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The spherical triangle formed on the celestial sphere by the positions
of the Sun, north pole and the zenith on it is called an astronomical
triangle. The threc sides of this triangle are the co-latitude of the place
of observation, the co-altitude of the Sun and its co-declination at the
time of observation. The internal angles formed at the zenith and the
north pole are the azimuth and the hour angle respectively. If any three
of the above named five elements are known, the remaining two can be
found out. This gives ris¢ to ten cases to be considered.

A complete solution of the astronomical triangle dealing systematically
with all the ten cases is found in the Sanskrit work Tantra Samgraha which
was composed by Nilakantha Somayiji in the year A.p. 1500. However,
somc material of the work belongs to an earlier period of Indian astronomy.

The present paper contains the translations (for the first time ?) of the
various rules given in the above work for solving the astronomical triangle
in the ten different cases. When these rules are expressed in modern
forms (as donc in the present paper), it is seen that they give results which
are same as those obtained by using the current standard formulas of
modern spherical trigonometry, such as the Sine, Cosine and Cotangent
Rules, and applying the theory of quadratic equation in some cases. For
example, in Case I, where latitude, declination and azimuth are given,
the rule given in the Tantre Samgraha for finding out the altitude of the
Sun, yields a result which is same as that obtained from the Cosine Rule

sind = (sin ). (sin) -+ (cos ¢). (cos «). (cos - A)
when this relation is converted into a quadratic equation in sin & and
solved.

The said work, however, does not contain the rationales of the rules,
and the present paper does not make any attempt to investigate as to how
the rules were arrived at.

SYMBOLS AND SELECT GLOSSARY

A Azimuth measured from the north.

B Bha-bhuja (‘Shadow-arm’) which is the distance of the Sun’s pro-
jection on the plane of the celestial horizon from the east-west
line.

C Cosine of the local hour angle; 4/ R*—F.

D Certain divisor (s).

‘Day-sine’ Radius of the Sun’s diurnal circle; R cos & .
‘Gnomon’ Sine of the altitude of the Sun.
H Hour angle measured eastward.
J Svanata-jyd, the Sine of the local hour angle defined by
J=(R sin H). (R cos ¢ )/R.
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K Bha-koli (‘Shadow-upright’) which is the distance of the Sun’s pro-
jection on the plane of the celestial horizon from the north-south
line.

R Radius, norm, trijyd or Sinus Totus.

‘Shadow’ Cosine of the altitude of the Sun.

< Altitude of the Sun or its co-zenith distance.

Y Digagra (directional amplitude), the (Indian) azimuth measured
from the east-west line; so that we have 4 =90° £ 4 .

8 Declination of the Sun.

) Terrestrial latitude.

INTRODUCTION

Let S be the position of the Sun on the celestial sphere, P the position of
the north pole and Z the zenith. Then the astronomical triangle SPZ is a
spherical triangle in which the arcual sides PZ, ZS and SP are equal to the
to-latitude, co-altitude and co-declination respectively. The angles SPZ and

North

South

‘ East

PZS are the hour angle and azimuth respectively. Knowing any three out of
the above five elements of the triangle, the remaining two can be found. A
nice exposition of the subject of determining the remaining two elements, when
any three of the above named five elements are given, is found in the Sanskrit
work Tantra-Samgraha (= TS) which was composed in A.D. 1500 by Nilakantha
Somayaji (1444-1545)'. TS is an important work of the late Aryabhata I School
of the Indian astronomy. The title of the work signifies that it is a “Com-
pendium” or “Collection” of astronomical rules and no doubt it includes some
earlier material on Indian astronomy. The work has been published® with the
commentary (== TSC) Laghuvivrti written in A.D. 1556 by Sankara Viriar (circa
1500-1560) who was a disciple of the author of 7.
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The above mentioned almost complete solution of the astronomical triangle
has been dealt in the third chapter of the work. TS, III, 60 (p. 64) says:

Tha Sankunata-kranti-digagra-aksesu paficasu |/
Dvayordvayoranayanarh dasadha syat paraistribhih //60//

‘The determination of any two elements at a time out of the five elements,
altitude. hour angle, declination, (Indian) azimuth and latitude, from the other
three (being given) is of ten types (that is, there are ten cases) *.

