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Abstract

The Jainas have always been very interested in mathematics. A renowned 9th century Jaina mathematician monk
Mahaviracarya authored the famous book Ganita-sara-sangraha in 850 CE. Though the work mainly deals with arithmetic,
many topics on algebra, geometry and mensuration are also discussed here. In this article an effort is made to discuss about
his contributions pertaining to geometry in detail. We shall also highlight some concepts of present-day geometry (including

mensuration) that are implicit in this medieval work.
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1 Introduction

India produced a number of mathematicians and astronomers
like Aryabhata I, Varahamihira, Brahmagupta, Bhaskara
I, Lalla, Sridharacarya and others during 5th—8th century
CE. Among them Varahamihira, Bhaskara I and Lalla are
mainly astronomers; as a result their works are based on
astronomy chiefly.! Many of us probably know of the books
Aryabhatiya composed in 499 CE by Aryabhata I, Brahma-
sphuta-siddhanta written in 628 CE by Brahmagupta and
Trisatika of Sridharacarya (c. 750 CE). The first two among
them i.e., Aryabhatiya and Brahma-sphuta-siddhdanta are
more or less based on astronomy and mathematics (includ-
ing geometry and mensuration). Whereas, in the other book
Trisatika only mathematics, that is, arithmetic, geometry,
mensuration etc. are discussed.

Mahaviracarya or briefly Mahavira (c. 800-875 CE),
who belonged to Digambara sect of the Jainas, was a dis-
tinguished mathematician of 9th century CE and was well
known for his creative works. Unlike his predecessors,
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Mahavira was not an astronomer. His work is confined to
pure mathematics. In c. 850 CE, he wrote his famous book
Ganita-sara-sangraha, that consists of more than 1130
verses, which throws light mainly upon arithmetic, but many
topics on algebra and geometry have also been discussed. It
is the earliest Indian text entirely devoted to mathematics.
Its commentator in Sanskrit was Varadaraja. The book was
widely used in South India, and was translated into Telugu
language by Pavuliiri Mallana in 11th century CE.

Possibly Mahavira was born in or close to the present-
day City of Mysore, in southern India and was associated
with the School of Mysore. However, his works are essen-
tially based on improving and extending the results or rules
given by his predecessors, particularly Brahmagupta. He
expounded on the same topics like, solution of rational tri-
angles and quadrilaterals, cyclic quadrilaterals with rational
sides, etc., those works were done by Brahmagupta earlier,
but he expressed them more lucidly. His book Ganita-sara-
sangraha (G.S.S. briefly) has been edited and translated to
English by Prof. M. Rangacarya in 1912 CE. Later on, in
1963 CE Prof. L.C. Jain brought out a Hindi translation of
the work.

We will now make an attempt to discuss in detail those
verses of the G.S.S. which have to do with geometry and
mensuration.

! Lalla is reported to have authored a text on mathematics which is
evident from the statement of Bhaskaracarya or Bhaskara II (c.1114—
1185 CE) in his Vasanabhasya on the Siddhantasiromani (Chap.
Bhuvanakosa, verses 44—47).
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2 Rational triangles
2.1 Rational right-angled triangles

It is worth mentioning that Brahmagupta was the first
Indian mathematician who gave the general solution
(without proof) of the equation x* +3? = z? in integers
as u?> —v2, 2uv,u® +1?, where u, v are any two unequal
integers (Br.Sp.Si., verse X11.33). Mahavira also gives
the general solution for the rational right-angled triangle
(G.S.S., VII. 902 ) which is stated as follows:
iR A
STt ST i e |
T HOT:
TAadRE ST || 302 ||
vargavisesah kotih
samvargo dvigunito bhaved bahuh|
vargasamasah karnah
cayatacaturasrajanyasyal| 90%\ |

The difference of the squares (of two unequal bijas
i.e., elements) is the upright, twice their product is the
base and the sum of their squares is the diagonal of a
generated rectangle.

Let any two unequal integers u and v are chosen as the bijas
(elements) from which the rational right-angled triangle is
to be generated. Then according to this verse the general
solution for the triangle is u?> — v, 2uv and u? + 1*.

It is noteworthy that Mahavira, like Brahmagupta and
previously the Sulbakaras i.e., the authors of the Sulbasiitras,
speak of the rectangle, not the right-angled triangle.

2.2 Rational right-angled triangles having
a given side

The solution for a rational right-angled triangle with a side
(a) adjacent to the right angle provided, that is, the rational
solution of the equation x*> + a? = z? is given earlier by
Brahmagupta (Br.Sp.Si., XI1.35). His solution is:

1(d® 1(a® _ : : _
a, s\ T —u) | T tu , where a = the given side and u =
any rational number.

Mahavira’s solution for the same is similar to that of
Brahmagupta. This solution has been stated by Mahavira

in the 1st half of the verse VII. 97% of the G.S.S. as below:

AShHOT it ‘ﬂﬁ%ﬁﬂ |
kotikrteschedaptyoh
samkramane Srutibhujau bhujakyterva)

The operation of samkramana conducted between
any optional divisor of the square of the given

upright or the base and the respective quotient gives
the diagonal and the base or upright.

In this verse he used the word samkramana (concurrence),
which is a technical term for finding two quantities viz., m
and »n from their sum m + n and difference m — n. Clearly
m=3{(m+n)+m—n)} and n=2{(m+n)—(m—n)}.
The above process, as explained by the commentator
Gangadhara (1420 CE), can be stated as: “the investigation of
two quantities concurrent or grown together in the form of their
sum and difference” (Datta and Singh, Part II, 1962, p. 43).

Therefore, if the rational number u be any optional divisor
of the square of the given upright or the base a, then the

. . 2 .
quotient will be a; Hence, according to Mahavira, the opera-
. 2 .
tion of samkramana conducted between u and = gives the

diagonal - ! < + u) and the base or upright - (— - u) of the

triangle. So, the rational right-angled triangle formed is:
a 1 a_z ——u 1 i +u
2\ u 2\ u '

2.3 Rational right-angled triangles having
a given hypotenuse

The solution for a rational right-angled triangle with a given
hypotenuse (c), that is, the rational solution of x> + y* = ¢?
is found in the 2nd half of the verse VII. 97% of the G.S.S. of
Mabhavira. The verse is stated as follows:
STYAT YATSHAN:
FrARISHEAN = Hifest|
athava srutistakrtyoh
antarapadamistamapi ca kotibhuje|

Or, the square-root of the difference of the squares
of the hypotenuse and an optional number and the
optional number itself are the upright and the base.

That is, if ¢ be the given hypotenuse and » be any rational
number, then the solution is: V/¢2 — n2, n and c. Clearly this

solution is faulty in the sense that v/¢2 — n2 may not be
rational unless # is suitably chosen.

