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Abstract

In modern astronomy, the expression for the longitude of the Moon has a large number of terms to include the effects of the
Sun, planets etc. apart from the Earth. If the desired accuracy is an arc minute or so, it is sufficient to include only about 5
to 6 terms. The Moon-mnemonics (Candravakyas) are based on a simple epicycle model for the Moon (with only one cor-
rection to the mean longitude to obtain the true longitude). Moon’s longitude can be computed in a few simple steps using
these vakyas This paper presents the details of the actual method for computing Moon’s longitude using vakyas in one of the
texts, namely, Drkkarana from medieval Kerala. It highlights the simplicity and ingenuity of the method in taking various

corrections into account.
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1 Introduction

Based on the complexity involved in the computations and
the choice of the epoch, the Indian astronomical works fall
into two major categories, namely, siddhanta and karana
texts. Actually, there is another class of texts, known as
vakya, which can be traced back to the time of Vararuci
(Venketeswara Pai et al., 2018). The work by Vararuci is
known as Candravakyas or Moon Sentences, the oldest
available work of the vakya system. These are also known
as girnasreyadivakyas,' which give the true longitude of the
Moon, reasonably accurately, for each day in an anomalistic
cycle of 248 days (Venketeswara et al., 2016; Venketeswara
Pai et al., 2018; Venketeswara, 2019).

A fully developed vakya system is outlined in the famous
karana text of the 13th century, the Vakyakarana. The author
of this text is not known. Since this school of astronomy
was more prevalent in the Tamil-speaking area, the author
probably hailed from the same region. Manuscripts of the
work are available in various manuscript libraries of South
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India, especially Tamilnadu. In the edition of Vakyakarana,
Kuppanna Sastri and K. V. Sarma estimate that it was com-
posed between 1282 and 1316 CE (Sarma and Sastri, 1962;
Chandra, 2001, 2003).

A standard vakya text such as Vakyakarana discusses
several sets of vakyas pertaining to the Sun, the Moon,
and other planets. The vakya sets such as Yogyadi (Ven-
keteswara Pai and Sriram, 2015; Venketeswara Pai et al.,
2018) Srigunamitradi (Venketeswara, 2019) and Bhipajiiadi
(Venketeswara Pai, 2025) are used to find the accurate longi-
tudes of the Sun. The scheme for expressing the longitudes
of the actual planets (Mercury, Venus, Mars, Jupiter, and
Saturn) as vakyas is not that easy. They are first organized
into various cycles, and the periods and epochal positions
corresponding to those are given in the “Mandalavakyas”
(Venketeswara Pai et al., 2018; Venketeswara Pai, 2019a),
before the vakyas for the longitudes are given. However,
the Scheme for the Moon is relatively simple, and the set of
intermediate vakyas used in the computation of the moon’s
longitude is known as Candravakyas (or moon-sentences/

! Refer Table 2
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phrases/mnemonics). Several sets of Candravakyas are
found in the literature, composed by different astrono-
mers. For instance, Vararuci and Madhava-vakyas are the
Candravakyas (Venketeswara et al., 2016) composed by
Vararuci and Madhava respectively.

Though the text Drkkarana is not a vakya text, it gives
an algorithm for finding the moon’s longitude using vakyas.
Interestingly, the text provides an efficient algorithm for com-
puting the moon’s longitude at any desired location and time.

2 True longitude of the moon using vakyas
as per Drkkarana

The text Drkkarana® (c. 1608 CE) is a comprehensive text
on astronomy which was composed based on observational
data (DK1; DK2; Venketeswara Pai and Sriram, 2019; Ven-
keteswara and Sriram, 2023).

The author declares right at the beginning of the text that
he is going to expound a karana based on observations,
to enable young students to understand the mathematical
methods of astronomy. He also emphasises that he is going
to explain this in the [popular] language which he calls as
Bhdasa. In practice, the Bhasd is a highly Sanskritised ver-
sion of Malayalam. A study of Drkkarana reveals that it is
actually a Tantra type of text which gives all the algorithms
associated with the traditional topics in a typical Indian text
in more than 400 verses spread over 10 chapters. These
include the computations of the mean longitudes, true lon-
gitudes, triprasna problems related to time and shadow, cor-
rections associated with the terrestrial longitude and latitude
of a location, detailed discussions of lunar and solar eclipses,
vyatipata, heliacal rising and setting of planets, computa-
tions of the ascendant (lagna) at a given time, dimensions of
the orbits of the Sun, Moon and planets, Vakya system and
so on (Venketeswara Pai and Sriram, 2019; Venketeswara
and Sriram, 2023).

Following are the verses (27-35.5) from Chapter 10 of
Drkkarana, which describe the algorithm for finding the
moon’s longitude based on vakya system (DK1; DK2).

RERANGSICRIRAECIFEMEINT
& TARTSEAT T: [0

TRTY sher: i fed=ean |
FFTEEITE IY; YIF 6 T |||

2 This has been attributed to Jyesthadeva, who is the author of
Ganitayuktibhdasa by both Whish (1834) and Sarma (1972)). How-
ever, there is no indisputable evidence for this. In the conclud-
ing verse of Drkkarana it is stated that the work was composed in
‘kolambe bahisinau’, which means the Kollam year 783, which is
1608 CE. This is mentioned in the article of C. M. Whish.
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Hgriley YT g |30

o

Hrfreareh 9 geH wvsiaigs |
3T HUZhlcood Ul GFehTA TS |32 |
MATTSIeTs ETe] e hiemergd |
FCYHYUT T LA~ Heed || 32|
[RUSEIREEIS IR E Ak

IS TSTTHT=AT e Esaeh: |3 3|

AT AAG
UERRECIERICY
EESARIEI:
BTohUl B |13 Y|
e e deRE
JTerd =g gl ETgeTHIP: T |34

TG GG |

putram datunysaukhyonu
ennu vannu kalérdinat |
hamsapallavankkontum
ganavaisisyandat punah ||27||