The ten cases have been dealt systematically and one by one in TS, III,
62-87 (pp. 65-88) and cach case is followed by numerical exercises (uddesakas).
In the following pages we shall describe these ten cases one by one giving each
time the method of solution as stated in the 7'S. Most of the TS rules under
these cases are included in the Trigonometrv in Ancient and Medieval India
by the author of the present paper.*

TABLE
Case Given Elements Elements to be Reference
found out

I 8, A, ¢ «, H TS. IIL, 62-67
It H, A, ¢ « 8 TS. 111, 68-73
I H,8,¢ <, A TS. I, 74-75
v H8 A <, ¢ TS. 111, 75-78
v <, A, ¢ H, 8 TS. 111, 78-79
VI <, 8, ¢ H A TS. 111, 80-81
VII . %98, 4 H, ¢ TS. III, 81-83
VIII <, H, ¢ 8, A TS. 1II, 83-85
IX «, H, A S, ¢ TS. 111, 86-87
X <, H, 8 A, ¢ Ts. 111, 86-87

Case 1: GiveN §, 4, ¢
In order to find the Sun’s altitude, the TS, III, 62-65 (p. 65) states:
Adagra lambakabhyasta trijydbhakta ca kotika //62//

Bhujaksajya tayorvargayoga-mulam S$rutirharah/
Krantyaksa-vargau tadvargat-tyktva kotyau tayoh pade //63//

* Angle ZSP has not been considered hcre.
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Kuryat krantyaksayor-ghatam kotyor-ghatamh tathd param /
Saumye gole tayor-yogat bhedad-yamye tu ghatayoh //64//

Adyaghate ‘dhike saumye yogabheda-dvayadapi/
Trijya-ghnad-dhara-vargaptah sankurista-digudbhavah //65//

........................ The Sine of the directional amplitude multiplied by the
Cosine of the latitude and divided by the radius is the upright (a small side of
some right angled plane triangle). The Sine of the latitude is the base (the other
small side of the same triangle). The square root of the sum of their squares is
the hypotenuse which is the Divisor.

The square roots of the quantities got by subtracting (separately) the squares
of the Sines of the declination and the latitude from the square of that (Divisor)
are the two kolis.

Obtain the product of the Sines of the declination and the latitude and (also)
the product of the two kotis. Take their (of the above two products) sum (when
the Sun’s declination is) in north and difference (when it is) in south and both
the sum as well as the difference (when it is) in north and the first product is
greater (than the second product), multiply (the sum and/or the difference) by
the radius and divide by the square of the Divisor. (The result is) the Gnomon
(Sine of the altitude) in the desired direction.” *

That is,

Divisor = 4/ (R sing)? + { (R siny. Rcos ¢ ) [R)}?
=D, say.

Then

R sin & = (R/D?). [R sind. Rsin¢ -£** 4/ D — (Rzin 8)2, 4/ D2—(Rsin ¢ )?]
This solution can be casily seen to be equivalent to the result obtained by

solving the quadratic equation

(sin? ¢ + cos2¢, cos24) sin?« — 2 sin ¢, sin 8, sin« + (sin? 8 —cos? ¢. cos? 4) =0
which is derived from the relation Sin 8==sin ¢. sin £+Co0S ¢. cos «. cos A.

This last relation is written down by applying the modern cosine rule to the
spherical triangle ZSP

Then TS, III, 66 (p. 65) includes a rule which can be expressed in modern
symbols as follows
R sin H=(R cos «. R cos y)/R cos é.

