahrtam

rnam dhanam bhavati khabhaktam kham |

bhaktam rnena dhanam rnam

dhanena hrtam rnam rnam bhavati ||18.34||
khoddhrtam rnam dhanam va

tacchedam kham rnadhanavibhaktam va |
rnadhanayor vargah svam

kham khasya padam krtir yat tat ||18.35||

... [The sum of] positive (dhana) and negative (rna),
if they are equal, is zero (kha). The sum of a negative
and zero is negative, of a positive and zero is positive
and of two zeros, zero (Sinya).

...Zero subtracted from negative is negative, from posi-
tive is positive, and from zero is zero (akasa).

... The product of zero and a negative, of zero and a
positive, or of two zeroes is zero.

...A zero divided by zero is zero. ...A positive or a neg-
ative divided by zero is that with zero-denominator.

The treatise presents precise guidelines for the arithmetic
of negative numbers, with positive and negative integers
denoted by the terms dhana and rpa: literally meaning
“wealth/ fortune” and “debt” respectively. It is, therefore,

2 Brahmasphutasiddhanta of Brahmagupta, Ed. with his own com-
mentary by Dvivedi (1902, verses 18.30-35, pp. 309-310).

3 Ramasubramanian and Srinivas (2010, p. 204).
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evident that the practice of accounting is highly likely to
have facilitated the natural integration of negative numbers
into arithmetic computations.

4 Compelling contexts for the evaluation
of negatives

The conjecture that it was the highly developed tradition
of accounting in India which led to a fuller understand-
ing of negative numbers has some scholarly endorsement
from Mattessich.* However, David Mumford, in his emi-
nently readable historiography entitled “What’s So Baffling
About Negative Numbers?” muses as to “what considera-
tions led Indian mathematicians in the late centuries BCE
or the early centuries CE to these conclusions—especially
for the multiplication of negative numbers” and points out
how the introduction of negative numbers paved the path for
deeper explorations in algebra:’

Perhaps the deepest of these was the Indian work on
Pell’s equation x“ — especially finding solutions for
m : Brahmagupta himself made the first huge step,
discovering the multiplication law arising from the
factorization

2= Ny? = (x + VNy)(x — VNY).

More exactly, he showed how from solutions of the
equation for my,m,, one gets one for their product
m = ml e mz.

Additionally, early contributions to Indian mathematics were
closely interwoven with advancements in astronomy, calen-
drics, and time reckoning. Mathematical inquiry, as well as
the development of mathematical concepts and techniques,
served, at least initially, as an auxiliary discipline to facili-
tate and aid the practical needs of understanding celestial
phenomena and maintaining accurate time measurements.

The conceptualisation of the negatives was also applied in
Indian astronomy.® In the tradition of astronomical scholar-
ship of specifying variables pertaining to astronomical meas-
urements, negative numbers find yet another application in
the realm of coordinates, particularly in measuring celestial
latitude (separation along a great circle, perpendicular to
the ecliptic) or declination (separation along a great circle,
perpendicular to the celestial equator) of celestial objects
such as planets and stars.

4 Mattessich (2000, Chap. 7, pp. 129-143).
5 Mumford (2010, p. 124).

¢ See Mumford (2010, p. 124).

The conception of these physical quantities measured in
opposite directions as positive and negative becomes evi-
dent from the exposition provided by Krsna Daivajiia (see
Sect. 7.4.2). Despite the natural fit for negative numbers
in these contexts, tradition often dictates the use of north/
south designations rather than positive/negative, posing a
challenge to altering this convention. However, in the con-
text of converting a pair of values specifying the position of
the planets in one coordinate system to the other and when
calculating the rising times of the Sun, etc., positives and
negatives frequently need to be incorporated into formulas.
They are also employed in the calculation of the duration of
lagnas, as well as in determining sine values themselves.
Thus, we find compelling contexts where rules for nega-
tives are used.

5 Commentatorial traditions in Indic
scholarship

Usually, the source texts in the Indian tradition, particularly
in ancient times, have been composed adopting a terse style
of versification. This is true irrespective of the discipline—
be it philosophy, aesthetics, astronomy or mathematics.
Consequently, in order to fully appreciate the content of
these texts, we need to resort to commentaries authored at
much later times, sometimes even a millenia later. Within
Indic scholarship, commentaries serve a significant function
not only in understanding the content of the text, but also
in appreciating the epistemic structure of knowledge sys-
tems. Consistent with the customary practice, we encounter
multiple commentaries on a single text, be it in philosophy,
literature, music, astronomy or mathematics. For instance,
Lilavatr of Bhaskara II, undoubtedly one of the most ele-
gant and foundational texts in the genre, has several extant
commentaries, such as Buddhivilasini, Kriyakramakarr,
Lilavativivarana, Lilavativasana, Ganitamrtalahari and
so on. Likewise, his Bijaganita garnered considerable
scholarly attention in the commentatorial tradition. This
prominence prompted numerous scholars to produce com-
mentaries on the text, including Balabodhini (also known
as Bijodaharana, Bijaganitavivrti, or Bijaganitavyakhya),
Bijapallava (alternatively titled Bijavivrti-kalpalatavatara
or Kalpalatavatara), Bijavivrtikalpalata, Bijaprabodha,
Bijaganitatika, and Siryaprakasabijavyakhya.” Of these,
Krsna Daivajfia’s Bijapallava seems to have been the most
popular one.

7 See Footnote 21 of Chapter 1 in Ram (2012) that refers to Sen
(1966).
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6 Krsna Daivajiia’s Bijapallava
Krsna Daivajiia’s Bijapallava is an extensive commentary
on Bhaskaracarya’s Bijaganita, written during the late six-
teenth century. We can comprehend how elaborate this com-
mentary is from a succinct note provided by the author him-
self. At the end of the commentary, after presenting a brief
account of his academic lineage—just as Bhaskara himself
does—Krsna Daivajfia notes that his commentary altogether
has about 4500 granthas:

TR IFERAEAT 884 |

evamadito granthasamkhya 4458 |

Thus, the number of the granthas from the beginning
is 4458.