Mahavira gives another rule (G.S.S., verse VII. 122% ) for
the same, which is of greater importance. As per this rule,
we have to obtain at first the general solution of the rational
right-angled triangle, viz., u> — V2, 2uv,u* +v*. Then we
have to divide the given hypotenuse (¢) by its hypotenuse
u?> +12.0n multiplying each of the sides u> — V2, 2uv, u? + v?
by this quot1ent , we get Mahavira’s solution as:

w* —v? B 2uv c
w42 )\ )7
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It may be mentioned here that Brahmagupta did not deal
with the above problem. Later on in Europe Leonardo
Fibonacci of Pisa, Italy, in 1202 CE, rediscovered this
method of Mahavira (Datta and Singh, Part-11, 1962, p. 214).

2.4 Rational isosceles triangles

The rule for finding the general solution for the rational
isosceles triangle given by Mahavira closely follows that
of Brahmagupta’s (verse XI1.33, Br.Sp.Si.). He gives
the rule for obtaining an isosceles triangle from a single
generated rectangle in the verse VII. 108% of the G.S.S..
The concerned verse is:

a@@@vﬁﬁ GEESILH
Hifeawahrsd

femtngst o= sToa 11902 |l
karne bhujadvayam syad

bahurdvigunikrto bhaved bhiimih|
kotiravalambako yam

dvisamatribhuje dhanam ganitam|| IOS%H

In the required isosceles triangle, the two diagonals of
a generated rectangle are the two sides, twice its side is
the base, the vertical side (i.e., upright) is the altitude,
and the area of the generated rectangle is the area.

It is to be remembered here that a rectangle generated from
two unequal numbers i.e., the bijas u and v has its sides
equal to > —v? and 2uv, and its diagonal equal to u* +12.

So, if u and v be two unequal integers, then following the
above stated rule the sides of all rational isosceles triangles
with integral sides will be

(i) w?+v*,u?+v and 2(u? —1?); or,
(i) u? +v?,u? +v*and 4uv.

Evidently the altitude of the former triangle is 2uv and that of
the latter u> — 12, and the area in either case is 2uv(u? — v?).
2.5 Rational scalene triangles

It is known to the scholars of Indian mathematics

that, according to the verse XII.34 of the Br. Sp. Si. of
Brahmagupta, the sides of a rational scalene triangle are:

1 u—2+v 1 u—2+w and
2\ v 2\ w

@ Springer

where u, v, w are any rational numbers. Here u also denotes
the altitude of the triangle.

The method of Mahavira’s solution, for this geometrical
proposition, is different. He gives the concerned rule in the
verse VII. 110— of his treatise G.S.S. as below:

STt fear

FHAY SISt AT |
mﬁ: ﬁ

SIT ST TahT [ 119902
janyabhujardham chittva

kenapi cchedalabdhajam cabhyam)|
kotiyutirbhith karnau

bhujau bhuja lambaka visame||1 IO%H

Divide half the base of a derived rectangle by any
optional number and obtain another rectangle with this
divisor and the quotient. Then the diagonals of these
two rectangles will be the sides of the scalene triangle,
the sum of the vertical sides, its base and the base of
either rectangle its altitude.

The rule is narrated as below (Datta and Singh, Part II,
1962, pp. 226-227):

If u, v be any two unequal rational numbers, the rational
rectangle CA’AD generated from them is u? — V2, 2uv and
u? + V2. Again, if g, h be any two unequal rational factors of
uv, that is, if uv = gh (or, % = h), the second rectangle
CB'BD formed from them is g — 4%, 2gh and g% + 1>

Now, juxtaposing these two rectangles so that they
do not overlap (Fig. 1a), we obtain the sides of the
rational scalene triangle (ABC) as u? +1V2,g> + h*> and
{@? =) + (g2 — h*)}, where uv = gh. Evidently these
two rectangles can be juxtaposed so as to overlap (Fig. 1b).
Then the sides of the required scalene triangle (ABC) will
be u? +v2, g% + h? and { (> —V?) ~ (g% — h?)}.

The altitude of the rational scalene triangle thus obtained
is 2uv or 2gh and the segments of the base are u*> — v? and
gt - h.

Example: (Srinivasiengar, 1988, p. 62): [f CD = 12, then
we can take AD = 5,4C = 13,DB =9, BC = 15. Thus we
obtain scalene triangle ABC with sides (13, 15) and base
(14) or (4) having altitude (12).

It may be cited here that, in particular, putting
u = 12,v = 6,w = 8 in Brahmagupta’s general solution (for
the sides of the rational scalene triangles) mentioned above,
Prthudakasvami, commentator on the BrSp.Si., derives a
rational scalene triangle with sides (13, 15), base (14) and
altitude (12). Clearly this triangle is identical to the scalene
triangle ABC with sides (13, 15, 14) having altitude (12) in
the aforesaid example.

Besides this, in particular, if we take y =3,y =2,
g= 2\/5 and h = \/5 , Wwhere uv = gh, in Mahavira’s general
solution, we obtain the sides of the rational scalene triangle
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Fig. 1 Rational scalene triangles

(ABC) as 13, 15, 14 or 13, 15, 4 having altitude 12. Thus,
we can obtain rational scalene triangle even if g, h are
irrational factors.

2.6 Segments and altitudes of a triangle

Mahavira gives the rules for finding the segments of the
base and the altitude of a triangle in the verse VII.49 of the
treatise G.S.S. For a ready reference, the verse is mentioned
hereunder:

THGHTI [EEIEEIRIN |

=

FTSHHRATGIEATAT: 1168 |l
bhujakrtyantarabhiihrta-

bhusankramanam tribahukabadhe
tadbhujavargantarapadam

avalambakamahuracaryah||49||

Divide the difference between the squares of the two
sides by the base. The operation of samkramana,
conducted between this quotient and the base, gives
the values of two segments of the base of the triangle;
the square-root of the difference between the squares
of either of the segments and the corresponding
adjacent side gives the length of the altitude: so say
the learned teachers.

Let ABC be a triangle with sides a, b, ¢, base a and altitude 4.

Then according to the 1st half of the verse % (a+ bzai) and

%(a - bzzcz ) will be the values of two segments (x and y) of

the base; the 2nd half of it states & = Vb2 — x2 = y/c? — 2.

It should be mentioned at this point that Brahmagupta
(628 CE) and Bhaskara I (629 CE) individually gave the
same set of formulae earlier in the Br.Sp.Si. (verse X11.22)
and in the commentary on the Aryabhatiya (verse 11.6)
respectively. Another set of rules for the same are also found
to occur in the work Trisatika, verse 50, of Sridhara (c.750
CE).