* TS, III, 67 (p. 63) says that, in the case of the southern declination, the desired altitude of
the Sun will not be auained if the first product is greater than the second (numerically); so
also if R sin § 1s greater than the Divisor (whatever be the direction of §).

**Here the minus sign denotes the positive difference of the quantities.
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This relation for finding out the hour angle is equivalent to the sine formula
for the spherical triangle ZSP.

Casg II: GIVEN H. A. ¢
For finding the altitude, the 7S, III, 68-71 (p. 70) says:

Natalambakayor-ghatat trijyaptam tatsvade$ajam/
Svadesanata-kotyaptamh nataksajyi-vadhattu yat //68//

Tadasagravadhe kotyostayorghatar ksipedudak/
Sodhayed-daksinagrayarh trijyaya ca tato haret //69//
Labdhat svanata-kotighnat prthak trijyapta-vargitam /
Yutam svanata-vargena tanmiillena hrtam phalam //70//

Prthak-krtdd bhavecchankuh .......................c.l. /

....................................................................... [171]]

‘The product of the Sine of the hour angle and the Cosine of the latitude
divided by the radius is the Sine of the local hour angle. Divide the product of
the Sines of the hour angle and the latitude by the Cosine of the local hour
angle and multiply by the Sine of the directional amplitude (the azimuthal angle
measured from the east). The result should be added to, in case the directional
amplitude is towards north, or subtracted from, in case the directional amplitude
is towards north, or subtracted from, in case the directional amplitude is towards
south, the product of their ‘kotis’ (that is, their uprights when they are taken as
bases and the radius is taken as the hypotenuse in each case). The result (now
obtained) be divided by the radius and the quotient (thus obtained) multiplied by
the Cosine of the local hour angle be put separately (at two places).

At one place divide (the quantity) by the radius and add the square (of the
result) to the square of the Sine of the local hour angle. By the square root of
that (the sum of the squares just now obtained) divide the quantity (placed)

separately. (The final result) becomes the Gnomon (the Sine of the
altitude). ................... ,

That s,
Sine of the local hour angle
= (R sin H. R cos $)/R = J, say.

Cosine of the local hour angle

C=vR—J
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Then we form the quantity

(CIR). [R cos y. v/ R— (R sin . R sin #)CT?
+* R sin y. (R sin H. R sin ¢)/C)

= (), say.
The rule then gives
R sin =04/ )2 .(Q/R)?

By combining the various above steps, the solution given in the TS can be
seen to be equivalent to the relation.

sin 4. cos H+cos A. sin H. sin ¢

S« = y/(sin H. cos $)®+(sin A. cos H+cos A. sin H. sin )

which is a transformed form of the following result obtained by using the modemn
cotangent formula of the spherical trigonometry®

tan «. cos ¢$=sin A. cot H-+cos 4. sin .

After finding the altitude, 7S, TII, 71 (second half) gives the equivalent of
R cose 8==(R cos «). (R cos ¥)/(R sin H)

which completes the desired computations in the present case.

Case Il : Given H, 8, ¢

For finding the altitude, 7S, III, 74-75 (p. 74 states:

Natakotya hatd dyujya vibhakta tribhajtvaya/
Saumya-yamyadisor-bhiijya-yutona lambakahata/ /74/ /
Trijydapta Sankur (h)...............c.ooviiinnn. 1175/

‘Multiply the Cosine of the hour angle by the Day-sine (Cosine of the
declination) and divide by the radius. (The quotient obtained be) increased or
diminished, according as the direction (of the declination) is north or south, by
the Earth-sine (the distance between the rising-setting line and the line joining the
points of intersection of the diurnal circle and the six O’clock circle). (The result
now obtained) multiplied by the Cosine of the latitude and divided by the radius
is the Sine of the altitude.’

That is,
R sin « = [(R cos H. R cos 8)/R+*(Earth-sine)l. (R cos $)/R.