Though the word grantha has various connotations, in this
context, it means 32 syllables, which is essentially what a
verse composed in anustubh metre has. Bhaskara at the end
of Bijaganita notes:

FATEH & AqAezah [ |

atranustupsahasram hi sasiutroddesyake mitih |

In this (book), including sitra and uddesya, the meas-
ure is one thousand anustups [32000 syllables].

Thus we see that the commentary, Bijapallava, is approxi-
mately 4.5 times larger in size than the text Bijaganita, along
with his own vasana by Bhaskara.®

6.1 Lineage of Krsna Daivajiia and his work

Krsna Daivajiia, a distinguished scholar of his era, belonged
to a venerable lineage of astronomers and mathematicians.
His academic and genealogical lineage, detailed at the end
of his work Bijapallava, reveals a rich heritage of scholarly
excellence and devotion. His ancestor Srike$ava, a master of
the discipline of ganita, passed down his extensive knowl-
edge to Ganesa, whose virtuous fame and mastery of jyotisa-
Sastra were highly celebrated. Ganesa’s nephew, Nrsimha,
carried this tradition of excellence forward, and his disciple
Visnu further advanced their scholarly lineage. It was under
Visnu’s guidance that Krsna Daivajiia studied all the three-
branches of jyotisa and emerged as a preeminent scholar.
Fig. 1 provides the academic lineage of Krsna Daivajiia over
three generations.

Krsna Daivajfia’s familial lineage, delineated in Fig. 2, is
equally illustrious. His ancestor Cintamani, known for his
devotion and virtues, was revered to the extent that God-
dess GaurT herself is said to have appeared in response to
his prayers. Cintamani’s lineage included Rama, a highly

8 As these texts involve equations and numerical values, how exactly
the count of syllables is made is a matter of investigation in itself and
may be worth undertaking.
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Srikesava

/

Ganesa

[Unnamed Brother]

Nrsimha

Fig. 1 Academic lineage of Krsna Daivajia

esteemed figure whose foresight was sought by the King
of Vidarbha. Rama’s sons, Trimalla and Gopiraja, and sub-
sequently Trimalla’s son Ballala, continued to enhance the
family’s scholarly reputation. Ballala’s son, Krsna Daivajiia,
maintained and elevated this legacy through his many nota-
ble contributions.

Krsna Daivajiia produced the Chadakanirnaya, an origi-
nal piece on eclipse calculation, and several other scholarly
commentaries, including those on Bhaskara’s Lilavati and
Sripati’s Jatakapaddhati. Furthermore, he is said to have
played a pivotal role among the cohort of scholars at the
court tasked with the Sanskrit translation of Ulugh Beg’s
astronomical tables.

6.2 The dedication in Krsna Daivajiia’s
Bijapallava

In Bijapallava, Krsna Daivajia poetically describes the
emergence of his work by invoking the metaphor of a seed
sprouting from the earth. The following beautiful verse
in vasantatilaka metre is embellished with two figures of
speech, slesa (puns) and ripaka (metaphors):

RS AUNEE LI RIRECICY

JoTied TepoTasTa 2 e |

AR OTHHATRT foaRaT-

R ARSI ad T4 11 & |

vadbhdskarena nijadhamagunatirekat
sampaditam sagunavargaghanam hi bijam |
tatkysnabhimimadhigamya vicaravari-
samsiktamarikurajanusyabhavat samartham |l 6 ||

The verse can be interpreted in two distinct ways due to the
dexterous usage of certain words that have double meaning.
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Cintamani

Ballala

Fig. 2 Family lineage of Krsna Daivajiia

The key phrase in the verse is ‘vicaravari’. The word
‘vicara’ means contemplation, and ‘vari’ is water. These two
words, independently connected with the rest of the words in
the verse give rise to the two distinct interpretations because
of the nimble choice of a few other words. Table 1 presents
a list of such slista words in the verse that provide the pun
and enable us to have two layers of interpretation.

With one set of interpretation of the words (column 2 in
the table), clubbed with an eloquent metaphor for the crea-
tive process that led to the writing of the text, we get the
following meaning:

The seed (bija), dense with a set of virtues
(sagunavargaghanam), which was nourished by
the Sun (yad bhaskarena), having found the [fer-
tile] black soil (krspabhiimi), sprinkled with water
(varisamsiktam), became capable of producing a
sprout.

A more nuanced reading in the context of algebra and the
tradition of Indian mathematics choosing the other set of
interpretation, we device the following meaning:

Algebra or bijaganita, involving intricate discus-
sions of scalar multiples, including exponents such as
squares and cubes (sa-guna-varga-ghanam), curated

originally by Bhaskaracarya [in his work Bijaganita]
and nourished by the contemplative intellect of
Krsna Daivajiia, led to the birth of the commentary
[Bijapallaval.

In another verse, the commentator, without shying away
from openly admitting, articulates that enormous efforts
have been invested in composing the commentary.

BRI EIERERINEREIERE]

AN 38 & TRATHAS: |

g el serdier ada g

TR o TR RS 1l ol

yairyaih Sramair viracito sti navankuro sau
tesamabhijiia iha kah paramatmano 'nyah |

ittham vicintya jagadisa tavaiva tustyai

sarvajiia te caranayor nihitas tato’yam 1 7 |l

Who, other than God, is aware of the [stupendous]
efforts involved in producing, i.e., composing this new
sprout (navankura) [namely the work Bijapallaval.
Thinking along these lines, O the Omniscient (sarva-
jfia) and the Lord of the universe, this work is placed
at Thy feet in order to please Thee alone.