Sistam kalanagaih pinne
divindraisca harét kramat |
vakyasamkhyavarum

sesam,; dhruvannal parayunnini ||28||

satbudhotradiné bhanu
narajiio romanalaniit |
rudro yogasanadhyo yam
nilamgo vatsard nanu ||29||

tanre tanre phalam kontu
guniccittannu kittiyal |
somoranasukhelina
kattumpéol dhruvamamat |30

bharavidesaké colli

sitksmam khandattiniddhruvam |
antaram kantukllénam
istakalattinakkuvan ||31||
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ganavaisisyalabdhadhyam
goghnam kalanalaihyrtam |

vedayuktamynam tattu
devendraptam bhatairhatam ||32||

desantaraviliptanam
nagamsadhyam dhanam tayoh |
antarapto jitamanyo
dhruvasamskkaraharakah ||33||

vakyantaratte veccittu
girnnasréynnu vanniyal |
sesatte liptayakkittu
harakéna hariccutan ||34||

untakum dhruvasamskkaram
candranil samskkarikkanam |
vakyam veccu dhruvam
kuttittaharmmanakyteh punah ||35]|

dhruvasamskkaravum ceytal
candran drktulyanayvarum |

Subtract 1706821 (putramdatunrsaukhyonu) from the
number of Kali days elapsed (Kalidina). [ This difference
has to be divided] by 43178 (hamsapallava). [The quo-
tient has to be stored at a place and the remainder has to
be] again [divided] by 15403 (ganavaisisya). The remain-
der obtained here has to be divided by 3031 (kalanaga)
and then by 248 (divindra) in order. The number corre-
sponding to the vakya (vakyasankhya) is obtained as the
remainder. Now, [I am going] to tell the dhruvas [cor-
responding to these diviors]. These are 04708°29'37"
(satbudhé tradine bhanu), 09705°20'20" (narajiio
romandalanut), 117 07°31'22" (rudro yogasanadhyo 'yam)
and 0727°43'30" (nilamgo vatsaro nanu) respectively.
These [dhruvas] have to be multiplied by the respec-
tive quotients obtained and the sum of all the results has
to be found. To this [sum, the dhruva corresponding to
the khanda, 1706821 which is equal to] 03727°52'57"
(somoranasukhélina) is to be added. This dhruva
(somoranasukhélina) is the accurate one that corresponds
to the khanda (putramdatunysaukhyonu) defined earlier.
Now, The difference [in longitudes of anomaly at the
instant of sunrise and the instant of the conjunction of
the Moon with its apogee referred to as] antara is to be
found to obtain [the true longitude of the Moon at the sur-
ise] of the desired day (istakala)’. The sum of [the quo-

3 The term isfakala means the desired moment. In this case, it is the
moment of sunrise of the desired day.

tient obtained when divided by] 15403 (ganavaisisya), 3
(go) multiplied by [the quotient obtained when] divided
by 3031 (kalanala) and 84 [minutes] (véda) has to be
subtracted from the (rnam) product of 14 (bhata) and
[the quotient obtained when divided by] 248 (dévendra).
[The result obtained here is the “antara” or difference
in mean longitudes of the Moon and its apogee at the
vakyarambhakala®]. The one-thirtieth (ndga = 30;
nagamsa= 3—10) of the longitudinal correction (désantara),
expressed in seconds (vilipta), is to be added (adhya) to
[the earlier obtained result. The sum (dhanam) of these
two [quantities, where one is the previous result which
is the finite anomaly of the Moon at the sunrise, and the
other one is the one-thirtieth of the longitudinal correction
in seconds. This is referred to as the antara in the text.
When there is no désantarasamskara, then the Antra is
just the previous result which is the longitude of anomaly
of the Moon at the sunrise]. The divisor corresponding
to the dhruvasamskara (dhruvasamskara-haraka) is
the result obtained when 1568 [minutes] (jitamanya)
is divided by the difference [in mean longitudes of the
Moon and its apogee at the vakyarambhakala]. Now,
having kept the difference in [successive] vakyas, and
subtract 12°03’ (girnasréya) from this [difference]; the
remainder, converted into minutes, has to be divided by
the [dhruvasamskara]-haraka. Then, the correction per-
taining to the dhruva (dhruvasamskara) is obtained and
this [correction] is to be applied to the [longitude of the
Moon]. Now, having kept the vakya and adding dhruva to
it, perform the aharmana correction. Thereafter, applying
the dhruvasamskara, the [longitude of the] Moon would
be in accordance with the observed Moon.

The verses give the procedure for finding the true longi-
tude of the Moon for any desired day. The method is similar
to the one described in the text Vakyakarana. Now, we shall
describe the algorithm given in the text which is a modified
version of the Vakyakarana procedure.

Let 4 be the ahargana on which the longitude of the
Moon is desired, and the khandadina is the number of kali
days elapsed corresponding to a day at the mean sunrise of
which the Moon’s anomaly is close to zero. The khandadina
(K) given in the text is 1706821 (putramdatunyrsaukhyonu).

e Initially we have to find the difference between the
ahargana and the khanda which is generally referred to
as khandasesa. That is

4 Vakyarambhakala refers to the instant of sunrise on a given
day, marking the moment when the practice of applying
the"candravakyas"begins. Ideally, the longitude of the Moon’s anom-
aly should be zero. However, there will be a finite anomaly value at
this moment, and that value computed is an integral part the quantity
which is referred to as “antara"in the text.
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khandasesa = A, =4 —-K

e This khandasesa is to be divided by hamsapallava. The
quotient and the remainder thus obtained are to be stored
separately.

Ay
ha m

Ay
43178

sapallava - (1)
=q+ 4;ﬁ.eq . khandasesaq1

e Now, we have to divide the remainder (r;) by
ganavaisisya.

n n

ganavaisi s ya 15403
, 2

=0t 15403

Having stored the quotient (g, ) and remainder (r,) sep-
arately, the process has to be repeated with », and the
number kalanaga. Thus we have

) _ N
kalanaga ~— 3031
o G)
~ BT 3031

The remainder 74 has to be divided by divindra and ¢,
has to be stored separately.