* Here the minus sign denotes the positive difference of the quantities.
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Now we know that (see TS, II, 59)°
Earth-sine=(R sin 8). (R sin ¢)/R cos ¢.
So that the rule is equivalent to the relation

sin «==sin 8. sin ¢-+cos 8. cos ¢. cos H
which can be directly written by using the cosine formula for a spherical triangle.

Just after giving the above rule, 7S text says that the Cosine of the direc-
tional amplitude should be found as before and the TSC (p. 74) gives the follow-
ing usual rule for the purpose

R cos y=(R sin H). (R cos 8)/R cos «.
Case IV : GIVEN H, 8, 4
TS, 111, 75-78 (p. 76) states:
Chayam nitvatha tatkotidyujya-vargantarat padam //75//

Tatchiyibihughato yassariku-krantyorvadho’pi yah /
Krantyagrayos-tulyadi$os-tayorbhedo ’nyatha yutih //76//

Unmandala-ksitijayor-antare’rtke ca tadyutih /
Taddhatam vibhajet-trijydim tacchiya-kotivargayoh //77//

Antarena bhavedakso (ah)............ e 1/78//

‘After getting the Shadow (Cosine of the altitude), take the square root of the
difference of the squares of its upright (east-west component) and the Day sine
(Cosine of the declination).

The product of that (square root) and the Shadow-arm and also the product
of the Sine of the altitude and the Sine of the declination (are formed). Take
their (of the above two products) difference, if the declination and the directional
amplitude are in the same direction, otherwise sum, and (also take their) sum
when the Sun is between the six o’clock circle and the horizon. That (the sum
or difference) multiplied by the radius and divided by the difference of the squares
of the radius and the Shadow-upright becomes the Sine of the latitude..........

Explanation : For finding the latitude by the above rule, we should first determine
the ‘Shadow’, Shadow-upright, and the Shadow-arm needed in the rule. For this
purpose the TSC (p. 76) on the text of the rule gives the equivalent of the following
formulas
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‘Shadow=(R sin H. R cos 8)/R cos y=R cos « ;
Shadow-upright=(R sin H. R cos 8)/R,
that is, K=(R cos «. R cos y)/R ;
and
Shadow-arm =4/(R cos «)*—K?
or
B=(R cos «. R sin y)/R.
Then the above rule gives

. : . R .
R sin ¢=£L [R sin «. R sin I?’—iK 23 V(R cos §—K?]

This solution can be seen to be equivalent to the roots of the equation

(1—cos? «. sin% 4) sin? ¢—sin «. sin 8. sin ¢
=+ (sin? 8§—co05% «. cos? 4)=0

which is derived from the relation

sin d=sin «. sin ¢-+cos «A. cos ¢. cos A4

already mentioned in case 1.
CASE V : GIVEN «, A, ¢
For finding the declination of the Sun, the TS, 111, 78-79 (p. 79) states:
Aksasankvorvadho yasca, yasca bha-bahu-lambayoh //78//

Saumya-yamyasthite bhanau tayor-yogantarattatah |
Krantis-trijyahrta........................ [1719]]

‘....Take the product of the Sine of the latitude and the Sine of the altitude
and also that of the Shadow-arm and the Cosine of the latitude. Their (of the two
products) sum or difference, according as the Sun’s position is north or south
{of the prime vertical), divided by the radius is the Sine of the declination........

That is,
R sin 6= [(R sin ¢. R sin <) +* B. R cos $}/R.

* Here the minus sign denotes the positive difference of the quantities,
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Since
= (R cos «). (R cos A)/R,

the above rule gives the same result as obtained by using the Cosine formula
which has already been mentioned in cases 1 and IV,

Just after stating the above rule, the 7§ says that the hour angle should be
obtained as before. The 7SC (p. 80) gives two methods for this. One of these
is same as that contained in 7§, III, 66 (p. 65) and which we have already men-
tioned under case 1.