3 Rational quadrilaterals
3.1 Rational isosceles trapeziums

Mahavira’s method for constructing a rational isosceles
trapezium (G.S.S., VIL 99%) is somewhat different from
that of Brahmagupta’s (Br.Sp.Si., XI1.36). Brahmagupta
gives its sides in terms of the sides (and diagonal) of a
rectangle and an optional number without interpreting the
method of construction. Whereas Mahavira makes it clear
that two rectangles are to be used and gives us the rule
how to get bijas (elements) for the two rectangles, so that
they have a common side. The bijas for the second rectan-
gle are, the rational divisor of half the base of the first
rectangle and the quotient. That is, if u,v(u # v) be the
bijas of the first rectangle wherein the base will be 2uv,
then the bijas for the second will be g,h (g # h) where
”;V = h.

The method is interpreted as follows (Datta, Vol. XX,
1928-1929, pp. 277-279):

The first rectangle AA'BE formed from u, v is
w? —v?), 2uv and (1> + v?). And the second rectangle AD'CE
generated from the rational factors g, & is (g% — 4?), 2gh
and (g2 + h?) where gh = uv. Now juxtaposing these two
rectangles judiciously, we shall obtain the required type of
isosceles trapezium ABCD (Fig. 2a), where

AB =CD =u’* +V*, ifu* -V <g® -1,

BC = (g% — %) + (® —P),
AD = (g° — I?) — (i —?).

But, when u?> —v? > g2 — h%, then ACBD will be the
required type of isosceles trapezium (Fig. 2b) where
AC =BD = g*> 4+ h?,BC = (u* —Vv*) + (g% — h?),AD = (u* —?)
—(g* = ).

3.2 Rational trapeziums with three equal sides

The problem for constructing a rational trapezium with three
equal sides is nearly the same as that of the rational isosceles
trapezium. The difference is that in this case one of the parallel
sides is also equal to the slant sides. The solution of the problem
given by Mahavira is less simple. He indicates the method for
obtaining it in the verse V£I. 101% ofthe G.S.S. as written below:
HolUgeddlslldx-
BASTAIATHHITR IRV |
Tgorahiter =
T g9 AR 119092l
bhujapadahatabijantara-
hrtajanyaghanaptabhagaharabhyam|
tadbhujakotibhyam ca

dvisama iva trisamacaturasrel||10 I%H
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(a)

Fig. 2 Rational isosceles trapeziums

For a trapezium with three equal sides proceed as in
the case of the isosceles trapezium with the rectangles
generated: (i) from the quotient obtained by dividing
the area of a given rational rectangle by the square-root
of its bhuja multiplied by the difference of its bijas,
and the divisor and (ii) from the bhuja and koti of the
given rectangle as bijas.

It is described as follows (Datta, Vol. XX, 1928-1929, pp.
279-280):

If the sides of the given rational rectangle be
u?> —v?,2uv and its diagonal u?+1?, then calculate

2_12 .
200 V) — \/2uv(u +v). Thereafter from the quotient
vV 2uv(u—v)

\/27/(u + v) and divisor \/2_w(u — v) generate the rectangle
AECB' with sides 8u*V?,4uv(u®> —v*) and diagonal
4uv(u® +1?) (Fig. 3).

Again taking the bhuja 2uv and koti u*> — v? of the given
rational rectangle as bijas form another rectangle AEDA'’
with sides 6u?V? — u* —v*, 4uv(u® —1?) and diagonal
W +1?)>.

Now juxtaposing these two rectangles judiciously, we get
the required rational trapezium ABCD, where AB = EC—-
DE = 8u*v? — (6u*v* — u* —v*) = (> +v?)? = AD = BC
and CD = 8u*Vv? + (6u*V? — u* —v*) = 14u>V? — u* — V4

It is noticeable that, this trapezium is same as that of
Brahmagupta’s rational trapezium with three equal sides
(Br.Sp.Si., X11.37).

A A B B'
r—x ____|
' I
' I
' I
' I
' I
' I
|

D E F C

Fig. 3 A rational trapezium with three equal sides

@ Springer

D A D'

B E C

(b)

3.3 Area of a cyclic quadrilateral

According to Brahmagupta (Br.Sp.Si., verse XI1.21), it is known
thatif a, b, c, d are the four sides of a quadrilateral taken in order,
we have its area (A) as: 4 = \/(s —a)(s=Db)(s—c)s—d),
where s = %(a+b+c+d).

If we take d =0, then the quadrilateral becomes a
triangle with sides a, b, c. Thus we get its area (A) as:
A =/s(s — a)(s — b)(s —¢).

Sridhara also treats the triangle as a particular case of the
quadrilateral and the formula for the area of a triangle, given
by him (7risatika, verse 43) is same as that of Brahmagupta.
This formula is found to occur also in the work G.S.S. of
Mahavira. In the verse VII.50 of this treatise, he states the
concerned rule as follows:

TIATITHG
ESEERUREIE RS Gk
FIAT EAGAaHT,
TSR] 7 FarsT=g== ol
bhujayutyardhacatuskad
bhujahinad ghatitat padam sitksmam)|
athava mukhatalayutidalam
avalambakagunam na visamacaturasre||50||

The square-root of the product of half the sum of the
sides severally diminished by each of the four sides
is the exact area. Or, the measure of the area may be
obtained by multiplying half the sum of the lengths of
base and face by the perpendicular from the face to the
base; but it does not hold good in the case of a visama
(scalene) quadrilateral.

From the 1st half of the verse it is clear that Mahavira
reproduced the aforesaid Brahmagupta’s formula
A= \/ (s —a)(s — b)(s — c)(s — d) and the triangle is treated
as a quadrilateral with one side=0.

It needs to be mentioned here that, though none of the
said scholars did mention explicitly that the quadrilateral is
cyclic, still it seems to have been implied by them. However,
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in illustration of the above formula, Mahavira gives few
examples of cyclic quadrilaterals which are found in the
verses VII.57, 58, 59 of his treatise G.S.S.

Now, according to the 2nd half of the verse VII.50

Area of a quadrilateral = % X h (except in the case of a
scalene quadrilateral), where / is the measure of either of the
perpendiculars drawn to the base from the vertices of the face.

Area of a triangle = }57 X h, where # is the height of the
vertex from the base.

The formula here given for triangles is correct; but the
one given for quadrilaterals holds good only in the case of
those quadrilaterals, which when divided by any of their
diagonals, form two triangles having the same altitude.
Also, the formula for quadrilaterals is valid for those figures
in which at least one pair of opposite sides are parallel,
when otherwise stated. It is to be cited here that, a scalene
trapezium is the only scalene quadrilateral, for which the
above formula holds good.

3.4 Diagonals of a cyclic quadrilateral

Here it may be pointed out that in the verse XI1.28 of the Br.
Sp.Si., Brahmagupta expresses the theorem for the lengths of
the diagonals of any cyclic scalene quadrilateral in terms of
its sides. Nearly the same theorem is also found to occur in the
verse VIL.54 of the G.S.S. In this verse Mahavira pronounces:

T 78 Foitliug |
ksitihataviparitabhujau

mukhagunabhujamisritau gunacchedau|
chedagunau pratibhujayoh

samvargayuteh padam karnau||54||

One of the two flanks multiplied by the base and
added to the other flank as multiplied by the face
are the multiplier and divisor and the vice versa
respectively of the sum of the products of the
opposite sides. The square-roots of the results so
obtained will be the diagonals.