3 I3
divindra 248 . )
=g, + —.
947 728

Here, 43178 (hamsapallava), 15403 (ganavaisisya), 3031
(kdlanaga) and 248 (divindra) are the number of days in
which Moon’s anomaly makes integral number of revolutions.
Now, the khandasésa (A;), in terms of these quotients, can be
expressed as

=q, X 43178 + g, x 15403
+q3 X 3031 + g, X 248 + .

Here,i = r,,wherel < i < 248. Let the Moon’s mean longi-
tude at the khandadina be D, and let the increase in Moon’s
longitude after 43178, 15403, 3031 and 248 days be denoted

by D,,D,, D5, and D, respectively. Then, the true longitude
(6,(4)) of the Moon corresponding to the ahargana, A is
given by

0,(A) = [Dg + g, XD + gy XDy + g3 X D3 + g, X Dy| +V;, (5)

where V; represents the vakya corresponding to the num-
ber r, = i which is to be read off from the table of Moon’s
vakyas. The table contains 248 vakyas which are generally
known as girnasreyadi-vakyas composed by Vararuci (prior
to 4" cent. CE). Madhava has composed a more accurate
set of 248 candravakyas commencing with “stlam rajiiah
sriye”. A representative sample of the Vararuci vakyas have
been tabulated in Table 2.

It may be noted that the expression for the longitude 6,(4)
given by (5), essentially consists of two parts, which may
be called as the “dhruva-part” and the “vakya-part”. The
expression corresponding to the former is enclosed in the
square bracket (“[]”) in order to distinguish it from the lat-
ter. We note that it depends on D,’s (i = 0, 1,2,3,4) and ¢;’s
(i=0,1,2,3,4). While g,’s are to be obtained from the equa-
tions (1) — (4), the values of D;’s are to be taken from the text.

The dhruvas Dy, D,, D,, Dy and D, given in the text
Drkkarana are listed in Table 1.

The true longitude of the moon (6,(4)) for the ahargana, A
expressed by the equation (5) is not accurate and can be referred
to as uncorrected true longitude 8,(4)|,,,,correctea)- The true lon-
gitude of the moon (6,(4)) for the ahargana, A expressed by
the equation (5) is not accurate and can be referred to as uncor-
rected true longitude (0,(4A)|,.correcteq)- Various corrections are
mentioned in the text to be applied to the uncorrected true lon-
gitude to obtain the accurate one. These are dhruvasamskara
(6,), desantarasamskara (6,), and the aharmanasamskara (55).
Applying all these corrections to 8,(4)|,,comectea WOULd yield
the corrected-true longitude of the Moon for the desired day
and desired location at true sunrise. Now, we shall be explain-
ing each of these corrections one by one.

2.1 Dhruvasamskara
The true longitude of the Moon obtained by (5) is for the

Indian prime meridian, which passes through Lanka and
Ujjain. Also, the result is inaccurate (hence, it is referred to

Table 1 The dhruvas as given

Dhruvas (D;’s) given in the text Drkkarana

in Drkkarana
in katapayadi in numerals in degrees
0 HHE o somoranasukhe lina 03727°52'57" 117.8825
1 T SATCA A satbudha tradine bhanu 04708°29/37" 128.4936
2 ISR IR narajiié romanalanut 09705°20/20” 275.3389
3 Bl ATEATE] STq rudré yogasanadhyo 'yam 11707°31/22" 337.5228
4 AT et nildmgd vatsard nanu 0727°43/30" 27.7250
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as uncorrected) as the computational procedure is based on
sev‘eral assumptions. The entire computational procedure
is based on the assumption the longitude of the anomaly is
zero at the sunrise on the day of the khanda and on the day
when the counting of vakyas to be started (vakyarambhadina).
However, the Moon’s anomaly does not return to its original
value exactly after 248, 3031, or 15403 days at sunrise. There
will be a time difference between the instant of the conjunc-
tion of the Moon with its apogee and the instant of sunrise.
The moon’s anomaly completes (57753320 — 488122 =
57265198) revolutions in a mahayuga which has 1577917500
civil days. Hence, the increase in the longitude of the anomaly
after 248, 3031, and 15403 days have the following values
after 248, 3031, 15403, and 43178 days respectively.

57265198 x 248]
1577917500 frac

%X 360 x 60
=7.0031’
~7 (in 248 days)
Anomalysg = 57265198 x 3031]
1577917500  1pac
% 360 % 60
=1.508’
~1.5' (in 3031 days)
Anomaly,sg; = 57265198 x 15403]
1577917500 frac
X 360 x 60
=0.5161’
~0.5" (in 15403 days)
Anomaly, ;s = 57265198 x 43178]
1577917500 frac
X 360 x 60
=0.0455’
~0' (in 43178 days).

Anomaly,,g =

Also, at the khandadina whose ahargana in 1706821 days,
the anomaly is not zero. Taking into account the fact that the
epochal values (Kalyadidhruvas) of the moon and its apogee
are 4°45'47"” and 119°16’16” respectively, the anomaly at the
khandadina of 1706821 days has the value,

57265198 x 1706821

Anomalyyzogo1 =| =577917500 ]fmc X360
+4°45'47" — 119°16'16"
=113.804° +4.763° — 119.27°
= —0.703°
- 4218
~—42.

Hence, as the Vakyarambha day, that is,

g, X 43178 + g, X 15403 + g3 X 3031 + ¢, X 248

days after the khandadina, the Moon’s anomaly (6,) has the
value:

0,=q,X7 —qysx 1.5 —q,x05 —42'

=%[q4 X 14" = g3 x3' =g, x 1" = 84'].
The expansion for 6 ,(¢) in (5) is made under the assumption
that the anomaly is zero on the Vakyarambha day. As the
anomaly then is actually 6, a correction has to be made to
V; which depends upon the anomaly.