CaseE VI : GIVEN «, §, ¢
To find the azimuth or the directional amplitude, 7S, III, 80-81 (p. 81) says:

Trijyapakrama-ghdto yo yasca Sankvaksa-yorvadhah /
Tayoryogdntaram yattu golayor-yimya-saumyayoh //80//

Bhabahur-lambakapto’smat-trijyaghnad bhahrtestadik /
................................................ //81//

“Take the product of the radius and the Sine of the declination and also
the product of the Sine of the altitude and the Sine of the latitude. Their (of the
two products) sum or difference, (according as Sun’s declination is) in southward
or northward, divided by the Cosine of the latitude is the Shadow-arm. This
multiplied by the radius and divided by the Cosine of the altltude is the desired
Sine of the directional amplitude

........................

That is,

[(R.R sin 8) +-*(R sin «. R sin ¢)]/R cos ¢=B
Then
B. R/R cos «=R sin y

giving the Sine of the (Indian) azimuth which is measured from the east. The
above result. may be seen to be same as that obtained by solving the following
cosine relation for getting A4.

sin 8= (sin «. sin ¢} + (cos «. cos . cos A4)

As explained in the TSC on the text of the above rule, we can then get the
hour angle by using the relation

* Here the minus sign denotes the positive difference of the quantities,
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Rsin H= KR/(Rcos §)

where

Casg VII : GIVEN «, 8, 4
For finding the latitude, the 7§, III, 81-83 (p. 83) says:

Vargantarapadam yatsyacchaya-kotidyujivayoh //81//

Tacchayabahuyogo yah sanku-krintyaikya-vargatah /
Tenaptam yat phalam tasminneva tat svamrnam prthak //82//

Tayoralpahata trijya mahataptaksamaurvika /

...... Take the square root of the difference of the squares of the Shadow-
upright and the Cosine of the declination and add it to the Shadow-arm. By the
quantity so obtained, divide the square of the sum of the Sines of the altitude
and the declination. The quotient should be separately added to or subtracted
from that very quantity. When the radius is multiplied by the smaller result (of
the above subtraction) and divided by the greater result (of the last addition), we
get the Sine of the latitude. ..

That is,

B--A/(R coi 8% K2=: D, say
Then form the two quantities

D--(R sin «+R sin 8)2/D=0, say
and

D~(R sin «+R sin 8)2/D=Q,. say.
Finally we get

R sin $=R. 0./Q,
so that we have

{D*~(R sin «+R sin 3)3.
{D*+(R sin «+R sin 8)3.

R sin $=R.

This rule may be compared with that given under case IV for finding the latitude.
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For finding the hour angle, the TSC (p. 83) gives the equivalent of the following
rule before commenting on the above rule proper

R sin H=(R cos «). (R cos y)/R co; &

However, the same occurs in the text of the TS also and we have already given
it (see under case I).

Case VIII : GIVEN «, H, ¢
For finding the declination, TS, III, 83-85 (p. 85) says :

Trijyahataksasankii svanatakotyuddhrtau prthak //83//

Ye tatkotyau ca tat trijyavargabheda-padikrtau /

Mithah kotighnayor-yogidyamye saumye'ntarattayoh //84//
Trijyaya vihrta dyujya.............................. [/85/]

‘Multiply the Sine of the latitude and the Sine of the altitude (each) by the
radius and divide (the results) separately by the Cosine of the local hour angle.
The corresponding uprights (with the above two quotients as bases) are the square
roots of the radius-square minus (each of) the quotients.

Multiply the (above) quotients crossly by their uprights. Their (of the two
products just obtained) sum (when the Sun is) in the south (of the six O’clock
circle), or difference in the north, divided by the radius is the Day-sine, (Cosine
of the declination)......................