That is, if m and n are the diagonals of a cyclic scalene
quadrilateral (a, b, ¢, d) then according to the theorem:

= (ad + bc)(ac + bd)
- (ab + cd)

_ [(ab+ cd)(ac + bd)
"= (ad + bc) '

Clearly, these expressions for the diagonals of a cyclic
scalene quadrilateral are same as Brahmagupta gives

earlier. Inspite of repetition, it may be stated here that, both
Mahavira and his predecessor Brahmagupta did not men-
tion explicitly that these formulae hold for cyclic quadrilat-
erals only. But it is evident from the illustrative examples
given by Prthiidakasvami, Brahmagupta’s commentator and
Mahavira, that all of the quadrilaterals are of the said type.

It may be mentioned here that, Brahmagupta’s rule (Br.
Sp.Si. verse XI1.26) for determining the circum-radius
of a cyclic scalene quadrilateral is valid only when its
diagonals are at right angles. Besides, it is noticed from
the verse XI1.38 of the Br.Sp.Si. that, the diagonals of
any cyclic scalene quadrilateral intersect each other at
right angles if its greatest and least sides are opposite to
each other. The quadrilaterals of this kind are sometimes
called ‘Brahmagupta’s quadrilaterals’. In illustration of
the said verse XI1.38, Prthiidakasvami gives an example
of Brahmagupta’s quadrilateral with sides 60, 39, 25 and
52 taken in order, whose circum-radius is found 65/2.
Later on, the same example was given by Mahavira in the
G.S.S. , verse VII.217%. For a ready reference, we may
quote the verse below:

R TATITETE:

uﬁa@aﬁ Tl
THHTCT: HIST [Tsh: 11992

vyeka catvarimsadbahuh

pratibahuko dvipaiicasat|
sastirbhimirvadanam

paricakrtih ko tra viskambhah||21 7%||

In a (scalene) quadrilateral, one of the lateral sides is
39, the other lateral side is 52; the base is 60 and the
top-side is 25. What is its circum-diameter?

Since the diagonals of such quadrilaterals intersect each
other at right angles, the area will be half the product of the
diagonals (phalam srutigunardham) as per verse VII.107%
of the G.S.S. (Jain, 1963, p. 210).

4 The circle

4.1 Circum-diameter of a cyclic quadrilateral
or a triangle

The rule for determining the circum-radius of an isosceles
trapezium and that of a cyclic scalene quadrilateral in
which the diagonals are at right angles, are previously
given by Brahmagupta (Br.Sp.Si., verse XI1.26). He
also gives, in the verse XII.27, the rule for the same of a
triangle. Like Brahmagupta, Mahavira too gives the rule
for finding the circum-diameter of a cyclic quadrilateral
or a triangle. In the verse VH.213% of the G.S.S., Mahavira
says the rule as below:

@ Springer



Indian Journal of History of Science (2025) 60:12-26

JioRaRIRIH

refSTYT TrqySt st |
[STHTAT SFgar

g Aregaiashi: 1932

Srutiravalambakabhakta
parsvabhujaghna caturbhuje tribhuje|
bhujaghato lambahrto
bhaved bahirvrttaviskambhah||21 3%”

In case of a quadrilateral, the diagonal divided by the
altitude and multiplied by the flank (lateral) side is the
diameter of its circum-circle; that of a triangle is the
product of the two sides divided by the altitude.

The rule is narrated as follows (Rangacarya, 1912, p. 252):

Let ABC be a triangle inscribed in a circle having diam-
eter BD, and AE perpendicular on BC, AD is joined (Fig. 4).
Now the triangles BAD and AEC being similar, we have
BD _ AB AC - AB

— =—or,BD = .
AC AE AE

This is the formula given in the rule for the diameter of
the circum-circle of a quadrilateral ABCD or a triangle ABC.

Furthermore, in the verse VII.219% of the G.S.S.,
Mahavira gives an example for determining the circum-
diameter of a triangle, which is mentioned below:

EIEREEE GEERIE
Jrrergaa [ |

ErgsTer snfeR-
FAATH HHATET 11R9%2 11
bahu paricatryuttaradasakau
bhumiscaturdaso visame|
tribhujaksetre bahira-
vrttavyasam mamacaksval|21 9%||

In a (scalene) triangle 15 and 13 are two unequal sides
with base 14. Tell what will be its circum-diameter.

Obviously, in this problem area of the triangle = 84, height
=12 and its circum-diameter = 16%.

Fig. 4 A cyclic quadrilateral or a triangle

@ Springer

4.2 In-radius of a triangle

It is worth mentioning that Mahavira is the first Indian math-
ematician who gave the rule for the in-radius of a triangle.
In the verse VH.223% of the G.S.S., he enunciates the rule in
the following words:

R TR o

SATT A ARLEHITIOTA A |

farsastrs fafafde: 1223211
paridheh padena bhajet

anayataksetrasitksmaganitam tat|
ksetrabhyantaravrtte

viskambho 'yam vinirdistah| |223%H

Divide the exact area of any rectilinear figure other
than a rectangle by one-fourth of its perimeter; the
quotient is specified as the diameter of the inscribed
circle.

The rule is explained as below:

Let » be the radius of the circle inscribed within
the triangle ABC with sides a, b, ¢ (Fig. 5). It is
clear from the figure that, the area of that triangle

(A):%a-r+%b-r+%c-r:1-£(a+b+c),whered=

2 2
the diameter of the inscribed circle.

: . area
i.e, diameter= ———
7 perimeter

So we getd = . In other

a8
%(u+b+c)

. 4A - A . .
words, we may write 2r = e, r==, which is correct.

4.3 Circumference and area of a circle

It should be mentioned here that the formulae for the cir-
cumference and also the area of a circle are found in
the early Jaina religious and semi-religious works like
Tattvarthadhigama-siitra-bhasya etc. of Umasvati (c. Ist
century CE). These formulae have been reproduced by
Mahavira almost in the same form in the verse VII.60 of his
treatise G.S.S. In this verse he writes:

Fig. 5 In-radius computation of a triangle
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EREEEIE]
TRTIEITOTAT o 9iRgT: |
gifer: Wﬁ%}aﬁllaoll

vrttaksetravyaso

dasapadagunito bhavet pariksepah|
vyasacaturbhagagunah

paridhih phalamardhamardhe tat||60||

The diameter of a circle multiplied by the square-
root of ten, is its circumference. The circumference
multiplied by the fourth part of the diameter, is the
area, half of which is the area of a semicircle.

That is, if C be the circumference of a circle of diameter d
and A be its area, then according to this verse C =d - \/ﬁ
and4=C- %.