The implication of what Krsna Daivajiia conveys in the
above verse is:-

Since the scholarly world, out of envy or jealousy, may
not appreciate much the tremendous and sincere efforts
that have been put by me in elucidating Bhaskara’s
work, I am more than happy dedicating this work to
Thee, as it has been successfully completed to my
heart’s content by Thy grace!”

Modern scholars have particularly valued Bijapallava
as this commentary features demonstrations and deriva-
tions of mathematical rules and relationships (referred to
as upapatti) that include hypothetical dialogues between

Table 1 Meaning of some of

" > Slista words
the words with figurative usages _

Literal reading

Interpretative variation

such as slesa (pun) and ripaka e The Sun Bhaskaracarya
(metaphor) . o ..
T light or effulgence brilliance or ability
Pyl virtues, qualities or merits a factor or a scalar multiple
T set or category square or exponent of two
T dense cube or exponent of three
EiS seed Bijaganita, the text, as well as algebra
WI&[ black soil Krsna Daivajiia

% 1t is typical in Indian tradition to not take pride in one’s accom-
plishments and to dedicate the effort and fruit of one’s endeavours to
the Almighty.
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the commentator and an imagined interlocutor. It also
analyses fundamental mathematical concepts that underpin
the algorithms, such as zero, unknown quantities, nega-
tive numbers, explorations into issues of determinability
and conditions for solvability, among other topics. It has
sections dedicated to the six mathematical operations,
the pulveriser (kuttaka), indeterminate equations of the
second degree, equations with one unknown, as well as
equations with multiple unknowns. The text has under-
gone several editorial revisions, including those by Apate
(1930), Radhakrishna Sastri (1958), and Vasisht (1982).
The Bijapallava presents intricate mathematical problems
and stands out for its incorporation of upapatti. Though,
etymologically, the word upapatti has many a nuances in
interpretation, in a broad sense, it can be understood as
“explanation,” “reasoning,” “proof,” “demonstration,” or
“derivation,” depending upon the context in which it is
employed. We now move on to present the detailed upa-
patti given by Krsna Daivajiia to drive home the concepts
of negative numbers.

EEINT3

7 Conceptualisation of negative numbers:
textual analysis of the excerpt
on dhanarnasadvidha from Bijapallava

The excerpt “dhanarnasadvidha” of Bijapallava follows a
meticulously structured approach, systematically introduc-
ing and expanding upon mathematical concepts in a logical
sequence. As noted earlier, the terms dhana and rna refer
to wealth (possession) and debt as well as positive and
negative.

7.1 Introducing positive and negative
through commonplace example

The section under consideration, a prose piece, commences
with the sentence:
TS ITETIRA AT U | ST AT Rdcth
ST ETAHeh TS [Toatd Ardet-i=r FaeR: |
evam devadattasya mudratrayamekam dhanam | any-
adapi mudracatustayam dhanamastityukte astyasya
mudrasaptakam dhanamiti vilasati sarvajanino
vyavaharah |
Thus, Devadatta has three mudras. If you say that he
has another four mudras, then that he has [totally]
seven mudras in his possession is a common discourse
among all people.

@ Springer

The fundamental mathematical concept of addition is
mentioned at the outset. The commentator uses an illus-
tration featuring a character named Devadatta. Described
as possessing three mudras or coins'® initially, Devadatta
is said to further have four additional mudras [received
as a gift]. It is then of common knowledge (sarvajanino
vyavaharah) that Devadatta is now in possession of a total
of seven mudras.

Taking the discussion further ahead, the commentator
states that if Devadatta has three mudras of wealth in his
possession, and a debt or rra of four mudras, then, again,
the prevalent notion among all (sakalajanasadharano
vyavaharal) would be that he has a debt of one mudra. Like-
wise, if he has a debt of three mudras and has four mudras
with him, then he would be thought of as being debt-free
and having a mudra left with him. Here, the commenta-
tor is, in essence, evoking, illustrating and expatiating upon
two quotes from Bijaganita that he employs to serve as
the foundation for his subsequent conceptualisations and
discussions:

RINRCEICRIRRIEERICH

TTOIR=ARHT - |

yoge yutih syat ksayayoh svayorva
dhanarnayorantarameva yogah |

When the two numbers are both positive (dhana) or
negative (rna) then the sum (yoga) is obtained by addi-
tion. [If not] the difference of the positive and negative
is the sum.

It is well known in the world, that if the positive (wealth in
one’s own possession) and negative (debt) are of equal mag-
nitudes, they nullify each other leading to zero as net posses-
sion. On the other hand if they are of different magnitudes,
then whichever is of greater magnitude is what remains posi-
tive or negative as the net possession. The basic idea is that
two debts can be combined into a single debt of greater mag-
nitude. This narrative introduction sets the stage for further
explanation and exploring mathematical operations within
a relatable framework.

7.2 The fundamentality of addition

Following this introduction, the commentator goes on to
mention, in passing, the fundamental arithmetic operations
of addition and subtraction (samkalana and vyavakalana) of
both fractions and whole numbers (bhinnanam abhinnanam
ca). He also justifies the inclusion and omission of certain
operations for whole numbers or integers (ripavarna)

10 The word mudra refers to coins with emblems, generally used for
transactional purposes. These could be of gold, silver or any other
metal.
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vis-a-vis surds (karant). Then he notes that it is apt to intro-
duce addition before other operations such as subtraction, as
they are all dependent on addition (samkalanopajivakatva).
Subtraction as well as multiplication are based on addition.
Here subtraction is visualised as the addition of a negative
value:

T IO AT T AT TS ST T ahch i

tathapi dhanarnatavyatyasamatravilaksanasya

Even then, it [the subtraction] is different [from the
addition] only because of the nature of the quantities
being positive and negative.