The verses above appear to define an *Antara’ which is,

desantaraviliptas
30
=gy x 14 — g3 x3" =g, x 1" — 84| (6)
desantaraviliptas
30 '

antara =20, +

The antara given by the previous equation (as per the
verses) has the désantara component in it. In the case of
places such as Ujjain etc. (which is on Indian Prime merid-
ian), the désantara component is zero. Therefore, the antara
with respect to Ujjain would be given by

20, = [qyx 14" — g3 x3" =g, x 1" — 84, (7)
and the dhruvasamskara-haraka, Hg, is given by

Jjitamanya
1 = -
o antara

_ 1568’
antara

B 1568
[qs X 14 =gy x 3" — g, x I/ = 84']

This becomes the divisor for the correction-term, correspond-
ing to the dhruva, to be applied to the uncorrected true lon-
gitude of the Moon. This correction-term is referred to as
dhruvasamskara, 6,. Now, the correction term described in the
verse as

ELCEIENINE IRl RIE R s C I
QI Tef 1 831 81 ThUW € e
JUCT & Yareean] L a-¢ i of Geanil ol

vakyantaratte veccittu girnnasréynnu vanniyal |
sesatte liptayakkittu harakena hariccutan ||
untakum dhruvasamskkaram candranil
samskkarikkanam |

Having kept the difference in [successive] vakyas, and
subtract 12°03’ (girnasréya) from this [difference]; the
remainder, converted into minutes, has to be divided
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by the [dhruvasamskaral-haraka. Then, the correction
pertaining to the dhruva (dhruvasamskara) is obtained
and this [correction] is to be applied in the [longitude
of the Moon].

Explanation of the above verse for dhruvasamskara is as
follows:

e Find the vakyantara. Here, vakyyantara refers to the dif-
ference in vakyas. This value gives the true daily motion of
the Moon for the desired day. Suppose, if we apply V; to the
total (D,,,,;) for obtaining uncorrected true longitude of the
Moon for the desired ahargana, as discussed earlier, then the
vakyydantara is the difference between V; and V, ;. Therefore,

vakyyantara, Ay, =V, =V,

e Subtract girnasréya from the above result. Therefore, we
have
Ay, =(Viy, = V;) — girnasre
v =(Vin ;) — girnasreya
=A, -V,

=A, - 12°03,

where girnasréya is the first vakya (V) among 248
candravakyas of Vararuci. The first vakya is ideally applied
when the conjunction of the Moon and the apogee occurs.
When the Moon coincides with its apogee, its velocity will
be low. Hence, the value 12°03' is the true longitude of the
Moon when it is slowest. It is also the longitude of the apogee.
Therefore, A},l_ is the difference between the true daily motion
of the Moon on i day and the daily motion of the Moon at
the vkyarambhalkala (zero-th day). The longitude 12°03 rep-
resented by girnasréya is the true longitude of the Moon on
a day whose previous day had the longitude zero. That is,
vakyas represent the true longitudes for successive days start-
ing from a day on which the longitude of the Moon is zero.
e Convert A%/[ into minutes by multiplying it by 60.

<Al : _ Al
<. Ap, (minutes) = A, (degrees) X 60.
e Now, the dhruvasamskara, 6, is given by

A}, (min utes)

o, =
'™ dhruva — samskara — haraka

((Vie1 = V3) —12°03") x 60
H51 8
(Vi1 = V) —12°03") x 60 ®

I

1568
( [guX 14/ —g;X3—g, X1 —84'] >
((V'+1 - Vl-) - 12°03’) X 60

1

TIS68 X [qa X 14 —qy X3 —qo x 1/ — 84

@ Springer

This is the expression for dhruvasamskara given in
Drkkarana. We compare this with the description given
for dhruvasamskara in Vakyakarana of Paramés$vara.

2.1.1 Description of dhruvasamskara in Vakyakarana
of Paramesvara

3T T Hed— e |

TACAHTA o= 1 e Hi T ||

¢ reayfhfedt o sigsama q |

AT ol: TTLeh: TV ||

antya tungamadhyendii vakyarambhadinodaye |
tayorantaramantya tenendormadhyamam gatim ||
candroccabhuktirahitam vibhajellabdhamatra tu |
dhruvasamskarasamjiah syaddharaka:
svarnasamjfitah ||

Having obtained the mean longitudes of the Moon
and its apogee at the sunrise on the day when the
counting of the vakyas starts and having obtained
their difference, and by that [difference] the differ-
ence in rates of motion of the Moon and its apogee is
to be divided. This is known as the dhruvasamskara-
haraka. This has both positive and negative nature.

The above verses describe the procedure for obtaining
the dhruvasamskara-haraka. Let 0, and 0, are the mean
longitudea of the Moon and its apogee at the sunrise on
the vakyarambha day, then the dhruvasamskara-haraka
is given by

_ ek | vakyarambha
=
900 - eaO

9
_13.065° ©)
0,
where 0 |,z1,arampna a0d 0, are the mean rate of motion® and

the mean longitude of anomaly respectively at the sunrise
on the vakyarambha day. The haraka (H,) given by (9) is
the ratio of the rate of motion to the mean longitude of the
anomaly at the sun rise on the vakyarambha-day. That is,

Hy = — (10)

where A, is the time difference between the instant of
sunrise and the instant of conjunction of the Moon and
its apogee on vakyarambha-day. Now, again another

5 The rate of increase of the anomaly per day is the difference
between the rates of motion of the “mean"Moon and its apogee which
is 13°4’ per day or 13.065° per day.
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verse which describes the correction-term for the dhruva
(dhruvasamskara), appears in Vakyakarana or Paramésvara,
is as follows:

THAYATT Gt ey Telieaepe i |
BTChUT TaYSaTe €U HalTHht ||

ratnasréyéti samsodhya svodayasphutabhuktitah |
harakena vibhajyaptam svarnam kuryannisakare ||
The ‘ratnasréya’ (12°02") is to be subtracted from
the true rate of motion of the Moon. [The result] has
to be divided by the haraka. [What is obtained here]
has to be applied positively and negatively to the
longitude of the Moon.