Since the early Jainas have usually used the value of z as
\/E, so we may write C = zd and 4 = ﬂ%.

4.4 Wheel-circle

The ‘wheel-circle’ is a plane figure as shown in Fig. 6. For

finding the gross value of the area of a wheel-circle (i.e., an

annulus), Mahavira gives the rule in the 2nd half of the verse

VII.7 of his work G.S.S. The concerned verse is:

TG ARIL...
nemerbhujayutyardham vyasagunam ...

The area of an annulus (remi) is the product of half the
sum of the two edges (bhujas) and the breadth.

Note: Here, the word vyasa means the breadth of the
annulus, not the diameter.

That is, according to the verse the area (4) of an annulus
with inner circumference and diameter C,, d; and outer ones
Cy.dyis 2 20

It is to be noted here that the formula for the area of the
annulus yields, indeed, the accurate value of it. This can be

justified as follows:

Fig. 6 Wheel-circle

If , and r, are the inner and outer radii of the annu-
lus, then we have d, =2r,C, =2xr,,d, =2r, and
C, =2xzry. Thus the aforesaid formula reduces to
4= ﬂ(l"l + rz) (r2 - rl) = n(r% - rlz)

Moreover, for finding the exact value of the area of an
annulus, Mahavira also gives a rule in the verse VH.SO% of
the G.S.S. The concerned verse is given below:

EEIESEEERE

Tgh! ATHRIHIOT: |
FSIT

ATy aardlicozl
prstodarasamksepah

sadbhakto vyasaripasamgunitah|
dasamitlaguno nemeh

balendvibhadantayosca tasydrdhamHSO%H

The sum of the inner and outer circumferences divided
by 6 and multiplied by the breadth and 1/ 10, is the area
of an annulus (nemsi).

That is to say, 4 = % . dz;—d‘ - 4/ 10 (exact).
Clearly the so-called ‘exact’ value of the area of the

annulus has an extraneous factor of V1o in it, which was
probably intended to correct the expression for having
computed the circumferences C, and C, with 3 instead of
1/10 (Plofker 2009, p. 170).

4.5 Area of the space bounded by three or four
equal circles touching each other

In the verses VII.SZ% and 84% of the G.S.S., Mahavira gives
respectively the accurate formula for determining the area
of the space bounded by 4 (four) and 3 (three) equal circles
touching each other. In the verse VII.82% he says:
st
FOHHE eI |
Hkdl HHGATTH
FARSTHS AN AT ll¢RR2|
viskambhavargaraseh
vrttasyaikasya suksmaphalam)|
tyaktva samavrttanam

antarajaphalam caturnam syat| \82%”

Subtract the accurate value of the area of one of the cir-
cles from the square of a diameter; the expression thus
obtained, will be the accurate value of the area of the
space bounded by four equal circles touching each other.

That is to say, if d be the diameter of one of the circles, then
according to Mahavira, the accurate value of the required
area will be d* — ”sz (Fig. 7a).

Let us now come to the discussion about the verse VII.84%
which is stated as follows:
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(a) (b)

Fig. 7 Three or four equal circles touching each other

s HTTaH -
[ER SRtz
. ‘ .

ThSH-ARST AT HT 4 Il
viskambhamanasamaka-

tribhujaksetrasya sitksmaphalam)|
vrttaphalardhavihinam

phalamantarajam trayanam syat| |84%||

Diminish half the area of one of the circles from the
accurate value of the area of an equilateral triangle
each side of which is equal to a diameter; the
expression so obtained will be the area of the space
bounded by three equal circles touching each other.

That is, if d be the diameter of one of the circles, then
according to the verse, the value of the required area will
be gdz - % . ”sz (Fig. 7b). In this case, since the angles
of the three minor sectors are 60° each so each of the three
sectors will be equal to the sixth part of the circle. Therefore
3 (three) sectors together will be equal to half the circle

(semicircle). Hence the rule.
4.6 Measurements of a segment of a circle

Mahavira gives two sets of formulae for finding both the
area of a minor segment and the length of the arc of that
segment of a circle. The first set gives approximate values
for the same (verse VII.43, G.S.S.), while the second set
gives nearly precise results (verses VII.70%, VII 73%, G.S.8).

We will now discuss only the computation of nearly pre-
cise results. In the verse VII. 70% of the G.S.S., Mahavira
says:

YU O
TRIOTAY HaTd IOTdh S |

EERICIEEE]

TRIHR = s llvozll
isupadagunasca guno

dasapadagunitasca bhavati ganitaphalam)|
yavasamsthanaksetre

dhanurakare ca vijiieyam| |70%||
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...Chord multiplied by one-fourth the arrow and also
by the square-root of ten would be the area of a seg-
ment of a circle.

That is, if ¢ be the length of the chord of a circle and % be
the height or arrow (sara) of the minor segment of it, then

according to Mahavira, the area of this segment will be @ch.

The same formula for finding the area of a segment of a
circle is found to occur before in the work Vrhat Ksetra-
samasa, 1.122 of Jinabhadra Gani (c. 529—589 CE) [Datta and
Singh, 15(2), 1980, p. 162]. Besides, the formula for the same
is found also in the treatise Trisatika (verse 47) of Sridhara.

According to him the area of the segment = / { i ( % ) }2 X %)

Next, we will come to discuss about the length of the arc
of a minor segment of the circle. In the verse VII.73% of the
G.S.S. , Mahavira enunciates the rule for finding the said
length as conferred below:

TR
ST A AR TR |
T IO
ERICEKEREERGE ]
Saravargah sadgunito
jyavargasamanvitastu yastasya|
mitlam dhanurgunesu-
prasdadhane tatra viparitam| |73%||

The square of the arrow is to be multiplied by six and
then this is to be added to the square of the chord; the
square-root of that result is the arc. ...

That is, if a be the length of the arc of a minor segment of
the circle, ¢ be the length of its chord and /4 be its height or

arrow (Sara), then the rule gives a = 6h% + 2.

It is to be noted that, this rule is adopted from the early Jaina
religious and semi-religious works like Tattvarthadhigama-
sitra-bhasya of Umasvati (c. 1st century CE) and others.

4.7 Arrows of intercepted arcs of two intersecting
circles

It may be referred here that in the verse I1.18 of the treatise
Aryabhatiya, Aryabhata I gives the rule for determining the
arrows in terms of diameters of two intersecting circles and
breadth of the erosion. If d; and d, are the diameters of the
two circles and the breadth of the erosion b is the sum of the
corresponding arrows 4, and 4, , then according to the rule
h, and h, are as follows (Koley, 2021, p. 41):

. (d, — b)b
"7 (dy = b) + (dy — b)’
(d, — b)b

h, = .
z (dy—b)+(d,—b)
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Further, this rule is noticed also in the verse XI1.42 of the Br.
Sp.Si. of Brahmagupta.