Addition with a negative quantity gives the difference. When
both quantities are negative, they are added using the math-
ematical operator of addition. The following verse from
Bijaganita is quoted in this context to bring greater clarity:

Tz HoTaHfd W saeaeiashad |

samsodhyamanam svamynatvameti svatvam
ksaya-stadyutiruktavacca |

A positive [number], that is being subtracted
(sams$odhyamanam), becomes a negative [number],'!
and, a negative [number] (ksayah) [becomes] positive.
And their addition is as stated earlier.

In providing the translation to the above verse, it may be
noted that we have supplied that verb efi which means
‘becomes’ again. It is quite common in Sanskrit tradition
to be highly conservative and unostentatious with respect
to the use of words. That we are right, and have not taken
any additional liberty in doing so, is evident from the com-
mentary. It is said:

date e afe woradta | Ife srarsiay afg aaafa |
tadyadi dhanamasti tarhi rnatvameti | yadi ksayo sti
tarhi dhanatvameti |

If it (i.e., the quantity to be subtracted) is positive,
then it (positive) becomes negative. If it is negative
(ksaya), it becomes positive.

Having succinctly summarised how to deal with the basic
mathematical operations, the commentary proceeds to very
systematically introduce the concept of negative quantities.

"'In our translation, we have consciously rendered the term
‘rnatvameti’ as ‘becomes a negative [number].” A more literal transla-
tion would be ‘gains negativeness.” This nuanced translation choice is
significant, as it reflects the typical usage found in Sanskrit literature.

7.3 Do negative numbers really exist?

It was quite natural for Krsna Daivajfia to commence the
discussion with positive quantity and first establish the fun-
damental and straightforward nature of the addition rule
(samkalana), before elaborating extensively on subtraction
(vyavakalana). This is because even in real-world scenarios
such as borrowing money, the borrowed amount is, after
all, a positive quantity. These descriptions may prompt the
readers to embark upon thinking that negative quantities
exist solely at a conceptual level; there are no real negative
numbers. Whatever needs to be removed from one’s pos-
session or deducted is conceived as negative. Again, when
two quantities, both of the same nature positive or negative
(ksayayoh va svayorva), need to be added, the operation
is addition. So, shall we say that the negative numbers are
mere mental constructs?

From a certain viewpoint, yes we can say so and this can
be appreciated too. However, negative numbers are as fun-
damental as positive numbers in mathematics! If negative
numbers are mental constructs so too are positive numbers!

In mathematical computations, we require negative
notations to accurately represent situations such as debt
or deficits. More often than not, it is such real-life needs,
applications and observations that inspire specific modes of
mathematical reasoning and abstraction, ultimately leading
to the conceptualisation and creation of abstract yet highly
useful entities such as negative numbers.

7.4 Categorisation of negative entities: spatial,
temporal and possessional

In the ensuing portion, Krsna Daivajiia proposes a lucid
categorisation of the concept of negative entities into three
distinct types:

HOTHE T araeiRa - <31, Foa:, Tegadia |
rnatvamiha tridha tavadasti - desatah,
kalatah, vastutasceti |

Negativeness is indeed of three types — pertaining to
location (or space), time, and possession (or ownership)
[of objects].

He also defines the negative [in each of these categories]
as oppositeness or contrariety: tacca vaiparityameva. The
negative is thus characterised by polarity, antithesis, or pos-
sessing an opposite character. Furthermore, it is noteworthy
that the passage extends its exploration beyond basic arith-
metic, delving into broader applications of negative values.

The concept of the negative with respect to space is
explained using three examples.
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7.4.1 Geometric demonstration of the negative in terms
of directionality

The first demonstration or upapatti uses a geometric con-
struction described in the text Lilavati. The case in point
is verse 168, appearing in the chapter on geometry titled
“Ksetravyavahara”. This verse is presented by Bhaskara
as a problem to be solved in connection with finding the
alititude (/lambaka) of a triangle. This specific problem is
entitled rnabadhodaharana which means an example when
the abadha'? is negative:

TETATEEIHT i st I Ty e |

AT TG ¥ AT IOTA IMOITThrl a7 11 95¢ I
dasasaptadasapramau bhujau

tribhuje yatra navaprama mahi |

abadhe vada lambakam tatha

ganitam ganitikasu tatra me || 168 |

In a triangle which has sides of measure 10 and seven-
teen and the base is measured nine, O mathematician,
tell me immediately the altitude (lambaka), the two
segments (abadhe) of the base and the area (ganita).

The problem posed by Bhaskara can be understood with
the help of Fig. 3. Here ABC is the triangle whose two sides
and the base are specified in the verse to be 10, 17 and 9
respectively. Now the problem is to find the altitude BD. It
is evident that the triangle ABC is an obtuse triangle. Hence,
Bhaskara demonstrates how to find the solution to the prob-
lem. He indicates that the two abadhas, AD and CD, are 15
and 6 respectively. The foot of the perpendicular, BD, falls
outside the base AC of the obtuse triangle ABC, forming a
negative abadha, CD. Of this excellent geometric demon-
stration of the conceptualisation of negative distance, Mum-
ford remarks as follows:?

This is stated so casually, as if it were common wis-
dom, that one can only conclude that this way of think-
ing about negative distances was well-known in his
time. Nonetheless, as we will see, it doesn’t occur in
Europe before the work of Wallis near the end of 17th
century.

Krsna Daivajia observes that, in terms of directionality, the
rnabddha has the nature of reversal or viparitasya bhava as
is required by negative entities:

12 The word abadha is a technical term in Indian geometry for seg-
ments formed by the foot of the perpendicular drawn to the base of
the triangle. This word a@badha is also referred to by other terms such
as abadha, avabadha, kukhanda, bhitkhanda, etc. in the literature.
For instance, in the verse quoted above, it is called abadha. Else-
where in Lilavati Bhaskara uses the term abadha.