Based on the algorithm given in the above verse, the expres-
(splmtabhukti of the Moan) —ratnas' réya

sion for the dhmvasamska_ra (51 |vk - dhruvasamskara—haraka

__ (True rate of motion of the Moon)
Hy

is given by

<sphumbhuti of the M00n> — ratnasreya

Sii =
ok dhruvasamskara — haraka (1)

_ (True rate of motion of the Moon) — 12°02/
= i,

The term ‘ratnasréya’ gives the numerical value of the rate
of motion of the Moon when it has the slowest motion. The
value encoded in the the term ‘ratnasréya’ is 12°02’. This
is the value when the Moon has the slowest motion. This
happens when the Moon coincides with its apogee. In other
words, it is the rate of motion of the Moon when its anom-
aly is zero. The true rate of motion of the Moon on desired
ahargana would be the difference between corresponding
successive vakyas. Therefore,

True rate of motion of the Moon =Tti

(12)
=V = Vi
Now, applying (12) in (11), we have
(True rate of motion of the Moon) — 12°02’
51 |vk = o
d
Vi = V) = 12002
- Hy (13)

Vit = V) = 12002
13.065°
HV
The above equation gives the correction as defined in
Vakyakarana of Paramésvara.

Multiplying both the numerator and denominator of (13)
by 60, and using the expression for ,, we have the correction,

(Vi =V)=12°03")
Ab; | 13.065° X8
_ (V141 =V)—12°03")x60 Y
13.065°%60
(V41 =V)—12°03")x60
13.065°x60
% [q4><14 —q3X%3'—g,x1" -84 ]

va — v

v

(V1 —V,)~12°031x60 (14)

1567.8
X[q4 x 14/ — g3 X 3 — qy X 1 — 84/]
(Vs ~V)~12°03'1X60

Q

1568
X[gy X 14" — gy x3 — g, x 1! — 84']
= 6, (dhruvasa m skara),

as the desired result. Applying this correction term 6, to the
uncorrected true longitude 6,(4)|,,corrected» WE get the cor-
rected true longitude of the Moon. Therefore

HI(A)lcorrected = HI(A)luncorrected + 51 . (15)

This is the true longitude of the Moon with respect to the
prime meridian passess through Ujjain, Lanka etc. For
obtaining the true longitude at ones own desired place, one
has to apply the desantara correction. In the next subsection,
we shall explain the désantara correction given in the text
and its rationale.

2.1.2 An alternate expression for dhruvasamskara
based on the rationale given in Karanapaddhati

While determining the true longitude of the Moon from
candravakyas, the text Vakyakarana (13" CE) also refers
to a similar correction term. In the Appendix of the work
on Karanapaddhati, we have provided the rationale for the
same (Pai, Venketeswara, 2018, pp. 356-357). We present
this below, using the expression for 6 = 6, in Drkkarana.

Let X be the anomaly without any correction. Hence,
the actual anomaly would be X +6,. The equation of
center would now be —sin™! [% sin(X + Ov)} instead of
1

—sin~ % sin(X )]. Hence the correction to the equation of

centre is given by

—sin”! [ sin(X + 0 )] +sin™! [l sin(X)]
L 80 Y 80

|

T oaxl

sin”™! <% sinX)] X 0,.
The true longitude is given by
0, =0, —sin”! <l sinX).

80

Now in one day, X increases by 13°4’. Therefore,
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Gt X &m0 — % [sin_l (% sinX)] x 13°4/,
or

_i Sin_l (l SlnX)] ~ M’
X 80 134/

where g, is the rate of motion of the true longitude of
Moon/day and g, is rate of motion of the mean longitude
of Moon/day, in degrees.

— ot (L sinx))|
X [sm <80 sinX )| X0,

— (16)

z‘% x 6, (in degrees).
As per Drkkarana, 6 is given by
0,=[q,x7 —q3x1.5 —q,x0.5" — 42']. (17
Substituting (17) in (16), we get
_diX [sin_1 <% sinX)] X0,

44 %7 —q3x 1.5 — g, x 0.5 —42']
~ - X

(gmt ng) 13.06

[qs X 14" — g3 x 3" — g, x 1" — 84'| x 60

z(gmt - ng) X
13.06 X2 x 60

[qs X 14" — g3 x 3" — g, x 1" — 84'| x 60
=(g,; — X

g4 X 14" — g3 x 3" — g, x 1" — 84'| x 60
~(g,, — X .
Here, g,,, = V;,; — V; is the true rate of motion (between

days i and i + 1) and g,,, is the mean rate of motion of the
Moon. It is nearly 13°10’ per day. Then, Dhruvasamskara
&) would be
1
57 _ [(Vig = V;) —13°10'] X 60
b 1568
=X [qyx 14 —g3x3 =g, x 1" = 84'].

(18)

However, in Drkkarana, it is the above expression with
13°10’ replaced by 12°03’, that is, the mean rate of motion
is replaced by the first vakya, which is the increase in the
true longitude of the Moon after one day. The author of
Drkkarana and Parame$vara in his Vakyakarana do not
seem to have provided the reason. It is true that when the
Moon coincides with its apogee, its velocity is lowest, and
it is per day then.

2.2 Deésantarasamskara

Desantarassmskara is the correction used for obtaining the
true longitude of the planet at any desired place. The term

@ Springer

Desantara is the longitude of a place measured to the east
or west from the standard (or prime) meridian. In Indian
astronomy, the prime meridian is the great circle of the
Earth passing through the north and south poles, Ujjayini
and Lankd, where Lankd was assumed to be a fictitious
point on the Earth’s equator.

The Sun completes a rotation (of 360°) in one day due
to the diurnal motion. Therefore, the angular distance cov-
ered by the Sun is

% = 6° (in one nadika)
This means if the Sun rises at time ¢, at a place (P), then the
sunrise at another place (4), x degrees to the west of the
first place, will be g nadikas later. That is, the sunrise at the
place would be at

=+ %,
provided that the two places are at the same latitude (That
is, both places are on the same small circle parallel to the
equator). Similarly, at a place B to the east of P, the sunrise
will have taken place earlier. If B is y degrees to the east of
P (but on the same small circle parallel to the equator), then
the sunrise at B will be £ nadikas before. That is, the sunrise
at B would have happened at time ¢;, where

ty =t; — Aty
—
6
Now, the désantara correction given in Drkkarana, in
the context of finding the longitude of the Moon based
on vakya method, is described in the first half of verse
33. The correction mentioned here is an integral part of
the dhruvasamskara. The correction (6,) discussed in the
previous section (2.1.1) is the dhruvasamskara for the
Ujjain, where the désantara correction 6, is zero. Let the
8, 1s the integrated correction term pertaining to both
dhruvasamskara and désantara correction. As per the verse,
the désantara correction, expressed in seconds, has to be
first divided by the 30 (ndga) and it has to be added to the
quantity referred to as “antara". The verse given above is

désantaraviliptanam nagamsadhyam......
The result obtained by dividing the désantara correc-
tion, expressed in seconds, by 30 (ndga) is to be added.