The same rule is given by Mahavira later in his work
G.S.S., verse VIL 2313,

4.8 Finding the sides of any rational triangle
and quadrilateral inscribed in a circle
of given diameter

Mahavira gives an interesting rule for finding the sides of
any rational triangle and quadrilateral inscribable in a circle
of known diameter This rule has been stated by him in the
verse VII. 221 of the G.S.S. as follows:
TS
R T qF The |
TR T IO
A= ST TAgTlIR93 1l
labdhavyasenesta-
vyaso vrttasya tasya bhaktasca|
labdhena bhuja gunayet
bhavecca jatasya bhujasankhyal| \221%”

Divide the given diameter of the circle by the circum-
diameter of any generated figure of the required kind
(i.e., rational triangle or quadrilateral). The sides of
that generated figure multiplied by the quotient will
be the sides of the required figure.

The rule is narrated as below:

The sides of a rational scalene triangle, as stated by
Mahavira in the verse VII.llO% of the G.S.S., have been
noted earlier in the running article. According to him the
sides are u? +12, g% + %, {(u* —1*)¥(g? — h*)} and its
altitude is 2uv or 2gh, where u, v, g, h are any rational

numbers such that uv = gh. The circum-diameter of this
(142+v2)(g2+h2)

. ZMV ' . . .
Then, in accordance with the afore-said rule, the sides of

a rational triangle inscribed in a circle of diameter d will be

triangle is

2uvd  2uvd
g2+ h2 ut + v’
(u2 _ VZ)I(gZ _ h2)
(u2 + vz) (g2 + h2) .

2uvd -

Again, it has been found before (in an article of the present
author) in the section entitled ‘Rational cyclic scalene quad-
rilateral’ regarding explanation of the verse XII.38 of the Br.
Sp.Si. of Brahmagupta (Koley, unpublished) that, if (a, b, ¢)
and (p, g, r) be the sides of two right-angled triangles such
that a®> + b? = c? and p? + ¢*> = r? then cq, ar, cp, br will be
the sides of a cyclic scalene quadrilateral taken in order, and
having its diagonals at right angles. The circum-diameter of
this quadrilateral is cr.

Then, according to Mahavira, the sides of a rational
quadrilateral inscribed in a circle of diameter d will be
cqg-<,ar-<,cp- Ld br - —or « ”d,pd bd.

It is noteworthy that, the problem of 1nscr1b1ng rational
polygons in a given circle was later attempted by two Euro-
pean mathematicians L. Euler (c. 1781 CE) and H. Schubert
(1905 CE), which was pointed out by B.B. Datta in an article
published in the Bulletin of the Calcutta Mathematical Soci-

ety (BCMS, XX, 1928-29, p.292).
5 Miscellaneous figures
5.1 Polygons

Mahavira gives a general rule for determining the gross area
of all rectilinear figures. In the verse VIL.39 of the G.S.S., he
says about the rule as below:

m— i
H|
a@%ﬁﬁﬁi’wrgﬂw
%o T TormaTeaR gt 13RI

rajjvardhakrtitryamso

bahuvibhakto nirekabahugunah)|
sarvesamasravatam

phalam hi bimbantare caturthamsah||39||

Divide one-third of the square of the semiperimeter by
the number of sides and then multiply it by the number
of sides diminished by one. The result so obtained will
be the gross area of all rectilinear figures. One-fourth
of this will be the area of the interspace enclosed
between the circles (centered at the vertices of the
polygon) touching each other.

That is, if s denotes the semiperimeter of a polygon of n
sides, whether regular or not, then according to the rule its
gross area (4) will be 4 = L)

The area of the interspace enclosed between the circles,
centered at the vertices of the polygon, touching each other
will be 1 £¢=0),

Here, by taking particular examples, we can clearly see that
this rule is not equally consistent in all cases and obviously
needs some corrections to be suitably called a generalization.

5.2 Inscribed polygons

It was known in India quite early that, the side of an
inscribed regular hexagon is equal to the radius of the
circle. In the verse VII.86% of the G.S.S., Mahavira calcu-
lates the value of its diagonal, the square of the altitude,
and the square of the area all in terms of its side. The said
verse is given below:
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Fig. 8 An inscribed regular
polygon

IEEIERUIERIEZEE]

JATAFIR DI
Faay TSuSh g ll ¢l
bhujabhujakrtikrtivarga
dvitritrigund yathakramenaival|
Srutyavalambakakrtidhana-

krtayasca sadasrake ksetre| |86%||

In case of the regular hexagon, the side, its square
and its biquadrate multiplied by 2, 3 and 3 would give
in order the value of its diagonal, the square of the
altitude, and the square of its area.

That is to say, if a be the side of a regular hexagon, then its
diagonal, the square of the altitude, and the square of its area
will be 2a, 3a* and 3a* respectively.

It is evident from the figure (Fig. 8) that the value of a diag-
onal and the altitude of a regular hexagon given by Mahavira
are correct, but he gives an incorrect formula for its area.

5.3 Ellipse

Although the Indians knew about the ellipse as early as c. 400
BCE (Datta and Singh, 15(2), 1980, p. 172), any formula for
its mensuration is not found to occur in any of their works on
mathematics, except the G.S.S. (c. 850 CE) of Mahavira. Both
in the verses VII.21 and VII.63 of the said treatise, Mahavira
attempts to give expressions for the circumference and also
area of an ellipse, perhaps treating it as an arbitrary extension
of a circle.

In the verse VIL.21 he says:

The longer diameter of an ellipse combined with
half its shorter diameter and multiplied by two, gives the
gross value of its circumference. The circumference multiplie
d by one fourth the shorter diameter gives the gross value of
the area.

That is, if 2a and 2b respectively are the longer diameter
(major axis) and shorter diameter (minor axis) of an ellipse,
then according to Mahavira

Gross Circumference =2(2a + b),

Gross Area = Circumference x% = b(2a + b).

Moreover, in the verse VII.63 Mahavira says:

@ Springer

The square-root of six times the square of the shorter diam-
eter combined with the square of twice the longer diameter,
gives the exact value of the circumference of an ellipse. The
circumference multiplied by one fourth the shorter diameter
gives the exact value of the area.

So, according to this verse

Exact Circumference = 1/ 6(2b)* + (4a)* = V164 + 2452,
= /1622 2.2b _b e 2
Exact Area = V1642 + 2402 - Z°3 1642 + 24b°.

We must mention here that, the above results given by
Mahavira are incorrect and the correct ones are, Area = zab
a+b?