13 See Mumford (2010, pp. 126-127).
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Fig. 3 Illustration of rrabadhodaharanam in the Lilavati

FEOTTAT STSTHT feva o s 2 |

rnagata abadha digvaiparityena ityartha iti |

The abadha on the negative side is because of the
opposition in direction.

In the next upapatti, this notion of the negative in direction-
ality is taken a step ahead.

7.4.2 The negative visualised with the aid of number
line and directions

In the earlier geometric example, the concept of the nega-
tive in the context of directionality assumes that the two
segments lying on either side of C are designated as positive
and negative. This suggests that the measurements are posi-
tive in one direction and negative in the other. This idea is
neatly elucidated by Krsna Daivajiia as follows:

= vt v REar | fadia fes foodiar fes sg=aa, o
YaTaRIAT af ST e, T ar SoRfefamiar gfgrom faw ganfs |
TIT < YATIRSIATH Thde 99 Hicqd o Ui dfed=
T |

tatra eka rekha sthita | dvitiya dik viparita dik ityucy-
ate, yatha pirvaviparita pascima dik, yatha va uttara-
digviparita daksina dik ityadi | tatha ca pirvapara-
desayormadhye ekatarasya dhanatve kalpite tam prati
taditarasya rnatvam |

There is [essentially] one line. [Having marked a point
in that line], the other direction is said to be the oppo-
site direction, much like how east is opposite to west,
or south is opposite to the north and so on. Thus among
the eastern and the western regions, if one is desig-
nated as positive, then the other is considered negative.

Here, rnatva (negativeness) is introduced by invoking the
concept of displacement along the opposite (viparita) direc-
tions in a line, by considering segments along the line in
opposite direction, having chosen a point of reference in that
line as ‘origin’. This, dating back to circa 1150 AD, could be
deemed as “the first occurrence of the “number line”, of using
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Fig. 4 Illustration of the
negative visualised with the
aid of number line and cardinal
directions

e/ West

positive and negative numbers as coordinates on either side
of an origin.”'* Having discussed the notion of negativity in
connection with the displacement along a line in the opposite
directions, the commentator next proceeds to conceptualise
the negative using observational astronomy (Fig. 4).

7.4.3 Use of negatives in connection with the motion
of celestial objects

The phenomenon of apparent retrogradation among plan-
etary bodies in the solar system has long intrigued ancient
astronomers. All the celestial bodies, the Sun, Moon, planets
and stars have a certain uniform motion westwards.'> This
motion (from east to west) is purely apparent and is due to
the rotation of the Earth. However, the Sun, Moon and plan-
ets have their proper motion towards the east, and this causes
their longitudes to increase. Of course, the rate at which the
longitude increases is different for different celestial bodies.

For the Sun and the Moon, the longitudes keep increasing
continuously. On an average, the rate at which the Moon’s
longitude is = 13°/day whereas for the Sun it is close to one
degree per day. In the case of planets, as they keep traversing
eastwards, something bizarre happens. During their orbital
motion, at certain points in their orbits, the planets appear to
take a momentary halt from their eastward drift. And in the
subsequent days, it would appear as if they are moving west-
wards having taken a reverse course in their motion. This
phenomenon could continue for a few days, a few weeks,
or a few months (as in the case of Saturn) depending upon
the planet. After this, once again they may halt momentarily
and continue their eastward motion.

In this manner, all the five planets, Mercury, Venus, Mars,
Jupiter and Saturn—that are visible to the naked eyes—seem
to exhibit this kind of ‘strange’ motion called retrograde in
English and vakragati in Sanskrit, of the planets noted by the
observers on the Earth. This apparent reversal in direction of
motion has to do with the relative positions of the planet, the
Earth, and the Sun. Krsna Daivajiia invokes this particular

!4 See Mumford (2010, p. 126).

15 In fact, all the clocks (digital or otherwise) have been designed to
work in accordance with this apparent westward motion of the celes-
tial sphere along with the celestial objects.

planetary phenomenon called viparitasya bhdva to illustrate
dhanarnatva, the notion of positive and negative:

QT 7T Je: TR et ae1 78 Td e

T qafa | 9T a7 TSR O ATag T8: I et
AqTad fEHYH BT | TR S esdaH T g
ez |

purvagaterdhanatvakalpane yada grahah pascima-
gatirbhavati tada grahe gatitulyakala ynambhavati |
yatha va pascimabhramasya dhanatve yavad grahah
pirvato gacchati tavat pascimabhrame rnamiti |
daksinottaradesadisvapyevameva dhanarnatvam bod-
hyam |

If movement towards the east is considered posi-
tive, when a planet moves towards the west, then that
amount of motion in minutes (gatitulyakala) is consid-
ered negative. Conversely, if the westward movement
is regarded as positive, then as much as the planet
moves eastwards, that much (tavat) is conceived to
be negative (rpam) in [terms of] westward motion
(pascimabhrame). It may be understood that this way
of conceiving positive and negative is applicable to
the regions in the north-south directions and so on. '

Here the commentator brilliantly makes use of the com-
monly observed phenomenon of apparent retrograde motion
of planets to explain the concept of negativity. This choice
could be based on two reasons:

e to facilitate the understanding that the system of positive
and negative is not confined to describing things in the
terrestrial frame, but also in the celestial frame.

¢ to indicate that what matters is the directionality that is
invoked by us in describing the phenomenon and not
whether the direction is conceived on the ground or in
the space.

Given that astronomy or jyotisa is essentially the science
of time reckoning (kalavidhana sastra), it is fairly intuitive
that the text next addresses time as a means to conceive of
the notion of the negative.