Let &/ be the desantara correction in seconds, then ;s—"(’; to
be added to the antara defined in the previous [sub-]sec-
tion. Therefore, by integrating the désantara correction,
we have the new antara which is given by
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"

antara|,,,,, = [q,; X 14 —q3 X3 —q, x 1 — 841 + %
"

=[gy X 14 —q3x3—q, x 1 —84'] + —4

(94 q3 9 ] %30

"

=[q4x14’—q3><3—q2x1—84’]+6—(‘)’

=[gy X 14 —q3x3—q, x1—84"1+25,

where 6:1 is the désantara correction in minutes and is the
same as (60). Also, RHS of the above equation is twice the
sum of 6, and §/,. That is,
=2(0,+45)).

antaral,,,,

Now, the integrated correction 6,, can be written as

A{,» (min utes)
2P

= dhruva — samskara — haraka
((Vig1 = V;) —12°03') x 60
- Hjy,
((Vig1 = Vi) = 12°03") x 60

< 1568 )
anataral,,,,,

((Vigr = V;) = 12°03') x 60

T 1568 X [gy X 14 — g3 X3 — g, X | — 84/ + 25

We shall now provide the rationale for désantara correc-
tion based on the description given in chapter 3.

Figure 1 depicts the Earth, with the standard meridian
(corresponding to zero terrestrial longitude, as per Indian
texts) passing through Lanka (L), Vatsyapura (V), Avanti
or Ujjayini (U), Sthanésvara (T), and the north pole orMeru
(N; referred to as Suralaya or abode-of-the-gods in the text).

Let P represent a location on the standard meridian, and
B and A represent locations on different meridians (with
different terrestrial longitudes) with the same latitude as P,
but east and west of it respectively. Because of the east-to-
west rotation of the celestial sphere around the axis of the
Earth (as viewed from the latter), the local sunrise at B or
A would be earlier or later respectively, than the sunrise at
X on the standard meridian. This time difference is called

(19)

((Vig1 = V;) —12°03') x 60

1568 X [qq X 14" —g3 X3 —qy x 1 —84'] +

((Vier = Vi) = 12°03') x 60 x 25,

=0y + 0,,

1568

=5] + 52 5 (20)

where 6, is the désantara correction term, which is to be
added to the true longitude of the Moon to reduce it to the
desired place. Since the correction application is positive,
it is meant for the places situated west of the Indian Prime
meridian. Now,

(Viyy = V) = 12°03") X 60 x 26
5y =— d 1)
1568
Ve = V) = 12°03") x &'
=(( i+1 z) ) d (22)

13.0667 ’

where % = 13.0667 is nothing but the rate of increase in

the Moo>1<1’s anomaly per day. Therefore, the correction 6,
depends on the V; and V;, ; values and the value correspond-
ing to §',. It appears that &', is the désantara correction for
the anomaly of the Moon.

the ‘Deésantara-kala’ and denoted by Atj,. The same time-
difference would be operative for the instants of first contact
(sparsa) or release (moksa) in an eclipse, and other celestial
phenomena. Therefore, the time of local sunrise is obtained
by subtracting or adding A¢}, to the time of sunrise at stand-
ard meridian. where At is the ‘Désantara-kala’ and ‘— is
applicable if the location is east of P, as at B, and ‘+’ if the
location is west of P, as at A.

As discussed before, the Sun completes a rotation (of
360°) in one day due to the diurnal motion. Therefore, the
angular distance covered by the Sun is

360 = 6°(inone nadika)

60 '
This means if the Sun rises at time ¢, at a place (P), then the
sunrise at another place (4), x degrees to the west of the first
place, will be )é nadikas/ghatikas later. That is, the sunrise at
the place would be at
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Fig. 1 Finding the longitude of a planet at one’s own place

=+ 7,
provided that the two places are at the same latitude (That
is, both places are on the same small circle parallel to the
equator). Similarly, at a place B to the east of P, the sunrise
will have taken place earlier. If B is y degrees to the east of
P (but on the same small circle parallel to the equator), then
the sunrise at B will be )é nadikas/ghatikas before. That is,
the sunrise at B would have happened at time ¢;, where

ty =t, — Aty
=q—%

The mean longitude of the Moon calculated based on the
algorithm given in the text is at sunrise at the standard
meridian. Then, to get the position at the corresponding
time (i.e., sunrise) at another place on a different meridian,
we have to apply a correction due to the difference in the
longitudes of the given place and the standard meridian. This
correction is called the désantara correction.

The [celestial] longitude of an object at the local sunrise
denoted by A, or Az would also be different from 4, which
is the longitude of the object at sunrise at the standard
meridian (P). If A4, is the longitudinal difference between
the places P and 4 in degrees, then the ‘désantara-kala’ in
ghatikas is given by

= 4460
desantara — kala _ »;, 360

== in ghatikas

(23)

@ Springer

The above expression can be obtained by rule of three, since
the Earth rotates at the rate of 360° per 60 ghatika (or 6° per
ghatika). Now, the correction to be applied to the mean Sun
or Moon or any other planet (obtained for Ujjayin) due to
désantara is given by

desantara in ghatikas X daily motion

o4 = 60
Ady . . A9
~ T"(zn ghatikas) X arl o
B 60
A8
Ay X ol

360
where %’ is the daily motion of the Sun, the Moon or any
p

other celestial object.
Now, % | for the Moon’s anomaly is 13.067°. Therefore,
P

6/ for Moon’s anomaly is given by
A4lMoon’s anomaly =6,
A4 x13.067°

360 ’