T

and perimeter =27z

5.4 Number of small cylinders having same
diameter in a cylindrical container

Finding the number of small cylinders having same diam-
eter in a cylindrical container, when the number of small
cylinders in the outermost layer is known, is an interesting
calculation done by Mahavira. The problem is connected
with the arrangement of arrows in a quiver and the solution
has been stated in the verse VI. 288 of the G.S.S. For a ready
reference, the verse is mentioned below:

TRARTIESR G

FRTAHAd gAraTT: Afed |
SreaEd sty o=t

RIRAG]T AT, Ch(ﬁlblclﬂlrf\i STIIR¢C
Saraparidhitrikamilanam

vargitametat punastribhih sahitam|
dvadasahrte’pi labdham

Sarasankhya syat kalapakavista.||288||

The number of arrows, forming the circumferential
layer, is added to 3; then square this resulting sum and
again added to 3. Finally divide it by 12; the quotient
thus obtained will be the total number of arrows in
the quiver.

That is to say, if n is the number of arrows in the circumfer-

ential layer, then according to Mahavira the total number of
(n+3)%+3

PR
This formula is based on two independent concepts, viz.

(i) only six equal circles can be drawn around a circle of
equal diameter touching it and each other simultaneously,
(ii) lines joining the centres of 3 equal circles touching one
another is an equilateral triangle (Rangacarya, 1912, p.
167). Then the number of circles in succeeding layers will
be2X%x6,3X%6,...ctc., (Fig. 9).

arrows (/) in the quiver will be N =
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Fig. 9 Small cylinders having same diameter in a cylindrical container

Applying these concepts, let us now come to discuss
about the justification of the above formula given by
Mahavira (Sarasvati Amma 1999, pp. 193—-194).

The total number of circles (V) in m layers along with
the central circle = \ |, 64 0% 643%64 - +mx6=
L+6(1+243+ - +m) =1+6x "0 = 1 4+ 3m(m + 1).

Now, if the mth layer contains #n circles, then m X 6 = n,

. _n
1.C.,m = e

Hence, N =1+ 2

3n 12472460 _ (n43)*43
3 _ =

n _ n? no__
(g+1)—1+ﬁ+§— 2 T2

6 Volumes of solids
6.1 Volume of a tetrahedron

It is known to the scholars of Indian mathematics that in the
verse XI1.44 of the Br.Sp.Si., Brahmagupta gives the cor-
rect formula for finding the volume of a pyramid or a cone.
According to him, Volume of a pyramid or a cone = %(area
of the base)x height.

More than two centuries later than that of Brahmagupta,
in the verse VIII.30% of the work G.S.S. of Mahavira, the
formulae for the approximate and also for the accurate
volume of a tetrahedron are found. In this verse he pronounces:

SIS IOz
UETIg STl IO |
Pt e
SETCHYFTITOTA 1302l
bhujakrtidalaghanagunadasa-

padanavahrdvyavaharikam ganitam|
trigunam dasapadabhaktam
srngatakasiksmaghanaganitam| |30% [

Multiply the cube of half the square of the side (of the
regular tetrahedron) by 10. The square-root of the product

divided by 9 gives the approximate volume. This value
multiplied by 3 and divided by 1/ 10 gives the exact vol-
ume.

That is, if a is the edge of a regular tetrahedron, then accord-
ing to this verse, the approximate volume of it will be
L2y 10 = Y1

(5) -10=""5 N

9

3 3
Then the exact volume = Y% . 3 — @ which is th
cn € €xXact volume 18\/5 \/ﬁ 6\/§’W 1cn 1s (]

correct expression.
The justification of the above expression is given below:

Let a be the edge of a regular tetrahedron. Then the alti-
V3 V3

tude and area of its base will be 7361 and Ta2 respectively.

The perpendicular distance from the centroid of the base to
the middle point of a side of the base is % x Vg o g,

2 2¢/3°
the height of the tetrahedron will be

VO i) - B

— L. 3 V&
Then volume of the tetrahedron= e 5 = o

which is same as Mahavira’s expression.

6.2 Volume of a frustum of a pyramid or a cone

It is noteworthy that, in the verses XI1.45-46 of the work Br.
Sp.Si., Brahmagupta gives a general method for calculating
the volume of a frustum of a solid such as a pyramid, a cone
and a wedge whose upper and lower faces are parallel. This
method is followed by Mahavira in the verses VIII. 9-1 1% of
his treatise G.S.S.
cube of half the squareFor an illustration of
his rule, Mahavira has given examples (verses VIIIL. 12%—
18%) relating to truncated pyramids with triangular, square,
rectangular bases, frustum of a right circular cone and
also a truncated wedge (Bag 1979, p.164). The example
relating to the truncated wedge (verse VIII.16%) is as
follows:
Fatazfife: e
AT YT ET A ST |
[ERSIRFAIEEIG
STe3T T2 AH F4rsaq 11982 1
navatirasitih saptatih
ayamascordhvamadhyamiilesul|
vistaro dvatrimsat
sodasa dasa sapta vedho yam)|| 16%H

In a well with rectangular sections, the lengths at the
face (top), middle and base are 90, 80 and 70; and
the breadths are 32, 16, and 10 respectively. Its depth
being 7; find the volume of the well.
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Regarding this example, it is to be noted here that, B.B.
Datta and A.N. Singh pointed out that, it will be 22 instead
of 32. (They wrote, “in the printed text 22 is wrongly stated
as 327, in the article ‘Hindu Geometry’, published in the
IJHS, Vol. 15, No. 2, 1980, p. 177, footnote 6). A.K. Bag has
also opined the same in his book ‘Mathematics in Ancient
and Medieval India’, 1979, p. 164, Footnote 1.

6.3 Few notable examples

In this section, we may at first consider the following prob-
lem that has been stated in the verse VIII.Sl% of the G.S.S.
The said verse is given below:

3T W v I 9T |
AT T <If-

[ES2E S ERIGCIRHIEEHI
dvadasasodasavimsatih

utsedhah sapta sat ca paricadhah|
vyasa mukhe catustri-

dvikascaturvimsatirdirghah||5 1%||

At three different points of a construction (at one end,
middle and other end respectively) the heights are 12,
16 and 20 cubits; the breadths (at these three points)
respectively are 7, 6 and 5 cubits at the base and 4, 3
and 2 cubits at the top; the length being 24 cubits. Find
out the number of bricks used in the construction.

Here, average height =

_1(7+4 6+3 542\ _ 9 . .
*3(7 + - + T) =3 cubits (Flg. 10)
.. The volume of the construction = 24 - g -16 =1728

cubic cubits.