16 What the author indicates subtly here is the way the declination of
the celestial bodies is conceived and specified in astronomy for the
purpose of calculation.
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7.5 The concept of the negative in temporal terms

Having introduced the concept of -ve numbers using spatial
coordinates, Krsna Daivajfia moves on to explain the same
by making use of the concept of travelling back in time. The
negativity of earlier and later times may be exemplified in
determining the day as well as through the organisation of
the days of the week, where each day follows a sequential
order from the beginning (Sunday) to the end (Saturday):

e JaTRAIAT: ST 0T TR IR |

evam purvottarakalayoh anyonyam rnatvam
varapravrityadisu prasiddham |

Similarly, the relativity (anyonya) of the negativity of the
previous and later times (pirvottara kala) is well known
with reference to the passage of the day and so on.

We know that the past was indeed present and the future is
also going to be present. Thus, Krsna Daivajiia, by present-
ing this example, buttresses the notion of negativity by help-
ing us think of the concept in multiple ways.

7.6 The concept of the negative in ownership

The concept of negative quantities is further elucidated in
the context of ownership or possession. Here, the vaiparitya
is demonstrated concerning the relationship of ownership
(svasvamibhava-sambandha). An entity is considered to
belong to someone only as long as one can assert posses-
sion over it according to prevailing norms. When wealth is
lost or transferred, what is truly lost or transferred is one’s
association or sambandha with the svamibhava or ownership.
Hence, in the transfer of ownership, when one party gains
possession, the other has to necessarily lose. This idea of
reciprocal nature of ownership of wealth/ properties and its
connection with declaring them as positive (dhana) and nega-
tive (rna) is beautifully brought out in the following passage:

o

Td I TG I AT T4 d deg A
Hafgad | ARAT TIRIS T IR FRATHHIE: H=-: |

7T gEARATHG 9 ATafd TAaRaT iR drad SaaRd
Huiafa argad |

evam yasmin vastuni yasya svasvamibhavah
sambandhah tasya taddhanamiti vyavahriyate | tasmin
vaiparityam tu parasya svasvamibhavah sambandhah |
ato devadattasvamike dhane yavati yajiadattas-
vamikatvam tavat devadattasya ypamiti vyavahriyate |
Similarly, when an entity is considered as belonging
to a person, it is deemed as his wealth; [and, therefore,
positive]. The converse [i.e., rna] is the case when
the ownership of that entity shifts to another person.
Therefore, that portion of Devadatta’s wealth over
which Yajfiadatta acquires ownership [by property
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transfer] is to be declared as Devadatta’s debt [and,
therefore, negative].

Similarly, an entity is described to be the wealth (dhana) of
a person as long as he possesses ownership over it.

7.7 Upapatti using “desa”—a geographic example
to elucidate the concept of the negative

Krsna Daivajiia’s discussion on negative numbers using geo-
graphical locations to elucidate the concept is indeed capti-
vating. The discussion explores the geographical relationship
between three cities, all considered holy and pilgrimage spots.
Of the three cities, two of them, Varanasi and Prayaga are
mentioned by names. The third one is simply described by the
term ‘pattana’ and is stated to be on the banks of the Ganga.

Furthermore in this discussion, Varanast is thought of
as the centre or origin. The ‘pattana’ is 15 yojanas towards
the east from Varanast and to the west of Varanasi, in eight
yojanas, is Prayaga. So, the distance of separation (antara)
between the pattana and Prayaga is 23 yojanas. As the
description presented by Krsna Daivajia is quite elaborate,
discursive and self-explanatory, with this brief introduction,
we straight away present the original passage along with the
translation without making any further remarks or attempts
to paraphrase it at this stage:

NITATRI: T ST qReRTT3T Tgaerg Aoy
Tt-aRfgol-dR-faeRy aaf frossh uo=m | gwoTefer ar
TG ATHY = IIEH-TATHS-Td g - aT-aRg- T

IRETEHTITS: GIAGhGIos: TIARINEIHd: AT<S-
BEIRTHAT ST ATRTST: JamT: |

TR IATT TR G ITATER A Far-fazrfa-
AISTATHRH 3=a<q | aF ant foar Tragad | os7dar
fsTeiEaReaY At ahT: e | 9% 1T U gay ar ?
T I 99T S fGEifa fer aed. se<sdeea
VRO TSI <31 TAT YISH:, q&r ga-rerd
qfger et | foeg STFa T Taodd IgazTa ST
T: qIE: ¥ Wafd O atee U |

TE gIATd TATTIE= IATIITR A= aIqI =
TS TSTATH RS The, dd: FATMAT Tgaraq
TETISTHIHR | FTehe e ad UTEHETSI: SR a ST
gfgrAt 22 | TS wAmITq ude et fesifa feame
TAPTRT-EaTadd S2T3Tehe [quRIdaes Ward |
srivisvesituh sambhoh anandakananat purandaradisi
paricadasasu yojanesu svargataranginitiravilasi
varivarti kilaikam pattanam | varunadisi va astasu
yojanesu indivaradalasyamalapatangatanayataranga
cumbibhih saraccandrikadhavalaih suranadikallolaih
smyrtahariharamirtih anandalaharivanubhavan jagarti
tirtharajah prayagah |
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tayostu uccavacasakalajanavyavaharasiddhamasti
trayovimsatiyojanatmakam antaram | tacca yogam
vind nopapadyate | ato vijatiyayorantare sadhye yogah
kartavyah | param sa yogah pascimah pirvo va ?
tatra pattanat prayagah kasyam disiti vicare tavat
anandakanandt praydagaparyantam astayojandtmako
desah yatha pascimah, tatha pattanadapi pascimo bha-
vati | kintu anandakanandt pattanaparyantam
paricadasayojanatmako yah pirvadesah sa bhavati
pattandt pascima eva |

evam pattandat praydagaparyantam desavicare
anandavanaparyantam paricadasayojanatmakamekam
Sakalam, tatah prayagavadhi dvitiyam astayojanat-
makam | $akaladvayasya pascimatvajjatah trayovim-
Satiyojandatmakah pascimo desah | evam prayagat
pattanam kasyam disiti vicare praydagadanand-
avanaparyantam desasakalam viparitadikkam bhavati |