As discussed before, 621 is the desantara correction for the
anomaly of the Moon. If the ((V,; — V;) — 12°03’) is the
change in daily motions of the Moon between the instant
of sunrise and the instant of conjunction (of the Moon with
its apogee) on the desired day (i day from vakydrambha
day), and 13.067 is the rate of change anomaly, then by rule
of three, the désantara correction for the true longitude of
the Moon will be given by

_ ()19,
to the true longitude «

13.0667
Vig1—V;)—12°03")x60x28’,
or, 1568
2.

(25)

This correction is to applied to the true longitude corrected
by dhruva correction. Therefore,

H(A)|512 = e(A)luncorrected + 51 + 52' (26)

The text also talks about applying aharmana correction.
However, the author does not explicitly provide an algo-
rithm for this. This is because the algorithm has already been
given in chapter 3. In the following [sub] section, we shall
be explaining the algorithm for aharmanasamskara as given
in Chapter 3.

2.3 The Aharmanasamskara

The ‘true Sun’ (or sphuta-ravi) is the physical Sun. Its motion
which is along the ecliptic is not uniform. Its sayana longitude
(that is, with respect to the vernal equinox, I') is denoted by 6/.
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In Indian texts, the ‘mean Sun’ (or madhya-ravi) is an object
which moves uniformly along the ecliptic at a rate, which is
the same as the mean rate of motion of the true Sun. This
is the ‘dynamical mean Sun’ in modern parlance. Its sayana
longitude is denoted by 6. Again, the quantity 6/ — 6; is the
‘mandaphala’ or ‘bhujaphala’, which will be discussed later.
Consider another fictitious object which we term as the ‘equa-
torial Sun’ which moves uniformly along the equator at the
same rate as the ‘mean Sun’. In fact, the ‘equatorial Sun’ is
the ’mean Sun’ in modern parlance. Its longitude at any time
has the same numerical value as 9(’), and is the same as the
Right Ascension (RA), as it moves along the equator. Let the
RA of the mean Sun be denoted by a,. The quantity |6 — a,|
(in minutes) is called the ‘pranakalantara’; where kala refers
to 6, in minutes and the prana refers to &, in minutes, as a is
associated with time. The time interval between the successive
transits of the ‘equatorial Sun’ across the meridian at any loca-
tion is a constant, which is actually the civil day.

We denote the true Sun, mean Sun and the equatorial Sun
by S, S, and Sy respectively. Consider the situation when the
mean Sun is on the meridian. In the Fig. 2, I is the equinox.
Let 6 and 6/ are the longitudes of the mean Sun (S) and the
true Sun (S) respectively, then

ISy =TS, =6,
IS =6
and 'Sy =ay,

where a is the Right Ascension (RA) of S,. Also, we have
SySp =TSy =TSy, = 6 — ap.

If we denote the instants corresponding to the transits of
SE,SO and S across the meridian as T , T and T respec-
tively, then

Z eCl‘iptic

Fig. 2 Correction for duration of the day

=Ty, — (96 —ay) + (0,’ - 96).

Here, we have assumed that

(a, — ag) ~ (0] — ),

where «, is the RA of the true Sun, S. Therefore,
Ts =Ts, +16, — aol £ 16, — 65,

or

Instant of 'true noon’ =Instant corresponding

to SE + Pr anakalantara + Bhujaphala.

Now, 6 > a, in odd quadrants and 6] < &, in even quad-
rants. Also, 6] > 6 when 180° < 6 — 6,, < 360° (Tuladi),
and 0 < 6 when 0° < 6 — 6,, < 180° (Mésadi). Here, 6,
is the sayana longitude of the apogee of the Sun. So, the
correction due to the pranakalantara is positive for even
quadrants and negative for odd quadrants, whereas the
bhujaphala correction is positive for Tuladi and negative
for Mesadi.

Now, time of rise of the ‘equatorial Sun’ at any location is
always 6 h or 15 nadikas before T . For the true Sun, which
has a declination &, the true sunrise occurs at

15 nadikas + Aa (l’n n&dikas)

where
Aa = sin~! (tan ¢ tan 8) in deg rees,
or

[sin_1 (tan ¢ tan 5)indegrees]
6

Aa <innc‘1dikas> =

Here, |Aa|is the ‘Cara’ and ¢ is the latitude of the location.
If we denote the time of true sunrise by 7, (sunrise) and that
of the equatorial Sun by 7}; (sunrise), then

T,(sunrise) = Ty — <15 nadikas + Aa)
and
Ty(sunrise) = Ty — 15 nadikas

Now, using the earlier relation between T and T, we
have

T,(sunrise) = Tg(sunrise) + Pranakalantara + Bhujaphala + Cara,
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where

[sin_1 (tan ptan ) in degrees]

Cara = |Aa| = 3

Here, the Cara is to be applied negatively when the Sun’s
declination is north, and positively when the Sun’s declina-
tion is south.

Therefore, two corrections, namely bhujaphala and
pranakala ntara have to be applied to the noon correspond-
ing to the equatorial Sun, 7_to obtain the true-noon, 7. An
additional correction, namely ‘Cara’ (apart from bhujaphala
and pranakalantara) has to be applied to the ‘equatorial
sunrise’, T (sunrise) to obtain the time of true sunrise,
T, (sunrise). Let

AT (inpranas) = |T,(sunrise) — Ty (sunrise)|(pranas)

For any planet P, the change in its mean longitude A, in
the time interval AT is given by

0o,
21600’

Ay, = AT X

where éop is the rate of motion of the mean planet per day,

0,
h Op
so that 21600

prana. This has to be applied positively or negatively to
the mean longitude of the planet, 6, at equatorial sunrise
to obtain the mean longitude at true sunrise, 7, (sunrise).
The positive sign is applicable when 7, > T and neg-
ative sign is applicable when T, < T;. This is the
‘Aharmana-samskara’.

is the rate of motion of the mean planet per

2.3.1 Ilustrative example

We shall now illustrate the procedure outlined above by
means of a numerical example. For this, we choose the
Kalyahargana A = 1872050 corresponding to Nija-asadha-
krsna-caturthi, Saka 2102. (July 24, 2024 CE).