12+136+20 = 16 cubits, average breadth

Again, volume of a brick =1 - % -1 = L cubic cubits

(dimensions of the brick are as mentioned in the G.S.S.).
Accordingly, the number of bricks is {728 = L — 20 736
12 ’

Further, finding the volumes of the part of a slant wall with
a trapezoidal cross section blown off by storm obliquely and
the part remaining, the dimensions of the wall being known,
is an interesting calculation done by Mahavira. A sample of
this method of solution is found in the verse VIH.54%, G.S.S.
The verse, for ready reference, is given as follows:

o oot

TGS AT |

EREEINGECAEE TR AR
bhumimukhe dvigune
mukhabhumiyute ’bhagnabhiudayayutone|
dairghyodayasasthamsaghne
sthitapatitestakah kramena syuh| |54%||

The bottom and the top breadth each are doubled. To
these are respectively added the top and bottom breadth.
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Fig. 10 The construction showing the measurement at three different
points

The resulting sums are respectively combined with
and diminished by the height (above the ground) of
the unbroken part of the wall; and then the results so
obtained are multiplied by the length and the sixth part
of the total height. Thus the volume of the wall intact
and that of the wall fallen off, respectively are obtained.

Let the wall built with a trapezoidal cross section, having
width w;, and w, respectively at its bottom and top, total
height 4, length /, and d be the height above the ground of
the unbroken part of the wall. If it is broken along the slant-
ing surface shown in Fig. 11, then according to the verse
%(2wb +w,+d) and% (2w, + wy, — d) represent the volume
of the wall intact and that of the wall fallen off respectively
(Rangacarya, 1912, p. 271).

This can be justified as follows:

Volume of the wall intact + volume of the wall fallen off
= 212w, +w, +d) + (2w, +w, —d)} = 3 (w, +w,)hl »
which represents the volume of a trapezoidal prism having
length /, height 4, width w, and w;, at its bottom and top respec-
tively. Obviously this expression is same as the total volume
of the wall. It is noteworthy that, the formulae for determining
the volume of both the intact and fallen off parts of the wall
have been given correctly, which quite remarkably manifests
the unique knowledge in geometry and mensuration acquired
in those days.

6.4 Volume of a sphere

The authentic mention of the sphere is found first in the
work Aryabhatiya of Aryabhata 1. But he gives an incor-
rect formula for the volume of a sphere (verse 11.7).
Brahmagupta does not deal with the sphere. Sridhara’s
formula for the same of radius r is %lﬁ, which represents
the approximate volume (verse 56, Trisatika).
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Fig. 11 Broken and unbroken parts of a slant wall

Mahavira also gives the formula for the volume of a
sphere. In the verse VIII.ZS% of the G.S.S., he enunciates
the formula for the same as written below:

HTATIEATRIOT
9 MSHATTRINRS HAT |
HITHEH Thes T Izl
vyasardhaghanardhaguna
nava golavyavaharikam phalam)|
taddasamamsam navaguna-

masesasitksmam phalam bhavati| |28%||

Nine times the half of the cube of the radius is the
vyavaharika (working) formula for the volume of a
sphere. Its tenth part multiplied by nine is the accurate
volume.

That is, if 7 be the radius of a sphere, then according to this

verse, the working formula for its volume will be
3 . .

9. % = % - 3 (taking 7 = 3 for practical purposes) and the

accurate volume = % . gr3 =

this expression may reduce to

%ﬂ. Substituting 7 = /10,

81 3 _ 3
20\/ﬁﬂr = 1.28072xr’ =
13773 (nearly), which is not far from the correct expression
4.3

Sr.
3

6.5 Volume of a pit of non-uniform depth

We have noticed, in the 2nd half of the verse XII1.44 of the
work Br.Sp.Si. of Brahmagupta, a correct method for meas-
uring the (average) volume of an excavation of non-uniform
depth. Further, Prthidakasvami, commentator on the Br.
Sp.Si., interprets this method with the help of an example. It
is also included in an article ‘Hindu Geometry’ of B.B. Datta
and A. N. Singh (IJHS, 15(2), 1980, p.182).

Mabhavira also gives a rule, for calculating the average vol-
ume of a pit of non-uniform depth, in the 2nd half of the verse
VIIL.4 of his treatise G.S.S. The verse is stated as follows:

TEdGYdeaa Y T[T
|

LY

mukhatalayutidalamatha tatsankhyaptam
syatsamikaranam|

The half of the sum of the top and corresponding bottom
dimensions of the pit divided by the number of these
halved quantities gives the average equivalent value.

In fact, the rule is quite confusing. This is because, here in the
verse it seems that all the three dimensions i.e., length, breadth
and depth of the pit vary simultaneously. If there had been
only one varying element (here depth), the other two being
constant, we could have easily calculated its weighted mean.
We find the application of this concept in an example (about
measuring the average volume of a tank having non-uniform
depth) given by Prthiidakasvami, as mentioned above.

7 Conclusion

Finally, it may be stated that, Mahavira’s works are essen-
tially based on improving and extending the results or rules
given by his predecessors, particularly Brahmagupta. He
expounded on the same topics like solution of rational tri-
angles and quadrilaterals, area of a triangle, area and diago-
nals of a cyclic quadrilateral, circum-radius of a triangle
and a cyclic quadrilateral, etc., which were also treated by
Brahmagupta earlier. The formulae for the circumference
and area of a circle were adopted by Mahavira from early
Jaina works of Umasvati. Again, the area of a minor seg-
ment of a circle and length of its arc were reproduced by
him respectively from the works of Jinabhadra Gani and
Umasvati.

His works, which were found to be incorrect are area of
a cyclic non-scalene quadrilateral (partly correct), area of an
inscribed regular hexagon, circumference and area of an ellipse
etc. And the rule for calculating the volume of a pit of non-
uniform depth, as given by him, is quite confusing. The for-
mulae for finding the in-radius of a triangle and the area of an
annulus, given by Mahavira, are correct. Mahavira’s method
of solution for rational right-angled triangles having a given
hypotenuse is of great importance and was later rediscovered
in Europe (Datta and Singh, Part-11, 1962, p. 214). Therefore
Mahavira’s originality is of course assured. Besides, the for-
mulae or rules for determining the area of the space bounded
by three or four equal circles touching each other, diagonal and
the altitude of a regular hexagon, number of small cylinders
having same diameter in a cylindrical container, volume of
a tetrahedron and volumes of the part of a slant wall with a
trapezoidal cross section blown off by storm obliquely and the
part remaining, given by him, are also correct. And the rule for
finding the volume of a sphere, is almost correct.

To sum up, Mahavira’s works are to some extent, the
repetitions and extensions of the works of his predecessors
mainly Brahmagupta. This is evident from the fact that
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his work G.S.S. (a widely used textbook) is a compila-
tion of his original works on geometry (also on arithmetic
and algebra) along with the works of some of his prede-
cessors; so repetitions are obvious. However, most of his
original contributions are correct and few are incorrect.
Remarkably, he was the first Indian mathematician, who
dealt with topics like in-radius of a triangle and perimeter
and area of an ellipse. In fact, he gave the correct formula
for determining the in-radius of a triangle. The results on
ellipse, given by him, though incorrect, are quite appreci-
able, since he introduced the study of conic sections in
India, which began in Greece a long time ago. Hence, we
may conclude that, the contributions made by Mahavira of
course have some relevance in the present-day geometry
and mensuration.
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