Fifteen yojanas east of (purandaradisi) Varanasi
(a@nandakanana), wherein dwells Lord $iva (Sambhu),
the Controller of the Universe, indeed lies a city
(pattana), nestled along the banks of the Ganga
(svargatarangini). To the west (varunadisi), in eight
yojanas, at the confluence is the king of (i.e., foremost
among) pilgrim sites, Prayaga, revelling in the remi-
niscences of Hari and Hara, evoked by the confluence
of the waves of Yamuna (patangatanaya: daughter of
the Sun) with her deep complexion resembling the blue
lotus (indivaradalasyamala), [as she] mingles with the
celestial Ganga (suranadi), whose hues are as white as
the autumnal moon (saraccandrikadhavalaih).

It is a commonplace knowledge established through
the discourse of people of all classes (uccavacasakal
ajanavyavaharasiddham) that the distance of separa-
tion (antara) between these cities (i.e., Prayaga and
pattana) is 23 yojanas. This would not be possible
without the addition of [two] values. Thus to find the
separation (antara) between [entities of] two gen-
res (vijatiyayoh), addition must be performed. But
is that addition eastward or westward? In discussing
the direction of Prayaga from pattana, it is evident
that as much as it is eight yojanas west from Varanasi
to Prayaga, so too, it is west with respect to pattana.
However, [it is to be noted that] the distance of 15
yojanas eastwards from Varanasi to pattana is to be
considered westwards in relation to pattana.

Similarly, when discussing about the intervening
space between pattana and Prayaga, there is a seg-
ment (Sakala) of 15 yojanas that extends to Varanasi,
and another segment of eight yojanas that extends to
Prayaga. Because both these segments are westwards,

the entire stretch of 23 yojana is westwards. Similarly,
when we discuss about which direction pattana is from
Prayaga, the segment from Prayaga to Varanasi is in
the opposite direction.

The concepts described above can be better depicted as a fig-
ure to assist easy understanding. In Fig. 5, with respect to an
observer O at Varanasi (V), there is a segment of 15 yojanas
extending to pattana (P,) in one direction and another seg-
ment of eight yojanas extending from Varanasi to Prayaga
(P,) in the opposite direction. For the observer O, OP, is
+ 15and OP, is —8 (since it is in the opposite direction). The
distance between P, and P, is obtained by finding the antara
or difference between these two segments:

OP,—(-OP,)=P,P,.
That is,

15 - (=8) =23.

To further elucidate Krsna Daivajfia’s exposition on negative
numbers, it is essential to understand the dual meaning of the
term ‘antara’ in Sanskrit. Antara signifies both the differ-
ence and the distance between two locations. This duality is
fundamental in comprehending how Krsna Daivajfia concep-
tualises the subtraction of distances and the application of
negative numbers. When he describes the distance between
the pattana and Prayaga, he clarifies that the movement in
opposite directions from a central point O (Varanasi) neces-
sitates assigning one direction as positive and the opposite
as negative. Thus, when determining the separation between
these locations, the concept of subtracting a negative value
naturally leads to a positive outcome, effectively illustrat-
ing the principle that subtracting a negative is equivalent to
addition. This mathematical operation is not merely abstract
but grounded in the physical reality of traversing distances
in opposite directions. Therefore, when one moves 15 yoja-
nas east from Varanasi to the pattana and then 8 yojanas
west to Prayaga, the total distance covered is 23 yojanas,
derived from the calculation 15 — (—8) = 23. This explana-
tion further underscores the practical application of negative
numbers in ancient Indian mathematics, demonstrating how
theoretical concepts are seamlessly integrated with tangible
experiences.

7.8 Why subtracting a negative is equivalent
to adding a positive?

Normally we learn in schools that two negative signs next to
each other turn into a positive sign. This is usually learned
as a mathematical rule without much of an explanation. The
explanation that is at times offered is—think of removing
a negative thought or reversing a loss that was incurred.
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<« 8 yojanas » ‘ e 15 yojanas -------- >
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However, having illustrated how the direction of travel
impacts the perception of distance (as positive and nega-
tive), the commentator here strives hard to drive in the point
why —(— number ) = + number.

Proceeding with the finale of the discussion, he brilliantly
elucidates why and how finding difference with a negative
turns out to be a positive in the following para commencing
with “tatha ca”, which means “therefore”. It is to be noted
that this finale is purely based on the physical geographical
description given above. In fact, it is to give this final punch
such a detailed discussion was undertaken by Krsna. Sum-
marising the discussion he notes:

TAT =, FRATEA=AX ATHA ST [TuXIdGes Hadiad
IHA - “HIATHAT [WHOTEHTT W e 3ha | T
AR YTaaTiedd | Ud sk | gar - ue: fhe
TSI QAT 2T AT T, gaRTsio aferas et ag
IS T | aargT=aL Fre==d daeraed | a=
SIS af2rAH | TeaisTrnd gaq |

tatha ca yasmadanantaram sadhyate tadavadhisakalam
viparitadikkam bhavatityata uktam “samsodhyamanam
svamynatvameti svatvam ksayah” iti | evam dhanar-
nayorantaram pratipaditam | evam dhanayorapi |
tadyatha - ekah kila kasitah pirvadigbhage dasa yojanani
gatah, itaro 'pi tasminneva bhage sapta yojanani gatah |
tayoScantaram yojanatrayam sarvajanasiddham |
tacca daSayojanagat pascimam | saptayojanagat
piirvam |

Therefore, the segment up to that reference point,
beyond which the direction is determined from a dif-
ferent point to the first reference point, is in the oppo-
site direction. Hence, it is said “samsodhyamanam
svamynatvameti svatvam ksayastadyutiruktavacca.”
Thus is the difference between positive and negative
(dhanarnayorantaram) explained. This is the same for
the positive as well. One travels 10 yojanas from Kas,
and the other travels seven yojanas. It is known to all
that their difference is three yojanas. And it is westward
from the one who has travelled 10 yojanas, and east-
ward from the one who has travelled seven yojanas.