= 1872050,
= 1706821

ah arga n aA
kha n d akK

kha n. d ase s al, = 1872050 — 1706821
= 165229,

First quotient of 251272; ., q =3,

First remainder of 14635127289 ,r, = 356095,

Second quotient of %, g =2,

Second remainder of %, r, = 4889

Third quotient of %, q3 =1,

Third remainder of %, 3 = 1858

Fourth quotient of %,% =7,

Fourth remainder of =3, Ty =122

248
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From the quotients obtained above and the values of the
dhruvas given in the Table 1, we get the net dhruva (D,,,,;)
of the Moon to be

Dyorr =Do + (D1 X 1) + (D3 X ¢5)
+ (D3 X q3) + (D4 X q4)
=117.8825 4+ (128.4936 x 3)
+(275.3389 X 2)
+(337.5228 x 1) + (27.7250 X 7)
=145.6389°

27

Now, the vakya corresponding to the number 122 (7, = i) is
“=a A=A S/ dhanyo manyo 'mse” (see Table 2). The lon-
gitude encoded by this phrase is 5715°19" = 165.317°. Add-
ing 165.317° to the above dhruva (D,,,,;), 145.6389°, we get
the uncorrected true longitude of the Moon as

0,(4)] =Diosar + Vim
=145.6389° + 165.317° (28)

=310.9559°.

uncorrected

Now, the dhruvasamskara is to be applied to the uncor-
rected true longitude for obtaining the corrected true longi-
tude of the Moon for Ujjain. Here, V; = V5, = 165.317° and
Vie1 = Vi3 = 179.567°. The correction 6, stated earlier is

given by

((Vig1 = V;) = 12°03') x 60

' 1568 x [q, X 14 — g3 x3—q, x 1 —84]
((179.567° — 165.317°) — 12°03’) x 60

T 1568 X [TX 14 — I X3 —2x 1 —84] 29
(1425° - 12.05°) X 60 _
= 1568 x9

=0.7577" = 0.0126°.

Therefore, 0(A4)| ., for July 24, 2024 is obtained by

correcte

H(A)lcorrected =9(A)|uncorrected + 61
=310.9559° + 0.0126°

=310.9685°.

Ephemeris (Ephemeris 2023-2024) value for the Moon’s
longitude on July 24, 2024 = 312.24618°. The difference
between the value obtained from the vakya method and the
ephemeris value is 1.24933° = 74.96'. In general, it appears
that the Moon’s longitude obtained from the vakya method
is accurate upto a degree.

3 Concluding Remarks

The paper effectively illustrates the scientific ingenuity of medi-
eval Indian astronomers by highlighting how the Drkkarana
text from Kerala provided a mnemonic-based algorithm for
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calculating the Moon’s longitude. This method, which relies on
Candravakyas, strikes an elegant balance between simplicity
and computational efficiency. Systematic application of cor-
rections such as dhruvasamskara, desantarasamskara, and
aharmanasamskara, improves the efficacy of the method. This
study underscores the significance of traditional algorithms and
their potential applications for understanding historical astro-
nomical practices and knowledge systems.

Fig.3 Folio corresponding to Vakya method for Moon in
Drkkarana, Trav. c. 7c., Oriental Research Institute and Manuscript
Library (ORIML), University of Kerala, Trivandrum

Table 2 Candravakyas of Vararuci

The text “Drkkarana” significantly refines the “vakya” algo-
rithm used for calculating the Moon’s position, building upon
the methods outlined in the earlier and widely-acknowledged
text “Vakyakarana,” which was popular in the Tamil region
of South India. This advancement underscores the innovative
developments within Kerala’s astronomical tradition. Further-
more, the use of the “vakya” system in Kerala is evident in texts
written in “Manipravalam,” a semi-vernacular language that
combines elements of Sanskrit and Malayalam. This demon-
strates the system’s accessibility and regional popularity. Over-
all, this study highlights the enduring legacy and widespread
appeal of the “vakya” system in medieval Indian astronomy.

Drkkarana Palm-leaf manuscript on Vakya method
(Fig. 3).

vakya Candravakyas of Vararuci

1 T g9 girnah sreyah 12°03’

2 DECHEH dhenavah srih 24°09’

3 BCE rudrastu namyah 1706°22’
4 ot fg area: bhavo hi ydjyah 1718°44
5 o=y Q0 dhanyeyam nari 2701°19
6 BREIRRE! dhanavan putrah 2714°09’
7 T U ST grhya sura rajina 2r27°13/
8 WW balena kulam 3710°33’
9 ERCIARCKE dhanurbhih khalaih 3r24°09'
10 YA dasa sinavah 4707°58'
11 E:WF‘C{ g homasya sruvah 4721°58/
118 [EEFARIRI] visuddho yogt 3r19°54'
119 G A9: tarangam nabhah 4703°26'
120 s sia: priyartham kavih 4717°12/
121 sy i papo ‘yam nisi 5701°11"
122 I A=A ST dhanyo manyo 'mse 5"15°19'
123 et T bhogardham rama 5729°34’
124 LEIRIIE] rama giyate 6"13°52'
237 qd HIAC: tava manadah 8705°46’
238 EIE\%I?J' cH sadvidham padam 8719°46’
239 II—S,,_C'[ fﬁa'ﬂ:[ mangalam nilam 9703°35'
240 qiry: Hﬂ@ yogyah samyuddhe 9717°11"
241 S: g yogo jianinah syat 10700°31’
242 SrerTerat Ty Sailalayo namyah 10713°35’
243 Hioad g mantritam prajiaya 10726°25'
244 AT o anidhanam kapeh 11709°00/
245 it Rrea Srotriyah priyasya 11721°22/
246 RETR mangalam 3°35

247 E=F AFTH kaveh Sakyam 15°41'
248 a7 gE@q bhavet sukham 27°44'

ENER DN
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