That is,

R cos 8=(1/R). [(R sin ¢). (R/C). A/R* {(R sin . (R/C}}2
+£* (Rsi1 %). (RIC).A/R% {Rsn &) (RC)I]

On simplification this will become

cos 5= i ¢ \/bm2 +cos?é. co.2 H—sin? «* + cos $. sin «. cos H

(sin2¢ +cos2¢. costH)

This solution is same as that obtained by solving the quadratic equation
(sin?¢ +cos%¢. cos2H) cos? 81*2 cos 4. sin «. cos H. cos 8

+( in? «—sin2¢)=0

which itself is derived from the already mentioned (see case III) cosine relation,
namely,

sin «=sin ¢. sin 8f-cos ¢. cos . cos H

* Here the minus sign denotes the positive difference of the quantities,
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After giving the above rule the TS asks us to find the directional amplitude
as before and the TSC (p. 86) lays down the equivalent of the following procedure
for finding the azimuthal angle.

(R cos 8). (R sin H)/R=K,
VR o5 O—Ki=B.
Finally,
R sin y=B. R/(R cos «\.
Case IX : GIVEN «, 4. H.
For finding the declination, 7S, III, 86 (p. 88) says:

Digagrayastu tatkotis-tacchaya-ghatato hrta |
Natajyaya bhaved dyujya...................... //86/]

‘From the (Sine of) the directional amplitude get its Cosine. The product
of that (the above Cosine) and the Cosine of the altitude divided by the Sine of
the hour angle becomes the Day-sine (the Cosine of the declination)............
That is,

R cos 8=(R cos ). (R cos «'/R sin H

a rule which has already been given earlier in 7'S, III, 71 (see under case 1I above)
and which is equivalent to the sine formula for the spherical triangle SZP.

For finding the latitude see under case X below.

Case X : GIVEN y, H, &

For finding the azimuthal angle, TS, III, 87 (p. 88) says:
Dyujya-natjyayor-ghitad-agrikotih prabha hrta /

‘The product of the Day-sine (Cosine of the declination) and the Sine of the
hour angle divided by the Shadow (Cosine of the altitude) becomes the Cosine
of the directional amplitude............ ’

That is,
R cos y=(R cos 8). (R sin H)/R cos <
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which is another form of the rule given under case IX above.

The result of finding one unknown element in each of the above two cases IX
and X is that we know now the four elements «. H, A and § in either o1 the cases.
The problem in both these cases is therefore same, namely, to find out the remaining
fifth element ¢. For this the TS simply says.

‘Latitude (should be found) as before’.

The TSC (p. 88) at this point asks us to use either the rule given under case IV
or the rule given under case VII for determining the latitude.

CONCLUDING REMARKS
Just after giving the said solutions in the ten cases, T'S, 111, 87 (p. 88) says

‘(Here) ends the description of the answers to the ten problems.

However, the work contains several other rules which provide alternate methods
of solution in some of the above general cases or their particular ones. For example,
TS, 111, 88-91 (pp. 89-90) gives an alternate rule for finding the ‘Shadow’ (Cosine of
the altitude) from given azimuth, declination, and latitude (Cf. Case I dzalt above):

From the present study, the readers must not conclude that Indian solution
of the astronomical triangle in each case was given for the first time in the TS.
In fact, solution in many general and particular cases were known in India much
carlier than the date of the 7S. It is outside the scope of the present paper to
give the history and development of the Indian solutions in the various cases.

As is usual with most of the ancient Indian original texts, the 7S does not
state explicitly the methods through which the rules were arrived at. However,
many of the ancient ways of deriving these rules can be known from the material
found in the commentaries on various astronomical works. It is believed that
most of the Indian rules were derived by working ‘inside’ the armillary sphere
rather than ‘on its surface’. For this purpose the Indians also employed the so-
called latitudinal and declinational triangles. In this connection the following
remark of Nilakantha Somayiji is noteworthy’.

‘The whole of the planetary-mathematics is pervaded by the two theorems
(namcly) the Bhuja-koti-karna Nydya (the so-called Pythagoras Theorem) and the
Rule of Three (the proportionality of sides in similar triangles).”

Some other methods, like those based on the theory of successive approxima-
tions or of quadratic equations, were also employed by the Indians.
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