This operation applies equally to positive directions. In
Fig. 6 consider Varanasi (V), also famously known as Kasi, to
be the initial point. If two travellers, 4 and B, cover a distance
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Fig. 6 The route map of two passengers travelling eastwards from
Varanast

of 10 and seven yojanas eastwards from Kasi, then the dif-
ference in the magnitude of distance covered by them, VA4
and VB respectively, is clearly three yojanas. It is to be noted
that these three yojanas is westward from the point of view
of traveller 4 who covered 10 yojanas, and eastward from
the point of view of traveller B who covered seven yojanas.

7.9 Conjecture and evidence on identifying
the ‘pattana’ of Bijapallava as modern-day
Patna

Though not germane to the paper, it was a matter of curios-
ity for us to determine the identity of the city referred to as
“pattana” in the upapatti.'” Based on preliminary analysis,
we surmise that this city could possibly be Pataliputra or
modern-day Patna. The basis for this argument is as follows.

According to the text, the distance between Prayagraj and
Varanasi is stated as 8 yojanas. Today we know that their
distance is approximately 120 km. This essentially means
one yojana is estimated to be approximately 15 km accord-
ing to Krsna Daivajiia. Additionally, the text mentions that
the pattana is located 15 yojanas eastward of Varanasi. The
shortest distance (aerial) between Varanasi and Pataliputra
is approximately 227 km and it aligns closely with the esti-
mation of 15 yojanas.

The text also describes that all three geographical loca-
tions are pilgrimage centres situated on the banks of the
Ganga. Fig. 7 depicts a route map of the river Ganga, while
Fig. 8 illustrates the positions of the three cities of Prayagraj,
Varanasi, and Patna on Google Maps.

Additionally, Table 2 displays the coordinates of the
three cities, further supporting our conjecture. Assuming
the radius of the earth to be approximately 6371 km, the
circumference of the earth at the equator is ~ 40,030 km. The
circumference at the latitude of 25.5 is 36, 107 km. Thus the
distance between the two cities from Varanast based on the
longitudinal separation is:

17 Section 7.9 is not directly relevant to the main scope of the paper
and is provided as supplementary information for interested readers.
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Fig. 8 Rail route from Prayagraj to Patna via Varanasi [Courtesy: Google

Table 2 Coordinates of the three cities mentioned in the commentary

Name of the city Its coordinates

Prayagraj 25.43°N, 81.84°E
Varanasi 25.32°N, 82.97°E
Patna/ Pataliputra 25.59°N, 85.13°E

Varanast and Prayagraj ~100.297 x 1.13 = 113.34 km
VaranasT and pattana =~100.297 X 2.16 = 216.64 km

The values obtained above are also consistent with the
description given in the text. Thus, the “pattana” referred
to by Krsna Daivajiia in the Bijapallava is most likely to be
modern-day Patna.

Moreover, throughout its rich history, Patna has had vari-
ous nomenclatures, including Pataliputra or Patalipattana,
Pataligrama, Kusumpura, Patliputra and more. Another
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legend suggests that it was originally known as Pattan or
Patthan. In conclusion, based on these conjectures and sup-
porting evidence, we feel that the “pattana” referred to in
the text is indeed Patna.

8 Conclusion

Through these systematic, elaborate and coherent dis-
cussions, this excerpt from “dhanarnasadvidha” in the
Bijapallava attempts to present a comprehensive under-
standing of negative numbers and their multifaceted applica-
tions in both theoretical and practical domains. In particular,
it is noteworthy that it provides a cue to the historical evolu-
tion of the notion of negative numbers within Indian math-
ematical thought. The discussion commences by introducing
concepts rooted in accounting, such as debts and ownership,

@ Springer



258

Indian Journal of History of Science (2024) 59:245-258

highlighting their relevance in understanding negative val-
ues. As the discussion progresses, the passage seamlessly
transitions to arithmetic operations involving both positive
and negative numbers, reminiscent of Brahmagupta’s semi-
nal work. Furthermore, it delves into discussions on surds,
akin to those found in Bhaskara’s Bijaganita, and explores
geometric considerations, mirroring the mathematical
inquiries of the Lilavati. Notably, the passage extends its
examination to include applications of negative numbers
within both terrestrial and celestial coordinate systems,
aligning with the broader Indian astronomical tradition.
This comprehensive approach underscores the intercon-
nectedness of mathematical concepts across various disci-
plines and highlights the enduring relevance of understand-
ing negative numbers in diverse practical contexts. This
study of a select excerpt from Krsna Daivajfia’s Bijapallava
especially serves the following important purposes:

1. It highlights the invaluable role of commentaries in elu-
cidating complex mathematical concepts.

2. It calls to attention the significance given to the con-
cept of negative numbers in various branches of Indian
knowledge systems.

3. It proposes that the “pattana” referred to in the excerpt
is modern-day Patna.

Besides highlighting how negative arithmetic found appli-
cations in diverse fields, including accounting, astronomy
and geography, the discussion also reflects an evolution of
thought, indicating a progressive shift from practical, eve-
ryday, applications to theoretical abstraction. This evolution
mirrors the broader development of mathematical thinking
regarding negative numbers in Indian mathematical thought,
showcasing how early inquiries rooted in practical scenarios
laid the groundwork for more complex theoretical frame-
works. Moreover, Krsna Daivajiia’s detailed discussion not
only highlights his proficiency in simplifying abstract ideas
but also his dedication to ensure that these ideas resonate
with the readers.
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